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PREFACE TO THE SEVENTH REVISED EDITION

The demand of Mathematical Physics by the students and teachers has encouraged me to
revise the text book. The entire book is rewritten in such a way that it can cover the syllabus of
B.Sc. (H) Physics, B.Sc.(H) Electronics, and M.Sc. (Physics) of various universities.

The contents of the book is divided into five units. Each unit is further divided into simpler and
short chapters, so that readers can follow the subject matter easily. The text is very lucid and simple.

Four Solved Question Papers of Delhi University, 1st, 2nd, 3rd and 4th Semesters, 2012 are
included at the end of the textbook.

This book should satisfy both average and brilliant students. It would help the students to get
high grades in their examination and at the same time would arouse greater intellectual curiosity in
them.

The misprints that came to my knowledge, have been removed.

We are thankful to the Management Team and the Editorial Department of S. Chand & Company
Pvt. Ltd. for all help and support in the publication of this book.

All valuable suggestions for the improvement of the book will be highly appreciated and
gratefully acknowledged too.

D-1/87, Janakpuri H.K. DASS
New Delhi-110 058
Mob. 9350055078

011-28525078, 32985078

e-mail: hk dass@yahoo.com

Disclaimer : While the authors of this book have made every effort to avoid any mistake or omission and have used their skill,
expertise and knowledge to the best of their capacity to provide accurate and updated information. The author and S. Chand
does not give any representation or warranty with respect to the accuracy or completeness of the contents of this publication
and are selling this publication on the condition and understanding that they shall not be made liable in any manner whatsoever.
S.Chand and the author expressly disclaim all and any liability/responsibility to any person, whether a purchaser or reader of
this publication or not, in respect of anything and everything forming part of the contents of this publication. S. Chand shall not
be responsible for any errors, omissions or damages arising out of the use of the information contained in this publication.
Further, the appearance of the personal name, location, place and incidence, if any; in the illustrations used herein is purely
coincidental and work of imagination. Thus the same should in no manner be termed as defamatory to any individual.
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PREFACE TO THE FIRST EDITION

This 1s my first effort to write a book on Mathematical Physics.

The chief aim of this book is to meet the requirements of students of B.Sc. Honours (Physics)
and M.Sc. of various Indian Universities.

The subject-matter is presented in a very systematic and logical manner. Every endeavour has
been made to make the content simple and lucid as far as possible.

While every effort has been made to present the material correctly, no attempt has been made
to be absolutely rigorous. The subject matter has been so arranged that even an average student can
understand how to apply the mathematical operations to the problems of Physics.

All valuable suggestions for the improvement of the book will be highly appreciated and
gratefully acknowledged.

I am thankful to Shri Rajendra Kumar Gupta, Managing Director, Shri Ravindra Kumar Gupta,
Director and other members of the staff of the Publishers, M/s S. Chand & Co. Ltd., New Delhi
without whose co-operation, it would not have been possible to put this book in such a fine format
and that too in record time.

D-1/87, Janakpuri H.K. DASS
New Delhi-110 058
Tel. 5555078
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REevieEw oF VECTOR ALGEBRA

1.1 VECTORS

A vector is a quantity having both magnitude and direction such as force, velocity
acceleration, displacement etc.

Definition of Polar and Axial vectors. (Delhi University, April 2010)

Polar vectors:

The vectors associated with a linear directional effect are called polar vectors.

The examples of polar vectors are force, acceleration, linear velocity, linear momentum
etc.

Axial vectors

The vectors associated with rotation about an axis are called axial vectors.

The examples of axial vectors are: torque, angular velocity, angular momentum etc.
1.2 ADDITION OF VECTORS

- - B
Let a and b be two given vectors

— - - - — e =
OA = a and AB = b then vector OB is called the 2x®
sum of Z and 3

Symbolically o}
—_ —
OA+ AB = OB
> o —
a+b = OB
1.3 RECTANGULAR RESOLUTION OF A VECTOR
Let OX, OY, OZ be the three rectangular axes. Let i, ; .k be three unit vectors and
parallel to three axes.

N

If O_)P = n and the co-ordinates of P be (x, y, z)
O_;l = x?, 6B =y]A' and 5C =le

ol

oly

z

- - —>

OP = OF + FP

- - - —>
= OP = (OA + AF) + FP

- - - - A
= OP = OA + OB +0C Xi
;’=x?+y]A‘+zlAc ra
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=  OP* = OF + FP?

(OA? + AF?) + FP? = OA* + OB*+ OC? = ¥* + y2+ 2

0P - [Eif s

Pl = ey e

r
1.4 UNIT VECTOR

A A A
Let a vector be xi +y; + zk.
A A A

xi+yj+zk

N

- -
Example 1. If a and b be two unit vectors and o, be the angle between them, then find

Unit vector =

the value of o such that 4 + b isa unit vector. (Nagpur, University, Winter 2001)

Solution.Let O_;l = Z be a unit vector and A_;3 = f; is another unit vector and o

- - A
be the angle between 4z and b .
If O_I)B = ? = Z + f; is also a unit vector then, we have a
|0A| =1 2 v
—>
|oB| =1
- >
|oB| =1 c
OAB is an equilateral triangle. o 5 _'>b 3 B
a+b=cC
Hence each angle of A OAB is g Ans.

1.5 POSITION VECTOR OF A POINT

N
The position vector of a point A with respect to origin O is the vector OA which is
used to specify the position of A w.r.t. O.

N
To find AB if the position vectors of the point A and point B are given.

If the position vectors of A and B are 2 and b . Let the origin be O.

— - -> > _
Then OA = a, OB=b B (b)
- - —
OA + AB = OB
- - -
AB = OB -0A
= XB = Z_Z © > A@)
-
AB =

Position vector of B — Position vect_c))r of A
Example 2. If A and B are (3, 4, 5) and (6, 8, 9), find AB.

Position vector of B - Position vector of A
(6i+8j+9k)-(83i +4j+5k)

5
Solution. AB

3f+4}+412 Ans.
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1.6 RATIO FORMULA
To find the position vector of the point which divides the line joining two given
points.
Let A and B be two points and a point C divides AB in the ratio of m : n.
Let O be the origin, then

g - > = - A m C n B
OA = a, and OB=b, OC=? @) ®)
— - -
OC = OA + AC
N - m
_ L AC = AB
—OA+m+nAB [ I j
- m P i —> - g
_a+ .(b-a) (WAB=b - a) o
m+n
- -
- mb+na
oC = ———
m+n
Cor. If m =n =1, then C will be the mid-point, and
— Z+3
oC = >

1.7 PRODUCT OF TWO VECTORS

The product of two vectors results in two different ways, the one is a number and
the other is vector. So, there are two types of product of two vectors, namely scalar

> >
product and vector product. They are written as 2.0 and axb.
1.8 SCALAR, OR DOT PRODUCT

-

b

N
a

- -

The scalar, or dot product of two vectors 4 and b is defined to be cos O ie,
— -

scalar where 6 is the angle between 4 and b .

>l -

a|lb

Symbolically, Z X B = cos 0

N
Due to a dot between @ and } this product is also called dot product.
The scalar product is commutative

To Prove. a.b =b.a

Proof. b.a = |b||a|cos (-9)
= ‘ZHB)‘ cos 0 0 = >A
=a.b Proved.

Geometrical interpretation. The scalar product of two vectors is the product of one
vector and the length of the projection of the other in the direction of the first. |

N
Let OA = gand 6)B=3

- >
then 4.b = (OA). (OB) cos 0

OA.OB.O—N
OB
OA . ON
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= (Length of a ) (projection of b along 7 )
USEFUL RESULTS

= (1) (1) cos 0° = Similarly, 7.7 =1, =1

> x>
> x>

= (1) (1) c0s 90° =0 Similarly, 7.k =0, k.i =0

Note. If the dot product of two vectors is zero then vectors are prependicular to each other.

1.10 WORK DONE AS A SCALAR PRODUCT

1.1
1.

1.12

If a constant force F acting on a particle displaces it from A to B then, F
Work done = (component of F along AB). Displacement

|
= F cos 6. AB :
> o !
= F.AB :
|Work done = Force . Displacement| :
|
VECTOR PRODUCT OR CROSS PRODUCT A >B

5
The vector, or cross product of two vectors 4 and f; is defined to be a vector such

A

() Its magnitude is Z blsin 6, where 0 is the

5
angle between 7 and b
(i) Its direction is perpendlcular to both vectors 1 v\

o>

2 and b .
(i) It forms with a right handed system. 0

v

Let N be a unit vector perpendicular to both the

>

N -
vectors 4 and b

. N
sin 6.1

> >
axb =
Useful results

||
allb

A

A A
Since i,j ,k are three mutually perpendicular unit vectors, then

ixi=jxj=kxk=0
ixj =-jxi=k ixi=—ix]
jxk = —kxj=i and kxj=—jxk
kxi = —ixk=j ixk=-kxi

VECTOR PRODUCT EXPRESSED AS A DETERMINANT

If Z=a1/z}+a2}+a312

b= bi+byj+byk
axD = (ai+ayj+agkyx (b i+by]+byk)

ab, (ix 1) +ab, (1x7)+aby (i xk)+ab, (Gxi)+ab, (jx7)
+ ayb5(] x k) + agby (k x 1) + asby(k x ]) + asbs(k x k)
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ab, k- a,b, ; - a,b, k+ a,b, i+ azb, ; - azb, i

(b5 — a3hy) 1 = (aybs — ashy) ] + (ayh, —ahy)k
Pk
= |la; ay, a
b, b, b,
1.13 AREA OF PARALLELOGRAM

Example 3. Find the area of a parallelogram whose adjacent sides are i- 2;’ + 3% and

27 + /]\ -4k
A
Solution.  Vector area of | gm = |1 -2 3
2 1 -4
= (8-3)i-(-4-6)j+(1+4)k =51+10] +5k
Area of parallelogram = \/(5)2 + (107 + (5)% = 56 Ans.
1.14 MOMENT OF A FORCE 0.

N
Let a force F (PQ) act at a point P.

Moment of I—") about O
= Product of force F and perpendicular

distance (ON. ﬁ ) [

\ R S A
= (PQ) (ON)(1) = (PQ) (OP) sin 6 (M) = OPx PQ
- > o v
= M=rxF
1.15 ANGULAR VELOCITY
Let a rigid body be rotating about the axis OA with the angular ®
velocity o which is a vector and its magnitude is o radians per second 1
and its direction is parallel to the axis of rotation OA. <
Let P be any point on the body such that OP = 7 and A

ZAOP =0 and AP 1 OA. Let the velocity of P be V.

Axis

Let M be a unit vector perpendicular to o and [
oxt (mrsinG)TA]=(o)AP)1”l=(SpeedofP)ﬁ

Velocity of P L to ® and r
N > o
Hence y = oxt

1.16 SCALAR TRIPLE PRODUCT

o

—

- > - . . . - > - - -
Let a, b, ¢ be three vectors then their dot product is writtenas a . (b x ¢) or[a b ¢].
k

A

- A ~ A A ~ o - A !
If g =mi+ayj+ask, b=bi+byj+bk,and c=cii+c,j+cy
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.(T,’XE’) =(mi+ayj+ask).[(byi+Dbyj+byk)yx(c;i+cyj+cyk)l

(ayi+ayj+a3k).[(byes — bsey) i+ (bse; —bycg) j + (bycy — bycy) k]
ay (bycy = bycy) + @y (DsCy = biCy) + a5 (¢, — bycy)

|
Ny
5
3
N
3
w

Similarly, b (Z’ x Z) and ¢ .(Z x 3) have the same value.

a.(Bxc)=08.¢xa)=c.(axb) < F
The value of the product depends upon the [
cyclic order of the vector, but is independent of A
the position of the dot and cross. These may be _ o L __Jp
interchanged. a1
The value of the product changes if the order

is non-cyclic.

Note. 7 x (TI) . ?) and (71) . 7;) xc are meaningless.
1.17 GEOMETRICAL INTERPRETATION

The scalar triple product a. (3 X ?) represents the volume of the parallelopiped
having Z, 3, ¢ as its co-terminous edges.

a.(Bxc)= 2 . Area of || gm OBDC 1
= Area of || gm OBDC x perpendicular distance between the parallel faces OBDC
and AEFG.
= Volume of the parallelopiped
- > o o
Note. (1) If a . (b x ¢) =0, then 4, b, ¢ are coplanar.

1 ,->>-
(2) Volume of tetrahedron — (a4 b ¢).

Example 4. Find the volume of parallelopiped if

4=-3i+7]+5k, b0=-3i+7]j-3kand c=71-5]-3k
are the three co-terminous edges of the parallelopiped.

Solution.
> > o
Volume = a .(b xc)
-3 7 5
=|-3 7 -3 =-3(21-15-70© +21)+5(5-49)
7 -5 -3
=108 - 210 - 170 = - 272
Volume = 272 cube units. Ans.

> o> o

Example 5. Show that the volume of the tetrahedron having A+ B,B+C, Oy A as

> o o
concurrent edges is twice the volume of the tetrahendron having A, B, C as concurrent edges.

> >

1 - —> =
Solution. Volume of tetrahendron = 3 (A+B).[(B+C)x(C+ A)
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N

= 2 Volume of tetrahedron having X, E ,C ,as

concurrent edges. Proved.

Example 6. Using vectors, establish Cramer’s rule for solving these following linear equations

ax+by+cz=d,a,x+by+cz=4d, a;x+

Solution. Here, we have, a, x + by + ¢,z = d,
ax +byy+c,z = d,
Ay X + byy +cyz = dy

Multiplying equations (1), (2) and (3) by i

@x+by+cz) i =di
@yx + by + ¢, 2) j = dQJA'
@y % + by + ¢42) k = dSIQ

Adding (4), (5) and (6), we have

(a1?+a2]A‘ +a312)x+(b1?+ b2]A‘ +b312)y+(cl?+ CQ]A' +

(3x+ E’y+ ?z) d

byy + c3z =d;
..(1)
.(2)
..(3)

,]A'and k respectively, we get

()
(5

.(6)

CSIAc)z=d1?+ dQ} +d31Ac

(7

- n N A= A A A - A A A
[a=ai+ayj+ak,b = bi+b,j+bk, and ¢ =c,i+c,j+c;k]
Take scalar product of (7) with (T; X ?)
O - - - - - - - — - -
a.(b xc)x+b . (b xc)y+c .(bxc)z=d.(b x¢)
dbc
= 2 X=(dbe :>x=( 2
(abc) (dbc) (2570)
2—)—)
Similarly, (3¢ 2) ¥ = (d ¢ a) =>y=(ai?
(b ca)
(cab)z=(dab) = Z= o
(cab)
5>
(dbo) (d¢a) (dab)
Thus x="—S-, y="55 z= 555 Proved.
(abc) (b ¢ a) (cab)
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EXERCISE 1.1

. Find the volume of the paralleloplped with ad]acent sides.

31—], OB—]+2k and OC—1+5]+4k

extending from the origin of co-ordinates O. Ans. 20
Find the volume of the tetrahedron whose vertices are the points A (2, -1, -3), B (4, 1, 3)
C (3,2, -1)and D (1, 4, 2). Ans. 7%

d A A A

. Choose y in order that the vectors Z=7?+y;+l€,b=3i+2]’+k,

=d A A A
¢ =51i+3j+k are linearly dependent. Ans.y =4
. Prove that

> 9 > > o > oo

[a+b,b+c,c+a]=2[a b c]

1.18 COPLANARITY QUESTIONS
Example 7. Find the volume of tetrahedron having vertices

<=k, @i+57+qk), (31+9)+4h)and 47 +]+k).

Also find the value of q for which these four points are coplanar.

(Nagpur University, Summer 2004, 2003, 2002)

Solution. Let A = —j— k, B= 4§+5;‘+qlA<, E=3§+9;‘+4IA<, 5=4(—;+;‘+IA<)
AB = B-A=4i+5j+qk —(—j-F)=4i+6j+(q+1k
AC = C-A=(3i+9]+4k) —(—j-k) =37 +10j+5k
AD = 5—X=4(—f+;+12)—(—;—12)=—4?+5}+51€
Volume of the tetrahedron = % [AB AC AD]
4 6 g+1
=% 3 ;0 : - %{4(50—25)—6(15+20)+(q+1)(15+40)}
-4

= %{100-210+55(q+1)} = %(—110+55+55q)

1 55
= —(-55+55¢) = — (g-1
6( +55¢9) 6 (g-1)

If four points A, B, C and D are coplanar, then (E AC E) =0

ie.,

=

Volume of the tetrahedron = 0
%(q—l) =0 = g=1 Ans.

Example 8. Find m so that the vectors

2?—4;’+51A<;?—m}'+l§,and3?+2}'—512 are coplanar.

(Nagpur University, Winter 2003)

Solution. Let 4 = 2?—4;’+51A<
- A A
b =i-mj+k
N A A
¢ =3i+2j-5k

N
a

, b and ?arecoplanarif?z).(f;x?) =0
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2 4 5
Z(?x?) =1 -m 1|=0
3 2 5
=20Gm-2)+4(-5-3)+52 +3m)

R = —. Ans.

Example 9. Show that the vectors
- - — — - - - - -

(5a + 6b + 7¢), (7a — 8b + 9c) and (3a + 20b + 5¢)

> o o
are coplanar, a, b, c being three non-collinear vectors.

(Nagpur University, Summer 2003)

Solution. Let o = 5a + 6b + 7¢
B =7a-8b+9
7 = 3a+20b + 5¢
5 6 7
. Bxy)=|7 89
3 20 5
=5 (-40-180) - 6 (35 - 27) + 7 (140 + 24)
=-5x220-6x8+7 x 164
=-1100-48 + 1148 =0
-> o -
Hence o, B and y are coplanar. Proved.

Example 10. If four points whose position vectors are a, b, c, d are coplanar, show that

> > > > 2 > > 2 > > > >
[abcl=[adb]l+[adc]+[db c] (Nagpur University, Summer 2005)

Solution. Let A, B, C, D be four points whose position vectors are Z, 3, ?, 3
- > o - > o - > o
AD = d-a, BD=d-b and CD=d-¢c
> >
If AD, BD,CD are coplanar, then
- - -
AD .(BDx CD) = 0
> o > o > o
= (d-a).[(d-b)x(d-c)] =0
> o e e e T T T S
> ((d-a).[dxd-dxc-bxd+bxc]=0
2 o e e -
= (d-a).[~Fdxc—-bxd+bxc] =0
= _d.@dxe)-d.Oxd)y+d.Ixc)+a.(dxc)+abxa)—a(bxc)=0
=_04+0+[dbcl+[ddcl+[dbdl-[abc] =0
= [abcl=[abdl+[adcl+[dbc] Proved
. NN - - - -
Example 11. Assuming that 7 (p x ¢) #0and d = xa +yb +zc.

Find the values of x, y and z. (Nagpur University, Winter 2002)
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- -

Solution. We have, 2 = 331 +yb + zc (1)
Taking dot product of (1) with bxc,we get
> > o> o - - > o5 o
[dbcl=d.(bxc)=(xa+yb+zc).(bxc)

(BB x O+ y BB x D+ 2{cBxe)=xlabcl +0+0
[dbel

>

[abc] N N
Similarly taking dot product of (1) with (¢ x a)and (a x b)
Separately, we get

> >
= [dca]andz=[dab] Ans.

> >

[ab c] [abc]

EXERCISE 1.2
1. Determine A such that
— A A A A A — A A A
a=i+j+k,b=2i—-4k,and c=i + X j+ 3 k are coplanar. Ans. A =5/3
2. Show that the four points
A A A A A A A A A A A A
-6i+3j+2k3i-2j+4k,5i+7j+3kand-13i +17 j -k are coplanar.
3. Find the constant a such that the vectors
A A A A A A A A A
2i-j+k,i+2j-3k,and 3 i +a j+ 5k are coplanar. Ans. - 4
4. Prove that four points

A A A A A A A A A A A
4i+5j+k —(j+k),3i+9j+4k 4(-i+ j+Fk)are coplanar.
- - -

5. If the vectors @, b and ¢ are coplanar, show that
- - -
a b c
> > o o> > >
a.a a.b a.c
N > | =0
b.a b.b b.c
1.19 VECTOR PRODUCT OF THREE VECTORS (AM.LE.T.E., Summer, 2004, 2000)
- g
Let 4, b and ¢ be three vectors then their vector product is writtenas 7 x (5 x ¢)-
Let Z=a1i+a2f+a312,
b o=bi+b,]+byk,
?= cli+02}'\+0312

ax(Bxc)= @ i+ay)+agR)yx(byi+by]+bk)x(ci+cy]+cyh)

= i+ ay ]+ as B)x [(Bycs — bycy) i + (bacy — bics) | + (brey — byey) K]
= [8,(bic; —byc;) — a5 (bac, —byey)] 1 +[as(byes —byc,) —ay (e —byey )1 ]

+ [ay(bsey — bycg) — ay(bycs — bsey )]l/c\
= (@16 + a5Cy +a5¢5) (b i+ b, ]A'+ b, 12)—(111 by +a,by, +a3b5) (¢ i+ Cy f+ s IQ)

-5 o > -5 o o
=(a.c)b-(a.b)c. Ans.
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- A A A - A A A g A A
Example 12. Let a =i+ j—-k, b=i-j+k, c¢c=

- > o
Find the vector a x (b x c).

_]'_

Solution. ax(bxc)=(a.c)b—(a.b)c
=L+ j-h. (=j-R1G-j+b-G+j-R.G-j+b1G-]-F
=(A-1+D)(-j+R)-[1-1-1)(-]- R
=(i-j+k)+(-j-k =2i-2] Ans.
Example 13 Prove that

a x (b x c) + b x (c x a) + c x (a x b) =0 (Nagpur University, Winter 2008)
Solution. Here, we have

;X(ZX?)+ZX(?XZ)+?X(ZX3)
=[(a.c)b—(a.b)cl+[(b.a)c—(b.c)al+[(c.b)b —(c.a)b]
=[(3 Z)?-(Z B)cl+[(c.b)a—(b.c)al+[(a.c) b —(c.a)b]

> o o > o o > o o > o o > o o
[(a b)c—(a by cl]+[(b.c)a—-(b.c)al+[(c.a)b —-(c.a)b]
=0+0+0=0 Proved.
Example 14. Prove that :
?x(?z)x§)+;'><(71)><;')+1A<><(Z><IA<)=2Z (Nagpur University, Winter 2003)

A

Solution. Let 4 = a /z}+a2 }+a3 k
A N A A N A A N A
Now, LHS. = ix(axi)+jx(axj)+kx(axk)
T T TS O I A S W
Exlia t+ay )+ ay by k]
= ix|g(ixi)+ a2(] X 1) +a3(k>< 1)] +j>< [al(i X j)+ay(j x j)+ag(kx j)}
+ k >< [al(z X k) + az(] X k) + a3(k X k)]

= ?x_0—a212+a3}]+}><[a112+0—a3§]+kx[—a1j+a2i+0]

= —ay(ix k) +ag(ixj)+a(jxk) —ay(jx i) —ay(kx j)+ay(k x 7)
= a2;+a3lg+a1§+a3fc+al§+a2}=2a1§+2a2}+2a312
A A A -
=2(@i+a,j+a;k)=2a Proved.
Example 15. Show that for any scalar A, the vectors 56), ; given by
5 o q@xb) > (1-pA o> p(axb)
y = a — 2

x=\a-+ T/ satisfy the equations
a q a
% T+ qg =2 and x x ; -7 (Nagpur University, Winter 2004)
Solution. The given equations are

- - -

px +qy = a (1)
-

Yy =" )
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Multiplying equation (1) vectorially by x , we get

Xx(PX+qy) = X x4
- - -
pP(XxX)+q(Xxy)=xxa
> o > o - =
gx(xxy)=xxa, as xxx =0
-
Txa =qb, [From 2 ¥xxy=051 -.(3)

Multiplying (3) vectorially by a we have

Il
:n
X
-
SN

ax(xxa)
(a. a)x—(Z Na =q@xDb)

P2r-(a.Da=9@xb) = g27=@@.0a+q(@xb)

> (3 x)a q(axb)
X = 2 + 2
a a
-
axb 27 x
}’:Xa+q(2 ) where 1 = 2%
a a2
q(a X b) > 5
Substituting the value of % in (1), we get pqh 7 t———+tqY =a
a
(@ x b)
- - a X
q; =a-pika +qa—2
(1-pr)a _p(axb)
- - a a x
y = P _P > Ans.
q a
EXERCISE 1.3
1. Show that Zx(?x?):(;)x?)x;
2. Write the correct answer
> o
(@) (Ax B)x C lies in the plane of
- - - - - -
(i) Aand B (@i) B and C (iii) Cand A Ans. (ii)
> o o > o o
(b) The value of a . (b + c)x(a + b +c) is
(i) Zero (i) [71) , b , ?] +[Z) , c , :1)] (iii) [T; , b , ?] (iv) None of these
Ans. (ii)
1.20 SCALAR PRODUCT OF FOUR VECTORS
Prove the identity
> o> > > 2 > o>
(axb) (cxd) (a.c)(b.d)—(a.d)(b.c)
Proof. (a X b).(c x Zi)) = (Zx E))_r)
=4, (? x 7) dot and cross can be interchanged. Put xd =
> > > 2
= g.[bx(cxd)] = a [(b.d)c—(b c)d]
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R N N N
=(a.c)(b.d)y-(a.d)(b.¢)
- - -
a.c a.z
— Proved.
> - -
b.c b.d
EXERCISE 1.4
1L If =2i+3j-k b=-i+2j-4k ¢ =i+j+k find (ax b).(a x c). Ans. 74

2. Prove that (2 x b).(ax c)= a*(b.c)—(a.b)(a.c).
1.21 VECTOR PRODUCT OF FOUR VECTORS

> o o -
Let 4, b, ¢ and d be four vectors then their vector product is written as

(@ x b)x(cxd)

- > > o - - - N
Now, (a x b)x (¢ xd) = rx(cxd) [Put gx b =71
> o o > o o
= (r.d)yc-(r.c)d
e > o o >
= [(axb).dlc-[(axb).cld
> o o> i
=[abd]lc—-[abcld
(Zx?)x(?x;l)) liesintheplaneof?and 3 ..(1)
> o -
Again, (a x b)x (¢ x d) = (a x b)x s Put= ¢y d=3]
- - 2 - > > - > >
=-sx(axb)=_(s.b)a+(s.a)b
=-[(Cxd).Bla+(cxd).a1b = _[(bcdla+lacdlb
(a x b)x (¢ x d) lies in the plane of @ and b. - 2)

> o > o
Geometrical interpretation : From (1) and (2) we conclude that (& x b) x (¢ x d) is
a vector parallel to the line of intersection of the plane containing 4, b and plane

. . - 3
containing ¢, 4.

Example 16. Show that

S e > o > > — - > > 5> 5 o
(Bx C)x(AxD)+(CxA)x(BxD)+(AxB)x(CxD)=-2(ABC)D
. S -5 > > o T - > >
Solution. LH.S. = (Bx C)x (A x D) + (C x A)x (B x D) + (A x B) x (C x D)
e e U e B e e e T 5> 55 > > 5 o o
—(BCD)YA-(BCADI+(CAD)B-(CAB)D|+[(-BCD)A+(ACD)B]
5> o o o 5> o5 o o S i G e > > 5> 5o o
=(BCD)A-(BCD)A+(CAD)B+(ACD)B-(BCAD-(CAB)D
5> o5 o 5> o5 o 5o > o 5> o
= _(ACD)B+(ACD)B-(ABC)D-(ABO)D
5> o o
=-2(ABC)D =RHS. Proved.
Example 17. Prove that
N S — > o o
(axb).q(bxc)x(cxa)r=[a.(bxc) (Nagpur University, Summer 2003)

- - S e
Solution. LHS. = (a xb ){(b xc)x(c x a)} (1)
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> o > o
By applying the formula of vector triple product on (b x ¢) x (¢ x a) in (1), we get
LHS. = (a x b). H(? ca)c—-(bco) ZH
> o i - >0 > > o
=(axb).[(abc)c-0@()] =(abc)y(axb).c
i U S S
=[a(xe)lla.(bxe)l =7 (Fxc)p =RHS  Proved.
Example 18. Prove that:

[(Ax8)xC|x Bl (Bxd)«B]x o (CxB)xd]xB+[(BxC)<B]x 4 =0

(Delhi University April, 2010)
Solution.

LES. = | (AxB) < |x B +[(BxA)x Bl 4 [ (G B) < A]x B+ (D<) x Bx 4

c o)A
(¢ 2)(Bx3) -3 <8)+ (BB <) - (¢ 8) (B A)
= (G Bx0)+ (Bx8)] -G A (GxB) + (Bx4)]
B B)(40) + (65 A)] -GG D) (BxD)+ (< B)]
> o> o o
=0 [.‘axb+bxa=0] Proved.
EXERCISE 1.5
Show that:
1. (Z) X ?) X (? X 71)) =c (71) b T:)) when (71) b ?) stands for scalar triple product.
2 [(bxc, cxa, axb)l=[abcP
3. dlax{bx(exdll=[0. Dia.(cxd]
4. F[ax[ax(@xb)=a2(bxa)

5. [(axb)x(axc).d=(a.d)[ab c]
2

s | A > A > A
6. 2a° =|axi| +|axj| +|axk

7. axb=[(ixa).bli+[(jxa). )] +[(kxa). blk

8. ;x[(;x;)x(;;x7)]+;><[(;><7)><(Z><;)]+?x[(:x;)x(?x;)l=0



DIFFERENTIATION OF VECTORS

(POINT FUNCTION, GRADIENT, DiverGeNce AND CuURL OF A
VECTOR AND THEIR PHYSICAL |NTERPRETATIONS)

2.1 VECTOR FUNCTION
If vector » is a function of a scalar variable ¢, then we write

7= o
If a particle is moving along a curved path then the position vector 7 of the particle is a

function of ¢. If the component of f(f) along x-axis, y-axis, z-axis are f,(?), £,(1), f;(¥) respectively.
Then,
—> /\ /\ N
f@) = HOi+ LO)+ Ok
2.2 DIFFERENTIATION OF VECTORS
Let O be the origin and P be the position of a moving particle at time .

Let OP = r
Let Q be the position of the particle at the time ¢ + &¢ and

— -

the position vector of Q is O_Q) = F+8r

— —_— —>
PO = 0Q-0
= (F+8r)-r=57
87 |
o is a vector. As &t — 0, Q tends to P and the chord
becomes the tangent at P. R
5

d r l‘ S_V
We define < = sis0 57 » then
dr

a1 is a vector in the direction of the fangent at P.
7 . N . 5o s
—— is also called the differential coefficient of » with respect to ‘¢,
Ak o -
Similarly, — s the second order derivative of 7 .

dt

dt

d - 5>
—: gives the velocity of the particle at P, which is along the tangent to its path. Also d 2r
gives the acceleration of the particle at P. dt
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2.3 FORMULAE OF DIFFERENTIATION

IR
> >
) i(F‘FG)—g"‘% (@) (F¢)_ﬂ¢+Fch¢ (U.P. I semester, Dec. 2005)
d 22 _’dG dF d 2 dG dF pd

iii—FG F—+—le—FG Fx—+—xG
@iy —F.G)= = a () —( )= T

o)

da b - dc
-

vi) —[ax(bxc)] —><(b><c)+a>< —><c +ax bx—c

t_) N dt dt

The order of the functions F, G is not to be changed.

Example 1. A particle moves along the curve 7 = (t* - 4t)? +(2+ 4t)3‘ + (812 -3 )I@ , where

t is the time. Find the magnitude of the tangential components of its acceleration at

t=2
(Nagpur University, Summer 2005)
Solution. We have, 7 o= (P -4+ 40 +@F -3k
. dr N N 2 A
Velocity = d——(3t -Ai+Q2t+4)j+ A6t -9k
At t =2 Velocity = g7 4+ 8 4%
d2
. =d
Acceleration = a —6t1 + 2 j+@a6- 18t)k
At t=2 Z=12i+2}—20k

The direction of velocity is along tangent.

So the tangent vector is velocity
N

N N N N N N N N
L Bi+8, -4k _Bi+8j-4k _2i+2/-k
| J64+64+16 12 3

Unit tangent vector, r=

Tangential component of acceleration, a, = 7 T

24+4+20 48
21+2] k - =?=16Ans.

Example 2. At any point of the curve x = 3 cos t,y = 3 sint, z = 4 ¢, find
(i) Tangent vector (ii) Unit tangent vector  (R.GPV., Bhopal, Il Semester June 2007)
Solution. We have, x = 3 cost, y=3sint, z=4t

= (121+2] 20k)

- N 8 A - n . " A
, = xi+yj+zk = 5 = QBcost)i +(3sint)j+ 40k
ar A A A
@) - (-3sint)i +(3cost)j+4k

which is the required tangent vector.

Magnitude of tangent vector = \/(—3 sin )% + (3cost)? +(4)? =5.

1 LA A A
(i) Unit tangent vector = g(—3 sinti +3costj+4k) Ans.
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- - > 3
Example 3. Show that 4a [;d—u d”u ] = [gd_” d ”]
el dt di? dr df

. d dx dy dz
Solution. We know that — =2 i x gl
@ YOI Yy,

d|>du d*d| _|dudd d*ud| |_d*u d*u du d*u
—|U——| = | = — +|u— |t e——
dt dt 4t dt dt dt dr- dt dt dr
- 3 = 377
=0+0+ ;’d_ud u =[;d_ud u] Proved.
at dr e ar
dZ NN d; 5 o d > > > -5 >
Example 4. [f — =uxa and =— =y x b then prove that —-[ax b]=u x (ax b)
di dt dt
M.U. 2009)
Solution. We have,
- -

Il
X
+
X
S

d » -
E[axb] = Zx(3x3)+(3x2)x3
> o > e Y
T ax(uxb)-bx(uxa)
= @B u-(a.u)b-[b.a)u—G.u)al
(Vector triple product)

= @Bu-@wa)b-@Bhu+@.ba

= @W.bB)ya-@w.a)b
= (ZX 5’) Proved.
Example 5. Find the angle between the surface x> + y* + 22 =9 and z = x* + y* - 3 at
@ -1, 2. (M.D.U. Dec. 2009)
Solution. Here, we have
x? +y2 +22=9 ..(D)
z=x +y2 -3 ..(2)
Normal to (1) M= V(& + )* + 22 - 9)
~0 A0 0 A n ~
= i+ j—thk— (P +y*+2*-9) =2x] +2y] +2zk
Ox "0y 0z
Normal to (1) at (2, - 1,2), n, =4{ -2 + 4k .(3)
Normal to (2), n,=V@E-x-)*+3)
»0 ~0 ~0 2 2 .
= |li—+j—4k—|(z=x"=y"+3) =_2xi 2y}
[ax jay 62J( y ) 2xi -2yj +k
Normal to (2) at 2, - 1,2), n,=—4i +2] + k (4
mmy = Imlin,lcos6
mm, @4 —2j k). 4 2] +k) _ —16-4+4
08 0 = | ol = 47 —2) +4k| |- 4 + 2 +£| JI6+4+16 6 +4+1
-16 -8
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-8
9 = cos!| —=
[3\/21]

-8
Hence the angle between (1) and (2) cos™!| —— Ans
g @ @) [ 3 m]

EXERCISE 2.1

2 3
1. The coordinates of a moving particle are given by x = 41—% and y = 3+6t—%‘ Find the

velocity and acceleration of the particle when ¢ = 2 secs. Ans. 447, 224
2. A particle moves along the curve
x =2 y=¢F-4 and z=3:-5
where ¢ is the time. Find the components of its velocity and acceleration at time ¢ = 1, in the

direction ?_3342]@ (Nagpur, Summer 2001) Ans. i —g

3. Find the unit tangent and unit normal vector at £ = 2 on the curve x = t‘ -1, y =4t - 3,
N

z =2 — 6t where ¢ is any variable. Ans. — 21+2 +k, —21+2k

y 3( J+k) 3 \/§( )

4. Prove that —(F><G) ;“) £+£ 8
e adt

5. Find the angle between the tangents to the curve 7 =t2? +2t9‘ -3 2, at the points £ = + 1.

Ans. cos! i
17

6. If the surface 5x* — 2byz = 9x be orthogonal to the surface 4x%y + z° = 4 at the point (1, -1, 2)
then b is equal to

(@ 0 %1 () 2 d 3 (AMIETE, Dec. 2009) Ans. (b)
2.4 SCALAR AND VECTOR POINT FUNCTIONS

Point function. A variable quantity whose value at any point
in a region of space depends upon the position of the point, is
called a point function. There are two types of point functions.

(i) Scalar point function. If to each point P (x, y, z) of a
region R in space there corresponds a unique scalar f(P), then f'is
called a scalar point function. For example, the temperature
distribution in a heated body, density of a body and potential due
to gravity are the examples of a scalar point function.

(if) Vector point function. If to each point P (x, ), z) of a region R in space there corresponds
a unique vector f (P), then fis called a vector point function. The velocity of a moving fluid,
gravitational force are the examples of vector point function.

(U.P, I Semester, Winter 2000)
Vector Differential Operator Del i.e. V
The vector differential operator Del is denoted by V. It is defined as

N A D 0
V= i—+j—+ -
ox " Oy Oz
2.5 GRADIENT OF A SCALAR FUNCTION
. hop 1Ob 209 . -
If ¢ (x, y, z) be a scalar function then ; P + 5 + ka— is called the gradient of the scalar
X z
function ¢.
And is denoted by grad ¢.
Thus, grad ¢ = ?@+?@+I§@

Ox oy Oz



Differentiation of Vectors 19

gard ¢ = V ¢ (V is read del or nebla)
2.6 GEOMETRICAL MEANING OF GRADIENT, NORMAL

(U.P. Ist Semester, Dec 2006)

If a surface ¢(x, 3, z) = ¢ passes through a point P. The value of the function at each point
on the surface is the same as at P. Then such a surface is called a level surface through P. For
example, If ¢(x, y, z) represents potential at the point P, then equipotential surface ¢ (x, y, z) = ¢
is a level surface.

Two level surfaces can not intersect.

Let the level surface pass through the point P at which the value of the function is ¢. Consider
another level surface passing through O, where the value of the function is ¢ + d¢.

Let 7 and 7 + 87 be the position vector of P and Q then Fé =87

$00, 500,228 Gax sy + k)
O0x "0y Oz

Vo.dF

0 o ¢ . _
S +ayd +de=dy (D)

If Q lies on the level surface of P, then do = 0
Equation (1) becomes Vo .dr=0. Then ) is | to dr (tangent).
Hence, V¢ is normal to the surface ¢(x, y, z) = ¢

Let Vo = |V§| N, where N is a unit normal vector. Let dn be the perpendicular distance
between two level surfaces through P and R. Then the rate of change of ¢ in the direction of the

0
normal to the surface through P is a—d)
n

,
A _ By VAT

dn 5”—>06n_8n—>0 dn
= lim —————
>0 &n = 67| cos 0 =8n
| Vo | dn
= V
8n1—>0 dn | d)l
o)
v = —
Vol on

Hence, gradient ¢ is a vector normal to the surface ¢ = ¢ and has a magnitude equal to the
rate of change of ¢ along this normal.

2.7 NORMAL AND DIRECTIONAL DERIVATIVE

(i) Normal. If ¢(x, y, z) = c represents a family of surfaces for different values of the constant
¢. On differentiating ¢, we get dp = 0

But db=Veé.dr so Vo.dr=0

- -
The scalar product of two vectors V¢ and 4 r being zero, Vo and 4 r are perpendicular to
each other. 47 is in the direction of tangent to the given surface.
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Thus V¢ is a vector normal to the surface ¢(x, y, z) = c.

5
(ii) Directional derivative. The component of V¢ in the direction of a vector d is equal to

V¢fl and is called the directional derivative of ¢ in the direction of 3
- = [lim — where, 8r = PQ

% is called the directional derivative of ¢ at P in the direction of PQ.

Ny
Let a unit vector along PQ be N .

dn dn dn
5, = oS 6 = o= 5T . (1)
r cos [\ 4
. 8(') A 64)
Now X 51‘510 dn =NN n From (1), & = on
or IS ]Q/' ]Q/J
N.N :
Ay A Ay N
= N N|Vo]| = N V¢ (- N|Vé|= Vo)

% o . N
Hence, B directional derivative is the component of V¢ in the direction N "

6(1) Ny
Pl N Vo=|Vd|cosO<| V|
"
Hence, V¢ is the maximum rate of change of ¢.

Example 6. For the vector field (i) Z =mi and (ii) Z = m;) Find V,Z and V x Z
Draw the sketch in each case. (Gujarat, I Semester, Jan. 2009)

- N
Solution. (i) Vector 4 =m i is represented in the figure.

A
k

A/ f

<

. - > . . ¢
(i) A = mr is represented in the figure.

(0) A

A
1

~ 0 N n N
J=li=—+j—+k=—|(xi+yj+zk)=1+1+1=3 ——+——+—— Number line
@iy v.4 [ax ry azj( yi+zh) o 1 2 3

V.Z = 3 is represented on the number line at 3. N
i vxad= 124520 cwiy]+zh) “
x x ‘o o I
N N AN
i j k .
e 2|, 6 ’
T lox &y oz| A
|
x y z

are represented in the adjoining figure.
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Example 7. If ¢ = 3x°y — y’2%; find grad ¢ at the point (I, -2, —I).
(AMIETE, June 2009, U.P, I Semester, Dec. 2006)
Solution. grad ¢ = Vo

NG n0 20 2 3.2
—+j—+k— |Bx’y -
['ax 13 6z](xy y'z®)

126y 2y 1) L Gy ) 4 h D By — i)
Ox Oy 0z

? 6xp) + 3 ('jx2 - 3y222) +l§ (- 2y3z)
76) (1) (-2) + 7 [3) (1) = 3(4) ()] + & (- 2)(-8) (1)

grad ¢ at (1, -2, -1)

= _127-9)-16k Ans,
Example 8. [fu =x +y +z v =x>+)° + 22, w = yz + zx + xy prove that grad u,
grad v and grad w are coplanar vectors. [U.P, I Semester, 2001]

Solution. We have,

AN AN N
grad u = i—+j—+k—|(x+y+2)=i+j+k

N A N
grad v = i — 4 j—+k— |+ +2%)=2xi +2y ) +2zk

grad w = i—+j—+k— (yz+zx+xy)=?(z+y)+9‘(z+x)+IAc(y+x)

[For vectors to be coplanar, their scalar triple product is 0]
| | | | | |
Now, grad u.(grad v x grad w) = | 2x 2y 2z |=2] x y z
Z+y zZ+x y+x Z+y zZ+x y+x
| | |

= 2|lx+y+z x+y+z x+y+z [Applying R, - R, + R]
z+y Z+x y+x
1 1 1
= 2x+y+2)| 1 1 1 [=0

y+z z+x x+y
Since the scalar product of grad u, grad v and grad w are zero, hence these vectors are
coplanar vectors. Proved.
Example 9. Find the directional derivative of x*y°z* at the point (I, 1, —1) in the direction
of the tangent to the curve x = e, y =sin 2t + 1, z=1—cos tatt = 0.
(Nagpur University, Summer 2005)
Solution. Let ¢ = x* * 72
Directional Derivative of ¢

vo=|i2+72 4k
=1'x"%

N N N
Vo = 2xp%z%i +2yx?2% j+ 222y k
Directional Derivative of ¢ at (1, 1, -1)

= 2WDADP 1+ 20D (12 )+ 2D
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N N AN
= 2i+2j-2k ..(D)
N N N AN t/\ 3 N N
= xi+yj+zk=ei+Gin2t+1)j+(-cost)k
g r P " . ~n
Tangent vector, T = ?=e i+2cos2tj+sintk

0/\ N 3 N N N
e i+2(cos0)j+(sm0)k=i+2j ..(2)

i+2
Required directional derivative along tangent = (21 + 2] 2k) ( ])
,/l +4

Tangent(at ¢ = 0)

[From (1), (2)]
B 2+4+0 6

\/g - \/g Ans.
Example 10. Find the unit normal to the surface xy°z° = 4 at (-1, -1, 2).  (M.U. 2008)
Solution. Let ¢(x, y, z) = xy3z2 -4
We know that V¢ is the vector normal to the surface ¢ (x, y, z) = c.
h0b 100 200

= = z—+
Normal vector = V¢ = J= 6y az
NO L 30 NO L 3,0 MO 3,
= i— Y+ j—(’z)+k— (2
Now A Jay(xy )+ —0072%)
327 22" 3 A
= Normal vector = ¥ 2" i +3xy"z" j+2xy"zk

Normal vector at (-1, -1, 2) = —4i — 123‘ +4k
Unit vector normal to the surface at (-1, -1, 2).
AN AN AN
Vo —4i-12j+4k I A .n a
= = =-——=(+3j-k) Ans.
Vol Jl6+1adtis il 7

Example 11. Find the unit normal to the surface:

X +yt=z (Delhi University, 2010)
at a point (1, 2, 5)
Solution. Let b =x*+)* -z
. 0 0
Gradient = v ¢ = za—+15+k (x* +y? —z)=2xi +2y) - k
(Gradient ¢)1 25" =2 +4 j k

A

Unit normal vector = Ab _2i+4j-k _ 2 s 4
| A9 | \/4+l6+1 BN \/_ \/—

Example 12. Find the rate of change of ¢ = xyz in the direction normal to the surface

Ans.

X’y +y’x + yz2 = 3 at the point (1, 1, 1). (Nagpur University, Summer 2001)
Solution. Rate of change of ¢ = A ¢
nNo o ND 0
= |i—+ —+k x z—z Z + xz+k
[ o & J( yz)=iyz+j Xy

Rate of change of ¢ at (1, 1, 1) = (? + ; + 12)



Differentiation of Vectors 23

Normal to the surface ¥ = x*y + y*x + yz* — 3 is given as -

o o
- i e Ly 4y 4yt -3
Vy [6x I3 J( y+yix+y. )

AN N AN
iQxy+y) + j +2xy +22) +k2yz

N N N
Moy = 3i+4;7+2k
N N N
3i+4;7+2k

Unit normal —_—
«/9 +16+4

Required rate of change of ¢ = (1 + [+ k)

(3l+4]+2k) _3+4+2 9

Jo+16+4 V29 V29

Example 13. Find the constants m and n such that the surface m x> — 2nyz = (m + 4)x will
be orthogonal to the surface 4x°y + z° = 4 at the point (1, -1, 2).
(M.D.U. Dec. 2009, Nagpur University, Summer 2002)
Solution. The point P (1, —1, 2) lies on both surfaces. As this point lies in
mx? — 2nyz = (m + 4)x, so we have

m-2n2) = (m+4)

= m+4n = m+4 = n=1
Let ¢, = mx? — 2yz — (m + 4)x and ¢2=4x2y+z3—4
Normal to ¢; = V¢,

Ans.

= [?%+9%+1@ J[mx2—2yz—(m+4)x]

AN N AN
= iQmx-m-4)-2zj-2yk

N N N N N
Normal to ¢, at (1, -1, 2) iCm-m-4)-4;+2k = (m—4)?—4j+2k

Normal to ¢, = V¢,
79,59 k 4 4 2 27
154_15"' (x’y+2° —4) = 18x;y+4x j+3z°k
Normal to ¢, at (I, -1, 2) = —87 +4/ +12k
Sinec ¢, and ¢, are orthogonal, then normals are perpendicular to each other.

Vo, .V, =0
N N N N N N _
= [((m—4)i—4j+2k).[-8i+4j+12k] =0
= —8m-4-16+24=0
= m-4=-2+3 = m=35
Hence m =5,n=1 Ans.

Example 14. Find the values of constants A and . so that the surfaces A — pwyz = (A + 2) x,
4%y + 22 = 4 intersect orthogonally at the point (I, — 1, 2).
(AMIETE, II Sem., Dec. 2010, June 2009)
Solution. Here, we have
M —wz=0+2)x (D)
4y +22=4 (2

Normal to the surface (1), = V[sz —wz—-(+ 2)x]
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=1 QAx—A=2)+] (-p2) +k (-w)
Normal at (1, -1,2) =§ QA —-A—-2)— ] (22u) + kp ..(3)

=i -+ e+ kp

~0 A0 0
=li—+j—+k—
ox "oy Oz

=7 @)+ ] @)+ k (D

Normal at the surface (2)

J (4x2y+z3 -4)

Normal at the point (1, -1, 2) = - 87 + 4, + 12k (@)
Since (3) and (4) are orthogonal so

[f (X—2)+}(2u)+l€u:|‘[—816+4}+1212:| =0

B(L-2)+4QW+12p=0 = -8AL+16+8u+12u=0

~8)+20p+16 =0 = A20+5u+4)=0

2 +5u+4=0 = 2% -5p=4 (5
Point (1, — 1, 2) will satisfy (1)

A2 —p=DQ)=A+2) ()= A+2u=Aa+2 = p=1
Putting p = 1 in (5), we get

W-5=4 = x:%

9
Hence A =3 and p=1 Ans.
Example 15. Find the angle between the surfaces x> +y° + 22 = 9andz =x* + > — 3 at
the point (2, —1, 2). (Nagpur University, Summer 2002)
Solution. Normal on the surface (x* + y* + 22 — 9 = 0)
Vo = ?£+;i+122 (x* +y? + 22 —9)=(2x? +2y;‘ +2zl§)
ox "0y 0Oz
Normal at the point (2, -1, 2) = 4? —2;‘ +4I; (D

Normal on the surface (z = x* + )* — 3) = i£+ji+k2 (x*+y?—z-3)
Ox Oy Oz
= 2x?+2y;‘—12

A

Normal at the point (2, -1, 2) = 4? —29‘ -k ..(2)
Let 6 be the angle between normals (1) and (2).

(4727 +81).(47 =25 —k) = T16+4+16f16+4+1cosO
16 + 4 — 4 = 621 cosO = 16 = 6~/21 cosd

= cos 0 = L = 0= cos!

321

8
321
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N N

1 A
Example 16. Find the directional derivative of P in the direction 7 where ¥ =xi +yj+zk.

(Nagpur University, Summer 2004, U.P., I Semester, Winter 2005, 2002)
1

1 1 -
Solution. Here, ¢ (x, 3, 2) = —=———=(x*+)*+27%) 2
rodx* 4z
1
1 N N A A S B N
No | = |i—+j—+k— +y + 2
W V(,j ['ax Iy thg |y HE)

_lA _l/\ —l/\
2(x2 +y?+2%) 2 i+%(x2 +y2+zh) 2 j+a£(x2 +y +zH 2k
z

Ox

_3 A _3 A 1 —3 N
= {—%(x2 +y* +2%) 2 2x}i +[—%(x2 +y*+2%) 2 2ij +{—E(x2 +y*+2%) 2220k
N

N N
—-(xi+yj+zk)

= (2 + 2 +22)3? (D

N N N N
and » = unit vector in the direction of xi +y j+zk
AN AN AN
_ xityj+zk 5
= > — ..(2)
,/x +y°+z
So, the required directional derivative
AN AN AN AN AN AN 2 2 2
A xi+yj+zk xi+yj+zk xX+y +z
= Vor=-— )2)1 2302 7 2 )2)] 202 2 yz > [From (1), (2)]
x“+y“+z9) x“+y“+z9) x“+y“+z9)
1 1 An
S S.
L yi+zt
x* 432
Example 17. Find the direction in which the directional derivative of ¢ (x, y) = at

(I, 1) is zero and hence find out component of velocity of the vector 7 = (* 4 1)? + 12 9 in

the same direction at t = 1. (Nagpur University, Winter 2000)
o o 10 n0 o)Xy
Solution. Directional derivative = V¢ = o J EYRP o
- ? xy2x — (x2 +y2)y + A oxp2y — x(y2 + xz)
2y J 2y
AR S +5 ? —x
2y 2y

Directional Derivative at (1, 1) = ?0 + ?’0 =0
Since (V¢)(1’ H= 0, the directional derivative of ¢ at (1, 1) is zero in any direction.
Again o @it

Velocity, vV o= % =320 421
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Velocity at t=1is= 3?+2;‘
The component of velocity in the same direction of velocity

N N
NN B3i 27 9+4
- Git2)| === =13 Ans,

fora | B

Example 18. Find the directional derivative of ¢ (x, y, 2) =X’y z+4x 2 at (I, =2, 1) in

the direction of 2? - ; - 2]2‘ Find the greatest rate of increase of ¢.

(Uttarakhand, I Semester, Dec. 2006)
Solution. Here, ¢ (x, ), 2) 2

1
=
=<
N
+
~
&

Now, Vé [li+;—+;c£] (x*yz + 4xz?)
X Oz

(2xyz + 422)? + (xzz);‘ + (xzy + 8xz)12

Vo at (L -2, 1) = {20 (<2XD) +4()2}i +(Ax 1) ] +{1(=2) + 81X}k

(—4+4)?+}+(—2+8)1Ac = j+6k

AN AN AN
2i—j-2k 1.~ A A
Let " = unit vector = ———==-(21i —j - 2k)
a ~umty Ja+1+4 3
So, the required directional derivative at (1, -2, 1)

Aoon N A 1 -13
= Vba=(j +6k)‘§(2l—j—2k) = g(—l—l2)=T

Greatest rate of increase of ¢ = ‘3 16k = V1436

= \/ﬁ Ans.

Example 19. Find the directional derivative of the function ¢ = x° — y° + 22° at the point P
(1, 2, 3) in the direction of the line PQ where Q is the point (5, 0, 4).
(AMIETE, Dec. 2010, Nagpur University, Summer 2008, U.P., I Sem., Winter 2000)

Solution. Directional derivative = V¢

N

= [/l\i-l‘ji'l‘l/;ij (x* - y? +22%) = 2x? —2y;‘ +4le

Ox Oy Oz
Directional Derivative at the point P (1, 2, 3) = 2? _ 4} + 121@ ..(D)
PO = 0-P=(50,4-(,23)=@4-21 )

N N N
@Qi-2j+k)

«/16+4+1

AN AN AN
Directional Derivative along PQ = (2i —4j +12k). [From (1) and (2)]

_ 8+8+12 28 Ans
NCTRNOY '

Example 20. Find the directional derivative of ¢ = 4 ™77 at the point (I, 1, —1) in the
directional towards the point (-3, 5, 6). (Nagpur University, Winter 2003, Summer 2000)
Solution. Directional derivative = V¢

= ?i+9i+;ci 4e¥yE
Ox Oy Oz
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N oag2x-ytz 7y dw-yez 7 2v-y+z PR PR
= A0 2T TVTE — jet TV L ket YT = A[2i - j+k]e” TV
Directional Derivative at (1, 1, —1)

N N N N N
= A[2i -4k = 40—+ (D)
Direction of Directional Derivative

AN N N N AN N A A A
= (Bi+5j+6k)-(i+j-k) = —4i+4j+7k (2
Directional Derivative in the direction of (_ 4? + 4} + 712)

(- 41 +4]+7k)

— |®i—47+4k
( A T T, | [From (1) and (2)]
1 200 20
‘9[ ]‘ ‘ 9‘ 9 Ans,

x
Example 21. For the function ¢ (x, y) = JENRNER find the magnitude of the directional

derivative along a line making an angle 30° with the positive x-axis at (0, 2).
(AM.LE.TE., Winter 2002)

N
Solution. Directional derivative = V¢
NG AD AD x A 1 x(2x) ~ o x(2y)
la"']_"'k_ =’x2+2_ 2, 2| /T2, 2
yoo x4y (x*+y7)
A
J

/\_x/\2

=y Xy A
I
I
I
I
I
1

7 ey
Directional derivative at the point (0, 2)

©,2) 30°

N 4=0 A20)Q2)

AN

1

— C "
O0+4? " 0+4° 4 | 2

NEDA IAJ

N
Directional derivative at the point (0, 2) in the direction CA i.e. [_ i+—j

- - 2

CA=OB+ BA = cos30° + j sin 30°

=[£¢+ ;]

2 2

|

S~
I/
2| %
~>
+

N | =
~.>
~

——3 Ans,
3 3

N
Example 22, Find the directional derivative of Vz, where 7 — 0 Ty 2? ; + xz2 IA{’ at the

point (2, 0, 3) in the direction of the outward normal to the sphere x° + y* + 22 = 14 at the
point (3, 2, 1). (AMIETE., Dec. 2007)

- >

Solution. 12 =11

2% 2" 27 2% 27 27 24, 24, 24
o itzy’ jrxz k) (xy i+zy® j+xz"k) = ¥+ 24 + ¥
Directional derivative = V12

[1%+]%+k J(x Y422t +x2zh)
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= (2xy4 + 2xz4)? + (4x2y3 + 4y322)?‘ + (2y4z + 4x223)12

Directional derivative at (2, 0, 3) = (0+2x2x81)7 +(0+0) 7 + (0 +4x 4x 27k

3247 + 432k =108 37 + 4k) (D)

Normal to x* + y* + 2> — 14 = V¢

nO ~NDO 40
= | i+ j=—+k=—|(x*+y*+2* 14
(iZ+)2+i2]wey ez 10

N N N
= 2xi +2yj+2zk)
Normal vector at (3,2, 1) = 6?4.4;‘4.212 ..(2)
N N N N N AN N N AN
6i+4j+2k 2@i+2j+k) 3i+2j+k F ). @]
= = rom (1),
J36+16+4 2414 Ji4

Unit normal vector =

AN AN N
Directional derivative along the normal = 108(3? + 412)‘—3 = \/21—1 u k‘

108 x (9 +4) 1404

V14 J1a
Example 23. Find the directional derivative of V (V}) at the point (1, — 2, 1) in the direction
of the normal to the surface xy°’z = 3x + 2, where [ = 2x’y’z*. (U.P, I Semester, Dec 2008)
Solution. Here, we have

Ans.

f=23)2 7
~0 ~0 +0 3.2 4 N ~ R
Vf = [z&+15+k5j(2xy z') = 6x2y224i + 4x3yz4j " 8x3y223k
~0 ~0 ~0 2.2.4% 4.3 4% e 3.2.37
V(Vf) = 1&+15+k5 Ox"yz"i+4x°yz" j+8x y 27 k)

= 12xy224 +4x°2 + 2453 yzz2
Directional derivative of V(V f)

= ;i + }i + IAc2 (12)9/224 +4x3 24+ 24x3y2z2)
Ox Oy Oz

= (12y224 +12x%2% + 72x2y222 ); + (24)9/24 + 48x3yz2 )}‘
+ (48xy223 +16x°2° + 48x3y22)IAc
Directional derivative at (1,-2, 1) = (48 + 12 + 288); +(-48- 96)} +(192+16+192) %
= 348 —144] + 400k
Normal to(xy’z — 3x — z%) = V(xy’z — 3x — 2%)
= [;i +}i + IACQJ (x;y2z —3x—2z%)
ox "0y 0Oz
= v’z - 3)i+Quyz)] + (0 - 22)k
Normal at(l, — 2, 1) = j — 4} + 2k
i—4j+2k 1

JI+16+4 = Joq

Directional derivative in the direction of normal

Unit Normal Vector = (; - 4}‘ + 21Ac)
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1 -

V21

1724

Ans.
J21

Example 24. If the directional derivative of ¢ = a X’y + b y’z + ¢ 22 x at the point

= (3481 — 144 + 400k) — 47 +2k)

1
= —— (348 + 576 +800) =
V21

-1 -3
(1, 1, 1) has maximum magnitude 15 in the direction parallel to the line x2 = y_2 =%,
find the values of a, b and c. (U.P. I semester, Winter 2001)

Solution. Given b =ax’y+b)y’z+cix

— ND A ~n O
Y | —+ j—+hk— 2y + by z+c?
¢ [lax jay az](axy by z+cz x)

n 2y 4 o2 APP
iQRaxy+cz®)+ jlax* +2byz)+k(by” +2czx)

V¢ at the point (1, 1, 1) = i(2a+c)+ j(a+2b) +k(b +2c) (D)
We know that the maximum value of the directional derivative is in the direction of V¢.
ie. [V = 15 = Qa+ )+ (2b+ a)+ Q¢+ by’ = (15)
But, the directional derivative is given to be maximum parallel to the line

x—1 y-3 z A A A
T T T e parallel to the vector 2 _ 2 4+ k. ..(2)
On comparing the coefficients of (1) and (2)
2a+c  2b+a 2c+b
= 2 T T2
= 2a+c¢c =-2b-a = 3a+2b+c=0 ..(3)
and 2b+a = —2Q2c+b)
= +a=-4c-26 = a+4b+4c=0 (@)
Rewriting (3) and (4), we have
3a+2b+c¢=0 a_ b ¢
a+4b+4c=0} FRESTRET LAY
= a = 4k, b=-11k and c = 10k

Now, we have
Qa + ¢ + (2b + a)’ + 2c + b)? = (15)°

= 8k + 10k)* + (-22k + 4k)* + (20k — 11k)* = (15)*

= k = ié

= a = iﬁ, b=i§ and c=i§ Ans.
9 9 9

Example 25. If 7 = xi+ y;‘ + zl@, show that :

N -

1
(i) grad r = r (ii) grad [—j = —%‘ (Nagpur University, Summer 2002)
r r 1d
N N N
Solution. ()7 = xi+yj+zk = p= 1’x2 +y2 +72 > r2=x2+yz+zz
or or x
2r— =2x =

Ox = 5_7
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0 0

Similarly, — = 2 and Z=2
Oy r 0z r

grad r = Vr = ?i+3i+122 r_?@+?ﬁ+fc@

x ‘o o x ‘o o

N N AN
= ,_+3 +1§z Xityjtzk k_i Proved.
r

) 1
(ii) grad (rj

I
<
7~ N\

~ |
Ne——
I
N
|
+
>
Qo
+
E
Q|
Ne———
7~ N\
N |-
Ne——
I
~>
|
7~ N\
N =
Ne——
~. >
Q|
/ﬁ\
~
\_/
+
>
S
7~ N\
N =
Ne——

. ] A N A _
+k(__2£j = _w=_% Proved.

Mo lxy Af L1y
= i|l-=Z|+j|-=2
(rzrj j( rir

r-r r r
Example 26. Prove that V> f ()= [ () + % Q) (K. University, Dec. 2008)
Solution.
G, G,
V£ —[16—4‘]5 +k Jf(r)
[;’2=x2+y2+z2 :>2r@=2x :>ﬂ=f’ Q=Z and g=i}
Ox ox r o r 0z r
i Lo LaermnZ f(r)[f Z+k5}
o % 24 ror r
=f,(r)xi+yj+zk
) 3 _ 2 i 2 [ , xi+yj+zk}
VS =VIVS®I [’ 6x+]6y+kazJ f(V)—r
R SN2 PR [P 2 IR [
2l 0202 2]

or or

rl—-x — :
=[f"(r)%j[ j+f(r) ox [f 1 )—J H Ny p—
X r

X
r—— r—— r——
=(f"<r)fj(f]+f'<r) s +(f"<r)f)( J+f(r) (f @) J+f(r)

= (f"(r)f)[ ]+f<r) +(f"<r) J+f(r) [f nZ

y+Z

~—— NN
N

)
[i

7

+f (V)

x \—/xm

+

2
=f"<r)"—+f'< ) + 1" (r)—+f I, <r)—+f "=

3
2 2 2
- <r){"—2 “"—2 —2}+f(r){y LA +3" +X ?’}

7‘ r r

<,
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L Xty 4x? 2(x"+y 4z ,r 2
B Fih s, SNk S0 W LA
r? r r
. L2
=f (r)+f(r): Ans.
EXERCISE 2.2
N N N
1. Evaluat doifg=1 2024 2 A 2xityj+zk)
. Evaluate gra 1 og (x +y + 2) ns. x2+y2+22
2. Find a unit normal vector to the surfaoex2+yz+zz=Satthe point (0, 1, 2). Ans. %(}‘+21€)

10.

11.

12.

(AMIETE, June 2010)
Calculate the directional derivative of the function ¢(x, y, z) = xy2 + yz3 at the point

5
(1, -1, 1) in the direction of (3, 1, -1) (AMILE.TE. Winter 2009, 2000) Ans. ﬁ

Find the direction in which the directional derivative of f(x, y) = o - yz)/)qy at (1, 1) is zero.

N A

) it+j
(Nagpur Winter 2000) Ans
& N
Find the directional derivative of the scalar function of (x, 3, z) = xyz in the direction of the outer
27
1 to the surf = xy at the point (3, 1, 3). Ans. ——
normal to the surface z = xy at the point ( ) ns. \/ﬁ

The temperature of the points in space is given by 7(x,  z) = ¥* + 3* — z. A mosquito located at
(1, 1, 2) desires to fly in such a direction that it will get warm as soon as possible. In what direction

1A A A
should it move? Ans. 5(21 +2j-k)

2 2 . N N N
If ¢ (x y 2) = 3xz°y — Y2, find grad ¢ at the point (1, -2, -1) Ans. — (16 +9j +4k)
Find a unit vector normal to the surface xzy + 2xz = 4 at the point (2, -2, 3).
1 ~ A A
Ans. (=i +2j+2k)
What is the greatest rate of increase of the function u = )gyz2 at the point (1, 0, 3)? Ans. 9
If © is the acute angle between the surfaces xyz° = 3x + z° and 3x* — )> + 2z = 1 at the point

(1, -2, 1) show that cos 6 = 3/7\/8‘

Find the values of constants a, b, ¢ so that the maximum value of the directional directive of
¢ = ax’ + byz + cz* at (1, 2, —1) has a maximum magnitude 64 in the direction parallel to the
axis of z. Ans.a=b,b=24,c=-8

The position vector of a particle at time £ is R = cos (/ — 1) i + sinh (¢ — 1) j + afk. Ifate=1,
the acceleration of the particle be perpendicular to its position vector, then a is equal to

1 1
(@) 0 ®) 1 © 5 () 5 AMIETE, Dec. 2009) Ans. (d)

2.8 DIVERGENCE OF A VECTOR FUNCTION

The divergence of a vector point function;“) is denoted by div F and is defined as below.

Let

- N N N
F=Fi+F j+Fk

AN N aF
divﬁ)=€‘??= 124‘]24‘]{ (zFl+jF2+kF3)_ 6i+6Fz =3
Ox " Oy ox O Oz

It is evident that div F is scalar function.
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2.9 PHYSICAL INTERPRETATION OF DIVERGENCE
Let us consider the case of a fluid flow. Consider a small rectangular parallelopiped of
dimensions dx, dy, dz parallel to x,y and z axes respectively.

=l N N AN .
Let I"=1%,i+V, j+1 k be the velocity of the

fluid at P(x, y, 2).
.. Mass of fluid flowing in through the face ABCD in unit time
= Velocity x Area of the face =V, (dy dz)

Mass of fluid flowing out across the face PORS per unit time

= V. (x + dx) (dy dz) 4 c R
or, !
= |V, +—=dx |(dy dz) : s
( 2 j d D idz —
Net decrease in mass of fluid in the parallelopiped __\{X/;B ————— F-—/Q
corresponding to the flow along x-axis per unit time /
, A P R
e dydz—(l'x+al"dxjaﬁzdz > >X
Ox
o1 Y
= - a—xdx dy dz (Minus sign shows decrease)
X

P
Similarly, the decrease in mass of fluid to the flow along y-axis = a—yydx dy dz

or,

and the decrease in mass of fluid to the flow along z-axis = dx dy dz
o,

z
o ov,
Iy +—2 4+ |dxdy &z
ox 0Oy Oz
or, oV, oI,

+—2L+ =
ox Oy Oz

Total decrease of the amount of fluid per unit time = [

Thus the rate of loss of fluid per unit volume =

Oz
If the fluid is compressible, there can be no gain or loss in the volume element. Hence
divi’ =0 e
and V' is called a Solenoidal vector function.
Equation (1) is also called the equation of continuity or conservation of mass.
N N AN

NO AN D A D ) A AL A __ _
= [z&ﬂaw—)(ﬂﬁﬂﬁkh) = VI =divl’

- i +yj+zk —
Example 27. If v =M, find the value of div U .
Jx2 4y + 22
. . (U.P, I Semester, Winter 2000)
AN
i +yj+zk
Solution. We have, \_} SN AL FALLE

VX2 +yt+z?

P [§ﬁ+;i+,@i)[MJ
. o o oz (x2+y2+z2)”2
0 X 0 y 0 z
- &(x2+y2+22)1/2 a(xz_‘_yz_'_zz)l/z E(xz_'_yz_‘_zz)uz

1

1
(x* +y?+2H)"? —x%(x2 +y?+2%) 2‘2x}

(x2 +y2 +z2)
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. L . S L 2,2, 212 | R N N V7
{(x2+y‘+22)3—y%(x‘+y2+z‘) 2><2y:|+[(x +y +2z7) —zi(x +y 4+z7) "2z

+ (xl +y2+22)

2 2 2
(x"+y +2z7)
(x2+y2+z2)—x2 (x2+y2+z2)—y2 (x2 +y2+z2)—z2
3/2 3/2 3/2

(x2 +y2+22) (x2 +y2+22) (x2 +y2+22)
y2+22+x2+z2+x2+y2 2(x2+y2+22) 2 An
= = = S.
(x2 +y2 +22)3/2 (x2 +y2 +22)3/2 \/(x2 +y2 +22)

Example 28. I[fu = x° +)* + 2, and 7 - | 4 y?‘ + zk, then find div (uF) in terms of u.
(AMILE.TE., Summer 2004)

nO 0
Solution. div @wr) = [’6_"‘15""‘ J[(x +y2 422 (xi +y )+ zh)]
R NN PP SR S T SRS SN SR N SRR SR SN A
= 16—+]a—+ka Ay  +z2)xi +(x"+y +2°)y j+(x" +y  +2°)zk]
Y

ai(x3 +x;y2 +xz2) +ai(x2y +y3 +yz2) +§(x22 +y2z + 23)
x y Z

(3x2+y2+z2)+(x2+3y2+z2)+(x2+y2+3z2) =5(x2+y2+22)=5u Ans.

Example 29. Find the value of n for which the vector w7 is solenoidal, where

N T T T

Solution. Divergence F = V.F=V.r"r=V.(x* +)* +2*)"? (XI +y} +Zk)

= ?£+?£+IAC2 ‘[(xz+y2+22)”/2x?+(x2+y2+22)"/2y]+(x +yr 422 ]
ox "oy Oz

_ % P+ )+ (E P+ A (x + 2+ AT (P

+ (x + y + 7 )n/2 > (x2 + y2 + 22)n/2—1 (222) + (x2 + y2 + 22)n/2

n2 —1 »/2

=n( + P+ + ) 3P+ Y+ D)
n( + P+ 2"+ 362 + P+ 2 =+ 3) (F + )P+ A

It 7 s solenoidal, then (n + 3) x> + y* + 2" =0orn+3 =0 or n = 3. Ans.
- - - - o >
Example 30. Show that v|(3-7)|_ @ _nla.r)r (M.U. 2005)
rn rn rn+2
a.r  (@itayjrak).(xi+y)+zk)
a.r aqi+a,jrak)(xi+yj+z +ay+
Solution. We have, = : 2 2 . = W
r r r
_ ar_ax+taytaz
Let o= o o
29 _ ¥ ay — (ayx + ayy + ayz) nr"” (Or/ bx)
Ox P
or or x

But = x? + ) + 7 = 2r— =2x = —==
Ox Ox
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o _alr”—(a1x+a2y+a3z)‘nr”_2‘x _a  nlax+ay+az)x
5 - p2n - r_n_ Sn2
N N AN
Vo =a—¢i +a—¢j +a—¢k
Ox oy 0z
1 N A A n N A A a no__._
= r_”(al i +a21+a3k)—rnT[(a1x+a2y+a3z)(x1 +yj+zk)] = r_”_r”+2 (ar)r
2| 7 >
Example 31. Determine V- e >0and = xf+y}+zk (DU, 2012)

=d -2 ~ ~ n ~ ~ ~
Solution, V| | = [i-2+5 2 45 0 || Xtyirzk

r" ox "oy oz . 2£
(x“+y“+2z7)2

=l¢.6 xi n+}.6 yj ,,"'i"a zk .
™ 5 2 2,2, .22 o 4 5 2
(x"+y“+z%) (x"+y“+z%) (x"+y“ +z%)
0 x 0 0 z
T CrY - " "
(x* +y? +2?%)2 (x* +y? +2%)2 (x? +y? +2%)2

n n n n
(x2 +y2+z2)2-1—x£(x2 +y2+22)2 (2x) (x2 +y2+z2)2-1—y-£(x2+y2 +z2)2 2y)
2 " 2
? +y2 +22)" ? +y2 +22)

n

n
z 2
(x* +y*+2%)2 -l—z-g(x2 +y*+29)2 (22)

(x? +y2 +z2)"

_ (x2 +y2+22)—nx2 +(x2+y2 +22)—ny2 +(x2 +y2+22)—nz2

n n n
—+1 —+1 —+1
(x* +y? +2%)2 (? +y? +2%)2 (x* +y?+2%)2

2

x? —nxt+y? +22 +x2+y2—ny2+zz +x2 +y? +2% —nz?

n n n
—+1 —+1 —+1
(x* +y?+2%)2 (x* +y? +2%)2 (x* +y?+2%)2

_ (1—n)x2+y2+z2 +x2+(1—n)y2+22 +x2 +y2+(1—n)z2

L] L —+1
(x*+y? +2%)2 (x* +y? +2%)2 (x*+y? +2%)2
3—n)(x? +y* +2° 3-n 3-n
_ B-m( ynz)=—n= _ Ans.
(x* +y2+z2)5+1 (* +y+27)?

Example 32. Find the directional derivative of div (Z) at the point (1, 2, 2) in the direction
of the outer normal of the sphere x* +y* + 22 = 9 for u=xti ! 9 +2k.

o -
Solution. div(#) = V.u

= ?i.;;i.,.;@i ‘(x4?+y4?‘+z412)=4x3+4y3 +42°
ox "oy Oz
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Outer normal of the sphere = V(x* + * + 22 — 9)

= [1£+ji+kaj(x +yr 422 -9)= 2x1+2y]+2zk
Ox " Oy

Outer normal of the sphere at (1, 2, 2) = 2i +4j +4k (D
-
Directional derivative = V (4x> +4y3 +42%)

= [1£+]i+k J(4x +4y3 +42%) =12x7 1+12y ]+12z k
Ox Oy

Directional derivative at (1, 2, 2) = 127 +48 j +48% ..(2)

2i +4]+4k

w/4+16+16
rom (1), 2
24 +192 +192 ¥ (. @]

= ——— =68 Ans.
5 S.

Example 33. Show that div (grad ¥") = n (n + Dr" =2, where
ro= Xty 2t

Hence, show that v? (lj = 0. (AMIETE, Dec. 2010, U.P. I Sem., Dec. 2004, Winter 2002)
r

Directional derivative along the outer normal = (121 + 48 j+48 k)

"0 4 N0 a 20 a
Solution. grad (") = i—r" +j—r" +k—r" by definition
Ox Oy Oz
= ?nr”_1@+?‘nr”_lz+lgnrn_lg =nr" 6r ;@4-]/2@
Ox Oy Oz 6x Oy Oz
= "’”n_l{?[xj"ﬁ[yj*‘/;[ij]=nr"_2(x?+y;‘+zlAc)=nr”_2F‘
r r r
[‘.‘r2=x2+y2+22:>2rg=2x:>a—r=£etc}
Ox ox r
Thus, grad (") = nr”_2x?+nr"_2y?‘+nr”_2 zk (D)
div grad " = div [nr”_2x?+nr"_2y9‘+nr"_2 2k
= ?24_424_;{2 (nr”_2x?+nr"_2 A‘+nr”_2zlg) 1
= o jay % ) yi [From (1)]
0 _ 0 n— 0 n— .
= a(nr” 2x)+5(nr 2y)+5(nr 2z) By definition)
n-2 n-3 or n-2 n-3 or
= |nr +mm=-2)r""" —|+|nr"" T +ym-2)r""" —
Ox Oy
n-2 n-3 or
+|nr" T 4nz(m-2)r"" " —
Oz

3nr"" % +n(n-2)r""3 [x[ﬁj + y[lj + z[iﬂ
r r r

[':r2 =x*+y*+2° :ng=2x:>g=£etc}
ox X r
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3" 24 n (-2 P+ + 2
32 b (n = 2) PR (o P =X+ + )
=/ Brn+nt -2 =" W+ n)=n@m+ 1)
If we put n = -1
divgrad " ) = -1 (-1 + 1) F ' 72
= v2(lj =0
r

A A r 1
Ques. If r= x? +yj+zk, and r = |# find div (r—J (U.P. I Sem., Dec. 2006) Ans. —
,

EXERCISE 2.3

N N AN N . 7
1. fr= xi+yj+zk and r = | 7|, show that (i) div W =0,
7

(@) div (r ¢) = 3¢ + r grad ¢.

2. Show that the vector }7 = (x+3y)?+(y—3z)§ +(x—22)2 is solenoidal.
(DU, I Sem. 2012, RGPV, Bhopal, Dec. 2003)
3. Show that V.(¢ 4) = V$A + §(V.A)
If p, ¢, z are cylindrical coordinates, show that grad (log p) and grad ¢ are solenoidal vectors.
5. Obtain the expression for Vf in spherical coordinates from their corresponding expression in
orthogonal curvilinear coordinates.

bl

Prove the following:
6. V.(V) = V%
- >

- -> - >
. gx(Aan)=(2-:)A n(An‘fz)R’r=|1—z’|
8. div (f% g - divr(g VH=fVg-gVf
210 CURL (U.P, I semester, Dec. 2006)

The curl of a vector point function F is defined as below

curl = VxF (F=E?+F23‘+F31Ac)
= ?£+?i+122 ><(Fl?+Fz9‘+F31Ac)
ox Oy Oz
N N N
i j k
|2 2 ol j(am _am) (3R aR) 43R 2K
> o oz oy o) N\ & x oy
R K F

Curl F is a vector quantity.
2.11 PHYSICAL MEANING OF CURL
(Delhi University April, 2010, M.D.U., Dec. 2009, U.P. I Semester, Winter 2009, 2000)

N
We know that I° = @ x ? where o is the angular velocity, I is the linear velocity and P

is the position vector of a point on the rotating body.

- N /\ N
. O=0,1+0,j+05k

7 _ o o
Cull V = yyp > A AN
r=xi+yj+zk
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—> N N N N N N
Vx(@xr) = Vx[(ei+o,j+o3k)x(xi+yj+zk)]

N N N
i j ok
= =9 n N A
Vx|op o, o] = Vx[(@z-03)i = (0,2 - 03%)j + (@Y - 0,x)k]
x y z
NO ANO AD A N A
i—+ j—+k— | x[(0yz —03p)i — (0,2 —®3x) j + (0, — ©,%)k]
ox "0y 0Oz
N N AN
i j k
9 o 92
Ox Oy Oz

(.022 - (.03y (.03x - (.012 (.Oly - (.02x

(o, +0)1)?—(—0)2 —0)2)3‘+(0)3 +co3)12 = 2(0)1?+0)23‘+0)3IA6)=20)

Curl Vo= 2o which shows that curl of a vector field is connected with rotational properties
of the vector field and justifies the name rotation used for curl.
If Curl =0, the field F is termed as irrotational.

Example 34. Find the divergence and curl of v= (xy z)? +(3x? y);‘ +(xz? - yzz)lg at

(Nagpur University, Summer 2003)

2 -1, 1
Solution. Here, we have
-
v
Div.
Div \_;)
Curl v

= (xy z)?+(3x2y);‘+(xz2 —y2z)12
=v.y
0 0 .2 0 2 2
= —(xyz2)+—Bxy)+—(xz" -y°z
6x( yz) ay( ») 62( y°z)
= yz +3x% + 2x z — )? =_1+12+4-1=14at2, -1, 1)
T k
0 0 0 A A A
= |— — — = 2yzi— (22 - i+ (6xy — x2)k
> % yzi—(z° —xy) j +(6xy — xz)

xyz 3x2y xz2—y2z

AN 2 N AN
2yzi+(xy—z°)j+(6bxy —x2)k

Curl at (2, -1, 1)

“2(=1XD) T +{(2) (=1) =1} ] + {6()(-1) - 2(D)} k
2i —37-14k Ans.

N N

AN
Example 35. If | =M’ find the value of curl V.

Solution.

x? +y?+2?
(U.P, I Semester, Winter 2000)

AN AN AN
[46 . Aajx xi+yj+zk
(x2+y2 +z2)1/2
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N A A
i j k
0 0 0
_ Ox Oy Oz
x y z
(2 +12+ )2 (F 1y 42 (P 4yt 4 )

1
~

Mo(__ oz Yoy | 4of__ =z
ay (x2+y2+z2)1/2 62 (x2+y2+z2)1/2 J 6x (x2+y2+z2)1/2
o x Moy YO x
62 (x2+y2+z2)1/2 6x (x2+y2+z2)1/2 ay (x2+y2+z2)1/2
? -yz + vz _? —zx N zx
(x2+y2+z2)3/2 (x2+y2+z2)3/2 (x2+y2+z2)3/2 (x2+y2+z2)3/2

A —Xxy xy _
+k[(x2+y2+z2)3/2 +(x2+y2+22)3/2}_0 Ans.

AN
Example 36. Prove that (1 — 2% +3yz —2x)i + (3xz + 2x) | + (3xy — 2xz + 22)k is both

solenoidal and irrotational. (U.P, I Sem, Dec. 2008)
AN
Solution. Let ﬁ = (y2 -zt + 3yz —2x) zA + (Bxz +2xy) ;+ (Bxy —2xz+22)k
For solenoidal, we have to prove 3}_7) =0.
- > ~0 ~ 0 ~ 0 |: 2 2 N N /\:I
Now, V. F =|i—+j—+k—||(y" —2z" +3yz-2x)i + (Bxz +2xp) j +Bxy — 2xz + 22)k
> ox "0y 0Oz

=-2+2x-2x+2=0

Thus, }_7) is solenoidal. For irrotational, we have to prove Curl 7 = 0.

AN AN AN

i Jj k

N 0 0 0

Now, Curl F = x 5 %

y2—z2+3yz—2x 3xz4+2xy 3xy—2xz+2z
N N
Bx—-3x)i = (=2z+3y—-3y+2z)j+

N
Bz+2y-2y-32)k
N N N
0i+0;+0k =0

N
Thus, F is irrotational.

Hence, }_7) is both solenoidal and irrotational. Proved.
Example 37. Determine the constants a and b such that the curl of vector

- AN N N
A = Qxy+3yz2)i +(x* + axz —4z%) j — Bxy + byz)k is zero.
(U.P. I Semester, Dec 2008)
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A0 ~0 ~0 N n
Solution. Cutld = |i—+j—+k—|x[Qxy+3y2)i +(x* +axz — 42%)j
ox " Oy Oz
N
— Gxy + byz)k]
N A N
i j k
| 2 o 2
Ox Oy Oz
2xy +3yz x*+axz—-4z> —3xy-byz
= [—3x—bz—ax+82]i—[—3y—3y]}+[2x+az—2x—3z]k
= [—x(3+a)+z(8—b)]i+6y;+z(—3+a)k
=0 (given)
ie,3+a=0 and8 -5 =0, -3+a=0 = a=3
a=-3,3 b=28 Ans.

Example 38. If a vector field is glven by

F (x*—y* + x)z - (2xy + y) J . Is this field irrotational ? If so, find its scalar potential.

(U.P. I Semester, Dec 2009)
Solution. Here, we have

- N N
F =@ -y +x)i-Qxy+y))

N
Curl F= VxF
no  n 0 2
= |i—+j—+k— |x(x" =y +x)i—-Qxy+y)j
Ox " Oy
N N N
i Jj k
|0 0 0 A
= o > 5 = i0-0)—j(0-0)+k(-2y+2y) =0
x2—y2+x -2xy—-y O
Hence, vector field ﬁ is irrotational.
To find the scalar potential function ¢
F=V¢
dy = a¢dx+@d +6¢ ?@+}@+2@-(?dx+;‘dy+;cdz)
o dy ox oy 0z
N NP ND - N > 9>
= |i—+j—+k—|b-(dr) = . = F.
[léx Jay a]«b( r) =Vo-dr = Fdr

[(x —%/ +x)1 (2xy+y)j] (1dx+jdy+kdz)
= (x -y + x)dx Q2xy + y)dy.

= I[(x -y +x)dx Q2xy + y)dyl+c¢

= I[x2 dx+xdc—ydy—y? dx—2xydy]+c = x—+————xy +c
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3 2 2
Hence, the scalar potential is x? + x? - y? - xy2 +c Ans.

- A
Example 39. Find the scalar potential function f for A= y* i 2xy j — 2° k.
(Gujarat, I Semester, Jan. 2009)

N N A A
Solution. We have, A= Vityj-2k
- - "o N0 N0 2" N2
= Vx4 = |i—+j—+k— +2 -z°k
Curl 4 x [lax Jay azJX(yl xyj—z"k)
AN AN AN
i j k
- 12 9 9| _o-jo)+kCy-2y) =0
ox 0Oy Oz
y2 2xy _22
N
Hence, 4 is irrotational. To find the scalar potential function f.
-
A=Vf
gL+ Lo L - 1LY, f Gide+ jdy+kd)
x oy~ oz x Tt
I 3+k fdr vidr
o Jdr
= Adr U=V

= (y2?+2)91;‘—2212)‘(?dx+;‘cb/+12dz)
=y dct+ydy-2dz =dmP)-7dz
3
z
= Id(w2)—j 2’ dz = "?Vz_?"‘c Ans.

- A A
Example 40. A vector field is given by A = > + xy°)i + (O + x°y) J . Show that the field
is irrotational and find the scalar potential.(Nagpur Univeristy, Summer 2003, Winter 2002)
- -
Solution. 4 is irrotational if curl 4 =0

N A N
i J k

Cul 4 = vxd=| 2 O O 0-0)=j0-0) +kQw - 21) =0
W Y 3 1(0-0)=jO0-0)+kQxy - 2xy) =
x2+xy2 y2+x2y 0

N
Hence, 1_4) is irrotational. If ¢ is the scalar potential, then
A = grad ¢

VL I )
do= 6xdx+6ydy+6 dz

(33
x 1ot s

[Total differential coefficient]

(1dx+jdy+kdz) = grad ¢ . dr

N N N N N
Adr = [P +0D)i+ % +x%y) j1.Gidx+ jdy + kdz)
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=@ +x)de+ P+ dy=x"de+ )y dy + (x do)t + (D) (v dy)
3 3 2.2
e R B [ O e
nd A
Example 41. Show that V' (x, y,z)=2x y zi+ (x*z+2y)j + xzylg is irrotational and find a
scalar function u(x, y, z) such that ; = grad (u).

AN N N
Solution. |7 (x, ), 2) = 2xyzi +(x*z+2y)j +xtyk

Cull ¥ = ?£+3i+ka x[2xyz?+(x2z+2y);+x2ylg]
Ox Oy 0z
AN N AN
i j k
- | 2 o 2
Ox Oy 0z
2xyz x22+2y x2y

2 2% _ ~ _ A
(x*=x")i —(2xy —2xp) j + (2xz — 2x2)k =0

Hence, L_) (x, y, z) is irrotational.

To find corresponding scalar function u, consider the following relations given
—

V= grad (u)
= -
or Vo= V@) ()
Ou Ou Ou . . .
du = —dx+—dy+—dz (Total differential coefficient)
Ox oy 0z
= ?6_u+;6_u+;€6_u ‘(?dx+;‘dy+lAcdz)
Ox Oy 0z
- > o> >
= Vudr=Vdr [From (1)]
= [2xyz? + (2 + 2y)3‘ + xzylg]‘(?dx + ?‘dy + IAcdz)
=2xyzde+ (Fz+2)dy+xydz
= y2xzdc+ x*dz)+ (x2) dy + 2y dy
= d (&%2) + (%) dy] + 2y dy = d(y2) + 2y dy
Integrating, we get  u = x’yz + )’ Ans.

Example 42. 4 fluid motion is given by V= y+ z)? +(z+ x);‘ +(x+ y)lg‘ Show that the

motion is irrotational and hence find the velocity potential.
(AMIE, Dec. 2007, Uttarakhand, I Semester 2006; U.P., I Semester, Winter 2003)

Solution. Curl ) = Vxy

0 A O N O A N A
[1&+15+kazjx[(y+z)z +(z+x)j+(x+y)k]
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PGk

9 2 2\ _gq-pi—a-pj+a-nh=o
Ox Oy 0z
y+z z4+x x+y

Hence, \_} is irrotational.
To find the corresponding velocity potential ¢, consider the following relation.

V=V¢

do = @dx + @dy + @dz [Total Differential coefficient]
Ox Oy Oz
0

A Aﬁb Aad) A A A [46 N A J - - o>
ik Gde+ +kd)=|i=—+j—+k—|0.dr=Védr=v.dr
['ax ry az](' Jjdy Uy e
= [(y+2)i+z+x)]+(xc+pkl(idc+ jdy +kdz)
G+2)de+@+x)dy+ (x +y) dz
ydc+tzdc+zdy+xdy +xdz+ydz
I(ydx+xdy)+I(zdy+ydz)+j(zdx+xdz)

db=xy+tyz+zx+ec
Velocity potential = xy + yz + zx + ¢ Ans.

¢

AN
Example 43. A fluid motion is given by v = (y sin z — sin x)? + (x sin z + 2yz) J

N
+ (xy cos z + YV k is the motion irrotational? If so, find the velocity potential.

- o> o
Solution. Curl v = Vxv
NG ~nO . . n . N s A
= |i—+j—+k—|x(ysinz—sinx)i+(xsinz+2z)j+(xycosz +y )k
ox Oy z

N A AN

i j k

= 0 0 )

Ox Oy Oz

ysinz-sinx xsinz+2yz xycosz+y’

N
(xcosz+2y—xcosz—2y)? — [y cos z—ycos z]J +(sinz—sinz)l§ =0
Hence, the motion is irrotational.
Vo where ¢ is called velocity potential.

N e Oy, 0
do 6xdx+6ydy+6zdz

So, Vv

[Total differential coefficient]

g > -
r =vdr

d

700500 308 Gt fay ki) = Vod
Ox Oy Oz

= [y sinz—sinx)? + (xsinz+2yz)J + (xy cosz+y2)]§].[?dx+;‘aj/+lgdz]
(sinz-sinx)dx+ (xsinz+2yz)dy+ (xycosz+)? dz
(sinzdc+xdysinz+xycoszdz)—sinxdc+ Qyzdy+)* do)
=d(xysinz)+d(cosx)+d(y2z)
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b= jd(xysinz)+jd(cosx)+jd(y2z)
d=xpsinz+cosx+yz+c
Hence,  Velocity potential = xy sin z + cos x + )’z + c. Ans.

- -
Example 44. Prove that F =r* r is conservative and find the scalar potential ¢ such that

15) = Vo. (Nagpur University, Summer 2004)
Solution. Given F = Py o= (xl+yj+2k) P xi+r? J’J+V zk
N N N
ik
6 o0 0
. —> - _ _ _ _
Consider v f = x> o o
r’x ry iz
= ? irzz——rzy 3[£r2z——r2x]+lg irzy——rzx
Oy 19 Ox 0z Ox
= ? 2rzz—2rya—r —?‘[2rzg—2rx@]+£ 2rjy@—2rxz
Oy 0z Ox Oz Ox Oy
But 7 = x* +y° +22, 2 =1, @=1, &_z
r 0y r 0z r
= [2rz——2ry ] ][2rz——2rx£]+k[2ry —2rx1]
r r r
N N N /\ AN N
= iQyz-2yz)— j(2zx - 22zx) + k(2xy — 2xy) = 0i -0 +0k=0
N
VxF =0
1? is irrotational F is conservative.

Consider scalar potential ¢ such that 1:“) = Vo.

do = % dx + @dy + @dz [Total differential coefficient]
Ox oy Oz

4@ A6¢ ¢
[lax Gy 6 J(zdx+jdy+kdz)

a a N N N
[,&+]5+k ]¢(zdx+jdy+kdz) = Vo.(idc+ jdy +kdz)

=N N 2 277 A n A =
F.(idce+ jdy +kdz) =r'r.(idc+ jdy + kdz) Vo= F)

2 2 2 N N N N N N
" +y +z)(ix+jy+kz).(ide+ jdy +kdz)
(x +y +z)(xdx+ydy+zdz)

KCdx+ydy+ 2 dz+ (x dx) ) +(x)(ydy)
+ (x dx)z* + 2 (ydy)+x (zdz)+y (z dz)

¢ = Ix3 dx+‘|.y3 dy+jz3 dz+I[(x do)y? +(y dy)x?]
+ I[(x dx)z? +(z dz)x*] +I[(y d)z? + (z dz)y?]
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x* y4 PARN | 5 2 1 1
= i+ oy X =y e
4 4 4 2 2 2
1
=2 Gy T+ P D) +e Ans.
R -
Example 45. Show that the vector field F = is irrotational as well as solenoidal. Find
7P

the scalar potential.
(Nagpur Umverszty Summer 2008, 2001, U.P. I Semester Dec. 2005, 2001)

. r xt +yj+zk
Solution. F = = 3373
|—’|3 x“+y " +z9)
8 7D 10 Ptyj+zk
- - o N N N xXi+yj+z
Curl = VxF = |i—+j—+k—|x
F X [ o jay 62] 0 432 + 22
N N AN
i j k
o 9 o
= Ox Oy 0z
x y z
P+ +2)2 Pyt )2 (1 4yl 420y

1[_—3 2yz +3 2yz }

B (x2+y2+z2)5/2 B (x2+y2+z2)5/2
| =3 2xz 3 2xz

_1{7 (x2 +y2 +22)5/2 _[_Ej (x2 +y2 +22)5/2}

+I§ 3 2xy _[_Ej 2xy
9 o2 + % + 222 2) (2 432 + 2%

=0
Hence, f7 is irrotational.
= F = 34) , where ¢ is called scalar potential
0
do = —¢dx +%dy+?dz [Total differential coefficient]
X
A /\a
= [z?—; Gi 6¢J (i dx+]dy+kdz) = €¢d7 =1?‘d7
P+yi+zk dx+ydy+zd
xi+yj+z " A A xdx+ydy+zaz
= (idx+ +kdz =
(x> + 2 + 222 ( Jdy ) (2 + % + 222
b - lj2xdx+2ydy+2zdz
(% + % + 222
1
1(2) 2, 2 273 1 1
= —| —— + + = =
2( J(x Yo T Ans.

(x2 +y2 + 22)5
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N N N
"o ~0 ) xityjtzk
& Ty 0z) (x*+y 422

+ 0 y + 0 z
Ty (422 oz (442

Now, DivF = V. F =

3/2

x (x* +y? +2%)
2 +y?+2H¥2 ) - x(%) x?+y? +2H)Y% 2x%)

- (x2 +y2 + 22)3
2+ +272 () —y(%) (e + 2+ 2y)
i (x2 +y2 + 22)3
2 +yr+2)¥2 () - z(%) x* +y* +2H)2 22)

+
(x2 +y2 + 22)3

2, 2 212
_ Ty +2z7) DRty + 23+ R+ Pt 2B AP Y+ 237 =0

(x2 + y2 + 22)3
Proved.

Hence, 15) is solenoidal.

Example 46. Show that Z = (6xy+2° );+(3x2 — z)} +(3xz% - y)]} is irrotational.
Find ¢ such that 5 = v (DU, 2012)

Solution. We have

(6xy + z2 ); +(3x% - z)} +(3xz? - y)l% >

N
s 4 = S 237
VxA = Vx[(6xy+2z)i+Bx" —2)j+(Bxz” - y)k]

i j e

0 0 0 _ 4 A a2 20, % -7 ~ 2=
— — — i(-1+D)-j(3z" -3z°)+k(6x-6x) = i(0)— j(0)+k(0)=0
Ox oy z

6xy+z3 3xi-z 3xz’ - y

Hence, 7 is irrotational. = A= 54;, where ¢ is called scalar potential.
% g1 X [;@+;6_¢+;;@].<;dx+;dy+;;dz) C Vodr=d.dr

= % dx+—dy+
Ox oy 0z ox "0y Oz

= [(bxy + z )zA‘ +(3x% - z)} +(3xz2 - y)lAc] . [;dx + }‘dy + Izdz]

= (6xy + 2)dx + (3x* — 2) dy + (3xz* - y) dz
= (6xy dx + 3x? dy) — (vdz + zdy) + (Zdx + 3xz%dz)

¢= J.(6)g/dx+3x2aj/)—j(ydz+zdy) +J.(z3 dx +3xz%dz) = 3x2y -yz+ x2+C Ans.
Example 47. Find the constants a, b, ¢, so that
1:“) = (x+2y+az)i +(bx-3y-2z)j +(dx+cy +22)k (D

is irrotational and hence find function ¢ such that ﬁ) = Vé.
(Nagpur University, Summer 2005, Winter 2000; R.GP.V., Bhopal 2009)
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Solution. We have,

N A AN

i j k

0 0 0

N o Y =
VxF = Ox Oy Oz

(x+2y+az) (bx-3y-z) (dx+cy+22)
Cc+Di-(-a)j+@® -k

= . =2 2
As F isirrotational, Vx F =0

e, (c+l)i-(b-a)j+B-2k=0i+0]+0k
c+1=0, 4-a=0 and b-2=0
ie., a = 4, b=2, c=-1
Putting the values of a, b, ¢ in (1), we get
-

N N N
F = (x+2y+42)i +2x-3y-2) j+(4x-y+22)k

Now we have to find ¢ such that F = \Y)
We know that

0 0 0
do = a—d) dx + %)dy + a—d)dz [Total differential coefficient]
X

[?Z—d) A2+ka¢J (1dx+]dy+kdz)

[1£+]i+k Jd)(z dx+jdy+kdz) V¢‘(?dx+;‘dy+IAcdz)

Ox Oy
F(i dx + jdy + kdz)

[(x+2y+4z)?+(2x—3y—z);‘+(4x—y+2z)IAc)]‘(?dx+;‘dy+IAcdz)
=(x+2y+42)dc+ (2x-3y-2)dy+ (dx -y +22)dz
=xdc-3ydy+2zdz+Q2Qydx+2xdy)+ @zde+4x dz) + (—z dy -y dz)

¢ = dex—3jydy+2jzdz+j(2ydx+ 2xdy)+j(4zdx+4xdz) —I(zdy+ydz)
2 2
3
=x7—%+zz+2xy+4zx—yz+c Ans.

Example 48. Let v x, ¥ 2) be a dszerentzable vector functzon and ¢(x ¥, z) be a scalar

function. Derive an expression for div (4); ) in terms of ¢ . V div V and V.
(U.P. I Semester, Winter 2003)

. =d AN AN N
Solution. Let 17 =1 i+V, j+V3k

div @7) = V.65
AND ~D 0 0 B 0 ., .
= [z&+1—+k—] [¢7] z+¢l ]+¢l k] —(¢l1)+5(¢l2)+§(¢l3)
o] 6¢ o1, 6¢ 6I_3 6_4)
- [4’ T 1)*["’@ ik J ("’ T 3)
_ ¢[al1 alz or; ] [_4) <|>I N ¢l]
ox Oy 62 Ox Oy 0z

0 o ~0
o) za—+15+k—J(Vlz+VoJ+V3k) +[1@+]Zt+ka¢J (I/11+V'>]+I/3k)
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- > o - -

= 6(VI)+(VH).V =ddivl) + (grad ). V Ans.

Example 49. [f Z is a constant vector and 1? =x;i + y}‘ + 2}, then prove that

-> o) > > o
Curl [A : R] A4 1=4 xR (K. University, Dec. 2009)
Solution. Let J =47 +A,] +4,k, R =xi +y] +zk
Z‘I_{: “,i +A2j +A3]2). i +y}‘ +z]2)=Alx+A2y+A32

[A.RIR = Ux+Ay+ A2 (xi +y] +zk)
=AXP+AXY+A )] Uyt AY+AY) ] A xz+AyzHAZD) |

i j k
5> o o Fl Fl Fl
Curl |(4.R)R| = | — - v
4 [( } Ox Oy oz
A1x2 + Ay xy + Ay 2x A2xy+A2y2 +A3yz  Axz +A2yz+A3z2
= Uz-A4)) P —@A,z-Ax) ] +[4,y-4,x] k (D)

> o
LHS. = AxR
=] +A,] AR xxi +y] +z k)

i J k
=|4, 4, 4,
x y z
=,z-4,y) i - A z-A4,%) J+ Ay-A4,% k
=RHS. [From (1)] Proved.
>
Example 50. Suppose that U,V and f are continuously differentiable fields then
> 5> o > o -
Prove that, div (U xV)=V .curlU -U .curl V. (GBTU, Dec. 2012, M.U. 2003, 2005)
> AR A A A A
Solution. Let U = wi+uj+usk, V=vii+v,j+vik
N N AN
5o i j k
UxV = wouy U
i Va W3

N N N
(uavy — ugvy)i = vy — uzv)j + (v, — upvy)k

1]
|
+
~.
|
+
w

. - o e, n N n
div (U x1") 2 (v —uzvy) i = (3 = ugvy) j+ (v, — upv) K]

0 0 0
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6u3 _Ouy +v, [_% + Ouy j T+, Ouy  Ouy.
oy Oz ox 0Oz ox Oy

Ovy; Ov, 6v3 o Ov, Ov,
tu | - =+ |+u Uy | —- - —=%
oy 0Oz ox 0z oy Ox

Ou; Ou ~(Ou Ou ~(Ou, Ou

+v,j+vik 3 2+ ‘(—1——3J+k —2-_—1

(VII vzj " ){ [ay 62] / 0z Ox ox Oy
—(u1?+u29‘+u3lAc)‘ ? vy +6v +?( s +avj+]§ _%4_%
0z Oy Ox 0Oz oy Ox

= - o - > o -
= V(VxU)-U(VxI)=VculU -U.curlV’ Proved.
Example 51. Prove that

N

Vx(F xG) = FV.G -GV )+ G VHE-(F NG (MU. 2004, 2005)

> o

Solution. V x (F xG)
Z?x ai><C_})+I_7) OG sz a—F><G +Z?>< I_T)xE
Ox Ox Ox Ox

[a 5)6_F{ﬂ]@}z{[?ﬁjﬁ_(?ﬁ)ﬁ}
Ox Ox Ox

> @G. z)——§z YO Ry Xy FHE
5 ) ox

N, e I 3
Zix—(FxG)
Ox

X

_ %[z?ﬁj—éz ?a—F]+z(G z)a—F—Z(F )—

I
T

Proved.

Il
RS/
g
Q
|
Q
4
<
@8
3
RS/
|
~
3
Q

Example 52. Prove that, for every field v ; div curl L_) = 0.
(Nagpur University, Summer 2004; AMIETE, Sem II, June 2010)

Solution. Let V= ViV, sk
L — - > o
div (curlV) = V.(VxI)
N N AN
i j ok
5
i )
ox Oy Oz
o 0
(1252 2|22 (2 ) 22
ox Oy Oz oy 0Oz ox Oz Ox Oy

2 _a) o(d _ai), 2k 3%
ox\ oy Oz oy Oz oz\ Ox Oy
~ 62V3_62V2_62I3+62l1 +62V2_62V1

Ox0y Ox0z OyOx O0Oy0z 0z0x OzOy
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_(on_on . 'y, &1 . ', o'
Oyoz 0Oz0y 0z0x Ox0z Ox0y Oyox

=0 Ans.

Example 53. If d is a constant vector, show that

Zx(?x ?) = 3(2‘7)_(;3)7‘ (U.P, Ist Semester, Dec. 2007)
A A N N A N N
Solution. @ = ai+ayjtak, r=ni+nj+nk
D
> o 0 0 0 a’f; 67‘2 " 67‘3 67‘1 " 67‘2 67‘1 N
Vsxr = |— =— —=—| = — i ==+ =-= |k
ox Oy oz oy Oz Oox Oz Ox Oy
no KB o n
N N A
i j k
N
ax(Vxr) = 4 % a
o O Om On On On
oy 0Oz Oox 0z Ox Oy
Ox oy Ox 0z Ox Oy Oy Oz
Ox Oz Oy Oz
nOH nOr, nOrn nOH nOF, nOn
= ||lgi—+aqi—=+ai—|+|aqj—+a, j—=+a; j—
Ox Ox Ox Oy Oy Oy
0z 0z 1o Ox Ox
+ azzﬁ+a29‘%+ 21§% + a3i%+a3?‘%+ 32%
Oy Oy Oz Oz Oz
nO ~NO 2D 0 0 O, A~ A7
= [z&+]5+k—zj(alrl +a2r2+a3r3)—[a1&+a25+a3—2}(r1 i+r j+rk)
- > - > >
= V(a.r)-(a.V)r Proved.

Example 54. If r is the distance of a point (x, y, z) from the origin, prove that

Curl (k x grad lj + grad (k.grad lj
r r

Solution.

=

grad

2

N
I

N =~ =

= 0, where k is the unit vector in the direction OZ.
(U.P, I Semester, Winter 2000)

-0 +@-0 +@E-07=x"+)y"+7

(x2 +y2 + 22)— 172

-1 A A

V- = ?i+j—+k2 (* +y? + 2572
r Ox Oy 0z

—%(x2 +y2 +2%)3 (2x?+2y?‘+2zl§)

—(x2 +y2 +22)732 (x? +y?‘+zl€)
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1 N N A
k x grad — Ex[-(x* +y? + 2032 (xi+yj +zk)]
r

3/2

N N
= P+ (xj-yi)

2 1
Vx(kxgrad—j

1
curl (k x grad ;J

-
= ?§+3‘%+’%} x [P+ Y+ 2 (- D]
N N N
i J k
0 0 0
- ox £ o
y -X
(x2+y2 +22)3/2 (x2 +y2 +22)3/2

5/2

- _[_Ej (0@ ~ 3 y(22) v 3 e

2) (2 +y2+ 22y 22+ 2+ 22y 2 (2 1y 429

1 B0 1 }
3/2

24yt +22P2 (42 (E 4yt +d)
_ —3xz ?_ 3yz A (3x2—x2 —y2—22+3y2—x2—y2—22)12
(42427 (P Ayt (2 +y2 +22)°2

A N 2, .2 N
_ Bxzi-3yzj+(x"+y” -2z0)k
(2 +y? +22)0?

-z
(x2 +y2 + 22)

k. grad 1 = k[-(2 +y? +22)732 (x?+y3‘ +zl€)] = 33
-

1

7N\

—~>

|
+

~. >

| »

>

)

-z
— +k—
O dy 62] (2 +y? +22)3?

N N
3 i@y 3 jED2y)
2(x2 +y2+z2)5/2 2 (x2 +y2+z2)5/2

3 (-2)(22) 1 A
+ [_ 3/2 }k

grad (k. grad lj
’

E(x2 +y2+22)5/2 - (x2+y2+22)
- 3xz?+3yz?‘ +(3z% - x? —y2 _22)]2 _3xz? +3yz; - (x? +y2 - 222)12 (2)
5/2 - 5/2

(x2+y2+22) (x2+y2+22)

Adding (1) and (2), we get

Curl (k x grad lj + grad | k.grad lj =0 Proved.
r r
-> - N NN
Example 55. Prove that V x| £ tr 2- :l) a n(an‘+r2) r
r r 7

(M.U. 2009, 2005, 2003, 2002; AMIETE, II Sem. June 2010)
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Solution. We have,

N N N
> o i J k
axr 1
o r_” aq a4 a4
x y z
1
= — (22— a3y)1 +—(a3x alz)j +—(a1y azx)k
"
N N N
i J k
@ x 7) 9 9 9
Vx i = 6x 6y 0z
AZ—azy AX—QzZ QY —aX
rn rn rn
a ? Of(ay-—ayx) 0 (amx—az|| 7O (ay-—ax) 0(ayz-—ay
ay rn Oz rn J Ox rn 0z rn
7 O(ax—az) 0(aqz-ay
ax rn a}) rn
1%/
Now, P=x+)y +7 = 2 = = z=£
X ox r
or
Similarly, — = 2 or_z
oy r oz r
=d A 1
kLA iH—nr_”_l‘[Zj(aly—azx)+—na1}
r r
—n-1{ 2 1 o .
-\ = (@3x = az)+ — (=@ ) | + two similar terms
r
A n 2 a n 2 @
= 1[—W(a1y —-a,xy) +r_"+ s (a3xz —ayz )+r—n}
+ two similar terms
_ N 2aq n .
=i ~ - r"” a(y* +z )+ — (ayxy + a3xz) | +two similar terms
Adding and subtractmg a1x2 to third and from second term, we get
> o
2 |axr Al 2a na,
V x - | = l[r”l - r"+12 *+)y*+z )+ (alx +a2xy+a3xz)}
+ two similar terms
_M2a  na n L.
=== +_r”+2 x(ax +ayy +0a;2) | + two similar terms
r r
~ 2a;  na n ~ 2a, na n
= l[r_”l_r_"l+r”+2 x(a1x+a2y+a3z)} +][r_”2_r_"2+r”+2 y(a2y+a3z+a1x)}

n n

2a; na n
Ty - R WY z(a3z + ayx + a,y)
r r P2
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2
= —(alz+a21+a3k)——(a11+a2]+a3k) + (a1x+a2y+a32)(xl+yj+zk)
r" r"
I—n
= (a11+a2]+a3k)+ (a1x+a2y+a3z)(x1+yj+zk)
o
2-n- n o —->-o -
= a+——(a.r)r Proved.

,
Example 56. If f and g are two scalar point functions, prove that
div (fVg) =f Vzg + Vf Vg (UP, I Semester, compartment, Winter 2001)
ogn Og~n Og

Solution. We have, Vg = —=i+—=j+—= k
Ox Oy Oz

ogr ,o0gn ,Ogn
—i+f=j+f—k
fax' f@y] fa

. o ,0g o ,0g o ,0g
= —| f=2|+—| f=|+—| ==
= wrve = 5 [faxj @[fayj 5Z[fazj
2 2
_rl2e 0% %) (0f0g ,0f0g 0/0g
ot ot o Ox 0x Oyody 0z 0z

2 2 2 A A
— f 0 624_6_2 g+ %?4.%]4.% 6gA 6_g}\+6_gk

ox? 6 0z Ox 0Oy 0z o0x Oy~ Oz
=fVg+ Vf.Vg Proved.

= f Vg

> o - -
Example 57. Establish the reation curl curl f =V div f —V?* f.
(U.P,, I Semester, Compartment 2002)

N N N
Solution. Let? fi+f,j+ f3k, then by definition,

i j k
Curl 7 = a% % % = [%—%Ji+(%—%}j+[%—%)k
h fho S
i j k
0 0 0 A
*. Curl curl 7 = £ oy P = {%[%‘%}‘%[%‘%ﬂl
& _%h h_ % %h_%
& & & o ox O

_[3[@‘_2_%J_2[%_%H;+ [afl afzj_g % %)
x\ox 0oy) o2\ oz ox\oz ox) oy\oy oz
{a% o f 3 f 621”3}4
= - - + i
oyox oyt 0z dzéx
_{6% PP, +a2f2}~+{62f1 _Ph P +62f2},g

o oxdy &zdy ozt oxoz ot 9P yor
i [67 LOh 2L _[62f1 L0 PA ﬂ,

dx? ayax gox (o 9? ot
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| PA 80,0 (2,26 Ph)|
xoz @t xdy (@t &t
R N W AN AR AL
xoz o yor \ax* @ o )|
2 2 2
_ 2 %4_%4.% - 6_+6_+6_ fl ?
x\ox o oz) (e o o
2 2 2 )
+ i(%+%+%J_ 6_+6_+6_ f2 ?
y\ox & a* ot ot)
2 2 2 )
+ 2 %4_%4_% — 6_+6_+6_ f3 ]2
z\ox oy &z ot o)
ANO AND A~ O
= |i—+j—+k— (V[ +Vf, +V
['ax ry 6zj(f1 2+ V)
6 .2 2 /\ 6 A d 2 A a 4 5 N
= a(dlvf—V f1)1+5(d1vf—V f2)1+5(d1vf—V )k
/}6 /\‘a N O 2 5 n n A — 52
_ |i=+j=—+k=|divf -V [fii+f, j+k]=V(V./H-V" f
- Ox Oy Oz
> 92
= grad div f-V° f Proved.

- -
Example 58. For a solenoidal vector F , show that curl curl curl curl F = v* 1:") )
(M.D.U., Dec. 2009)

Solution.

- . - -
We know that curl curl  =graddiv(F - v2 F)

N
Using (1) in (2), grad div ¥ = grad (0) =0
On putting the value of grad div F in (2), we get

- -
curlcurl fF =- 2

Now, curl curl curl curl 1? = curl curl (- 2 E )

- -
Since vector F is solenoidal, so div F =0

=—curlcurl (v2 )=~ [grad div (v? 7 )-V? (V2 F)]
-
=—grad (V. V2 )+ V2 (V2F)=-grad(V2 V.F)+ ol

=0+ V*'F = V*p [Using (1)]
EXERCISE 2.4

N
1. Find the divergence and curl of the vector field I" = (x* — yz)? +t2y ) +OF

0 V(a.r)=a

N
where

R
Gi) div(rxa)=0

AN S -
= xi+yj+zk and a=a

(D)
()
-0

@

[Using (4)]
[Using (2)]
[V.p =0]

Proved.

N
-x)k.

AN A A
Ans. Divergence = 4x, Curl = 2y —x)i +yj + 4k
2. If a is constant vector and r is the radius vector, prove that

N N A
l+(12]+a3k

> > -
Giiy curl(r xa)=—2a
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3. Prove that:
VAB)=AV)B+ (BV)A +A4 x (VxB)+Bx (VxA) (RGPV. Bhopal, June 2004)
4. fF=(x+y+ 1)? + 9 —(x+y)/§, show that Fcurl F = 0.
(RGPV. Bhopal, Feb. 2006, June 2004)
Prove that
—> = i = -> o
5. Vx@F)=(VO)xF +§(V x F)
> 2 = -
6. VIFExG)=G.(VxF)-F(VxG) (Delhi University, April 2010)
> o
7. Prove that curl (axr) = 2a
8. Prove that Div. (curl \7) =vVv.(V x \7) =0
9. If I"=¢" (7 +j+k), find curl V Ans. € [x(z-y») i ty(x-2) j tz@p-% []
-
- -
10. If = then evaluate curl u Ans. 0
r
- - A A A
11. Evaluate curl grad, r”, where r =|r |=|xi +yj+zk) Ans. 0
12. Find div F and curl F where F = grad ® +3® + 22 - 3n2).  (RGPV. Bhopal Dec. 2003)
- -
Ans. div F =6(x+y+tz),cul F =0
N
13. Find out values of a, b, ¢ for which ‘7 =@x+y+ az)? +bx+3y-2)j +Bx+tey+ z)Ic
is irrotational.
Ans.a=3,b=1,c=-1
- n " "
14. Determine the constants a, b, ¢, so that F = (x +2y + az)i + (bx -3y —2)] + @x + o + 22)k is
-
irrotational. Hence find the scalar potential ¢ such that I = grad ¢. (RGPJ. Bhopal, Feb. 2005)
2 2
x“ 3
Ans. a =4, b =2, c =1, Potential ¢ = (7—%*‘22 +2xy—yz+4zx)
Choose the correct alternative:
15. The magnitude of the vector drawn in a direction perpendicular to the surface
¥+ 27 + 22 =17 at the point (1, -1, 2) is
L2 3 ) )
@) 3 (i7) > (i) 3 @(iv) 6 (AMIE.TE., Summer 2000) Ans. (iv)
16. Ifu=x"—)*+z2and V" =xi+yj+zk then V .(uF") is equal to
=2 = =
@) 5u @) S|V @) Su—|V]D @) Su-|V))
(AMIETE., June 2007)  Ans. (i)
17. A unit normal to ¥* + > + 2> = 5 at (0, 1, 2) is equal to
W JeGaiehy Gy LG+G-b Gy =Ge2b @ eG-ih
N —=G+j+ i) —(i+j— i) =G+ wv)y —=u—J
N5 FUHITRE g 5
(AMIETE., Dec. 2008) Ans. (iii)
18. The directional derivative of ¢ = x y z at the point (1, 1, 1) in the direction iis:

1
@) -1 @ ~3 @ii) 1 (i) % Ans. (iii)
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19.

20.

21.

22.

23.

24.

25.

26.

27.

(RGPYV. Bhopal, II Sem., June 2007)

- N I N - .
If r=xi+yj+zk and r=|7]| then V} (v) is:

- -
W @Or G 4’(’% (iif) ‘“% (iv) None of these Ans. (iii)

(RGPYV. Bhopal, II Semester, Feb. 2006)

N N N

If ? = xi +yj+zk is position vector, then value of V(log r) is (UP, I Sem, Dec 2008)

- -
’

~ )

,
Q) @ — i) ——% (iv) none of the above. Ans. (i)
r r
- A n N - -
If r=xi+yj+zk and | 7| = r, then div » is:
@) 2 i) 3 (i) -3 () -2 Ans. (i)
(RGPYV. Bhopal, II Semester, Feb. 2006)

N

2 2 A 2 > ; i
If V'=xy“i +2yx“zj—3)z"k then curl p/ at point (1, -1, 1) is

) AR A A AN . AAA
& —(j+2k) @) (i +3k) @) —(i +2k) ) (i +2j+k)
(RGPV. Bhopal, II Semester, Feb 2006)
Ans. (i)

e d - -
If A issuchthat Vx4 = 0then 4 is called
(i) Irrotational (ii) Solenoidal (iii) Rotational (iv) None of these
(AMIETE., Dec. 2008) Ans. (i)

N
If ' is a conservative force field, then the value of curl 1:“) is

G 0 Gi) 1 Giii) VF Gv) -1 (AMILETE, June 2007) Ans. (i)
If v2 [(1 — %) (1 —2x)] is equal to
G 2 (i) 3 (iii) 4 Gv) 6 (AMIETE, Dec. 2009) Ans. (iii)

- - > o
If R =xi +y) + zkand A is a constant vector, curl (4 xR ) is equal to
- - - -
@ R i) 2R Gii) A () 24 (AMIETE, Dec. 2009) Ans. (iv)

If r is the distance of a point (x, y, z) from the origin, the value of the expression }X grad E

equals
‘ 3 R y 3
@ P+y?+z2))2(z-kx) @ P +y?+2Y) 2(jz-i2)
3
(iii) zero @) (x2 +y2 + 22)_5 (jy _ léx)

(AMIETE, Dec. 2010) Ans. (i)



VECTOR INTEGRATION

3.1 LINE INTEGRAL

Let 7 (x, y, z) be a vector function and a curve AB.

Line integral of a vector function 1_:) along the curve 4B 1s defined as integral of the component

of 1? along the tangent to the curve 4B.

Component of 1_7) along a tangent P7T at P

= Dot product of 1_:) and unit vector along PT
- (>

> dr|adr. .

F . —| —1s a unit vector along tangent PT
ds | ds

-

o = dr
Line integral ZF Is from A to B along the curve

s
o dr 5 o
.. Line integral = L F'g ds = [ F-ar

Note (1) Work. If F represents the variable force acting on a particle along arc AB, then the
total work done = I:F J;

(2) Circulation. If 7 represents the velocity of a liquid then (ﬁ l_) . J; 1s called the circulation
of I"round the closed curve c. ‘

If the circulation of V round every closed curve is zero then V is said to be irrotational there.
(3) When the path of integration is a closed curve then notation of integration is<ﬁ in place
of j
Example 1. [f a force 1_?) =2x*yi +3xy displaces a particle in the xy-plane from (0, 0) to
(1, 4) along a curve y = 4 x°. Find the work done.
- -
Solution. Work done = LF .dr

= IC(2 X*yi+3xy ). (dxi +dy])
= IC(2x2ydx+3x;ydy)
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2
‘ y=4x
Putting the values of y and dy, we get [ dy = 8x de
= I; [2x? (4x%) dx + 3x (4x?) 8xdx]
! SY 104
=104 [ x*de=104| 2| =2 i
on /x [ 3 JO 5 Ans

- o - n n
Example 2. Evaluate ICF _dr where F =x* + xyj and C is the boundary of the square in the

plane z = 0 and bounded by the lines x =0,y = 0, x =aandy = a.
(Nagpur University, Summer 2001)

Solution. J.Cl?‘zr{[ E‘7+IBCE‘;+ICOF‘J;

- N A d A A d 2n A
Here r=xi+y, dr=dxi+dy, F=xI+xyj
- - Y
F.dr =xX*dx + xydy D CA B
On 04,y=0 o Fodr=xde
- - “ 3
_ 24 _| X _a 4
IOA dr_joxdx—{ }0_3 & i
On AB,x=a sde=0
(1) becomes
- > > > X
F.dr = aydy © A
2 ¢ 3
- - a y a
- | aydy=a| — | =—
IAb r=Jpod {2}0 2 ®3)
On BC,y=a ~dy=0
- >
= (1) becomes F dr =x2dx
- - 0 5 X ° -4
= dx=| — | =—
[ Fdr=],xd { 3 } 3 &)
- -
On CO,x=0, S F.dr=0
(1) becomes
- -
coF‘dr =0 (5
N 3 303 3
On adding (2), (3), (4) and (5), we get Ic .dr = a?+a7_a?+o=a7 Ans.

Example 3. 4 vector field is given by

1_7) = Qy+3)i+xzg+0z-x) k. Evaluate J.C;l 67’)” along the path c is x = 2t,
y=tz=Lfromt=0tot=1. (Nagpur University, Winter 2003)
Solution. Ic; 57; = IC(2y+ 3)de+(xz)dy+ (yz—x) dz
Sincex=2t y=t z=t
L dx dy dz

=2 2ol ot
dt dt dt

3
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1
= [,@+3)@dn+ @) @) d+ @ 20 G dn) = [+ 642 + 36— o) di

1
3, 6.4

2 1
- 4t—+6t+3t5+—t —-—t = 2t2+6t+3t5+3t7—3t4
2 5 7 4 5 7 2
0 0
= 24642433 Z730857 Ans.
5 7 2

Example 4. If F =2 yf - z} + xk, evaluate I I?x 57; along the curve
c

x=costy=sint,z=2costfromt=01t = T (Nagpur University, winter 2002)
2

Solution. We have, 7 = xf + 7 + zk

S dkitdyjrdzk

iJ k
- o
Fxdr = |2y -z x
dx dy dz

= (- zdz—xdy)f—(2ydz—xdx)}‘+(2ydy+ zdx)le

= [~ 2cost(—2sinf) dt —cost (cost) dt]i
—[2sint (- 2sinf) dt —cos t(—sinf) dt]]
+ [2sint(cost)dt+2cost(—sint)dt]lé

= [(4costsint—cos® £)i + (4sin® t —costsint) J | dt

- - r . .
ICder = IOZ[(4costsint—cosz )i+ (4sin®t—costsint) j]dt

T T
= J.E [{2sin2t—M}I°]dt+J‘E [{2(1—cos2t)—lsin2t}}}dt
0 2 0 2

f+[2t—sin2t+lcos2t} ]
4 0

Na
Na

= [—cos2t—lsin 2t—lt}
4 2 1,

_ —cos11:—lsin11:—l r +cosO+lsinO+l(O) i+
4 2\2 4 2

[n—sinn+icosn—0+sin0—icoso}}‘

T o 1 1]~ T\~ 1)~
=[1-0-—+1+0|i+|T-0—-—+0——|j=[2-=1|; g
[ 4 ] [ 4 4}’ (2 4}’*(” 2j/ Ans.

Example 5. The acceleration of a particle at time t is given by
a =18cos3ti —8sin2t ] +6tk.

- -
If the velocity v and displacement 7 bezeroatt =0, find v and v at any point t.
2=

Solution. Here, 4 = = 18 cos 3t/ —8sin 2 ] + 6t k.

arr
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On integrating, we have

- X )
5 = —=i|18cos3tdt+ j|-8sin2tdt+k |6t dt
Vo] i J
= v =6sin3tf+4cos2t}‘+3t212+? (D
At 1=0,v =0
Putting ¢ =0 and v =0in (1), we get
0 =4j+c = c=-4j
dr
v =E=6sin3tf+4(cos2t—1)j+3t2k

Again integrating, we have X
> = fj6sin3tdt+}‘I4(cos2t—l)dt+kj3t2 dr

- ¥ = —2cos3ti+Q2sin2t—4Dj+ k+o Q)
At, t=0, 7 =0
Putting = 0 and 7 =0in (2), we get
= A o e N
0 =-21+C, > (=2
Hence, 7 =2(@1-cos3t)i+2(sin2t—20)j + £k Ans.

Example 6. If 4= (Bx% +6y) i— l4yz}‘ +20xz” k, evaluate the line integral @/fd?from
0,0,0)to (1, 1, 1) along the curve C.

xX=ty= 2 z=7 (Uttarakhand, I Semester, Dec. 2006)
Solution. We have,

jczd;’ = [ L3 +6y) 1 —14yz] + 20x27K]. [ dx + ] dy + & dz]
= IC[ (3x? + 6y) dx — 14 yzdy + 20xz°dz]
Ifx=1t y=1 z=£, then points (0, 0, 0) and (1, 1, 1) correspond to = 0 and ¢ = 1 respectively.

Now, [ A’ dr = I:(:[@ﬂ +605)d ()~ 1417 £ d () +20¢ (£)* d ()]

[ltofd 147 20dr 4207 32dn) = [ 97 - 2865 + 600 i

t3 t7 t10 !
9| —|-28| — [+60| — =3-4+6= X

- - - ltv _ jx
Example 7. Compute J.CF‘ dr, where F = NI and c is the circle x*> +y? = 1 traversed
Xty

counter clockwise.

Solution. y = iAx+jA‘y+léz,dr_=iAdx+]A‘dy+IEdz
- A _A‘ A A A
[ F.dr = Z=5 Gdc+ jdy + k)
¢ °x“+y
ydx —xdy _
= [ = e () [ 4y = 1)
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Parametric equation of the circle are x = cos 6, y = sin 6.
Puttingx =cos 0,y =sin 0, dx =—sin 6 d 6, dy = cos 6 d 6 in (1), we get

N
Ich? Ioznsin6(—sin6d6)—cose(cosed6)

_Iozn(Sin29+cosz 0)d6=- OZ’Td9= _(e)§n=_2n Ans.

- . . A

Example 8. Show that the vector field F =2x(y* + )i +2x*yj +3x*2%k is conservative.

Find its scalar potential and the work done in moving a particle from (1,2, 1) to (2, 3, 4).
(AMILETE. June 2010, 2009)

Solution. Here, we have
_)

F =2x(y2 +z3) iA+2x2y]A‘+3x22212
- -
Curl F=VxF
i J k
9 9 9
)

Ox dy
2x(y2 + 23) 2x2y 3x272

=(0-0)i —(6xz2 —=6x2%)] +(4xy —4xp)k =0

D .
Hence, vector field g is irrotational.
To find the scalar potential function ¢

- -
F=V¢
a<|> o . 9 o, ~0p 00
do= d dy+—dz =|i— dx+ jdy + kd
o= +ay y+az 4 [ax+ ay a (1 x+ jdy + z)
- ;i+}i+éa o|d7 |=vod7=F. dr
ox “dy 0z

=[2x(y +z )i +2x2y}‘+3x22212] (fdx+]‘dy+ Iedz)
= 2x(y2 + 23)dx + 2x2y dy + 3x22%dz
b= I[2x(y2 + 23)dx+2x2ydy+3x222dz]+c

I(2quzdx+ 2x2ydy) + Qxz3dx+3x%2%dz) +C =xH? + x322 + C

Hence, the scalar potential is x%? + x?23 + C
Now, for conservative field

(2,3,4) (2,3,9)
< o123 [ 2 2 2 37339
Work done = J’F‘d7 = [do =0 Cian) [ Ttz ](-121)
(-1,2,1) (-L2,1
= (36 +256) — (2 — 1) = 291 Ans.

- ~ ~
Example 9. 4 vector field is given by F =(sin y)i + x (1+ cos y) j. Evaluate the line integral

over a circular path x* + y* = g%,z = 0. (Nagpur University, Winter 2001)
Solution. We have,

- -
Work done = J.CF‘d’”
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= IC[(siny)f+ x (1 +cosy) jA‘]‘[dxiA+dyjA‘] (- z=0 hence dz = 0)
- = . .
= IcF‘dr = Icsmydx+x(l+cosy)dy=Ic(smydx+xcosydy+xdy)

= ch(xsiny) +chdy

(where d is differential operator).
The parametric equations of given path

x>’ +y? =d*arex=acos O,y =asin 6,
Where 6 varies form O to 27

I ;Zr = Iznd[acosesin(asine)]+‘|.2nacose‘acosede
c 0 0

= Ioznd [a cos O sin (a sin 6)]+j02na2 cos’0.d0

= [a cos Osin (asine)]3“+‘[02na2 cos’ 0d 0

2 . 2n
_ 0+azJ‘Zn(1+cos2ejde=a_[e+smze}
0 2 2 2 |,

a2 2
=—.2N=Tta Ans.

Example 10. Determine w%rether the line integral
I Q@xyz¥) dx+ (x*2% + zcosyz) dy + (2x*yz + y cos yz) dz is independent of the path of
integration ? If so, then evaluate it from (1, 0, 1) to (0, E, 1}
2
Solution. I Qxyz*)dx+ (x*z% + zcos y z) dy + (2x*yz + y cos yz) dz
4
= L[(2x§y 2%) + (x2z% + z cos yz) j +(2x*yz + y cos yz) Ié](iAdx + jA‘dy + I:tdz)
- -
= [ Fear
C

This integral is independent of path of integration if

N -
F =V = VXF=0 R
i j k
— ) ) )
VxF = I 5 %

2xyz* x*z' +zcosyz 2x’yz+ycosyz

= (2x% + cos yz — yz sin yz — 2x%2 — cos yz + yz sin yz) 1 — (dxyz — 4x yz) j + @xz> - 2x2*) k =0
Hence, the line integral is independent of path.

o)
dy = % at dy + 842) (Total differentiation)
o) o)
= [l%ﬂ ai at] (Gdx + jdy + kdz) = V¢-dr=F-dr

= [(2xyzz) i+ (x?z* + z cos yz) j + (2x2yz + ycos yz) Ié]. (fdx + fdy + Iédz)
=222 dx + (x%2% + z cos y z) dy + (2x%yz + y cos yz) dz
= [(2x dx) yz* + x> (dy) 22 + x* (22 dz)] + [(cos yz dy) z + (cos yz dz) y]
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=d (x*yz%) + d (sin yz)
o= Id (x2yz*) + Id (sin yz) = x*yz* +sin yz
[0 =0 B -6 W)
= [x?yz® +sin yz] o2n” [x?yz* +sin yz]y o1y = [0 +sin (g x 1)} ~[0+0]

=1 Ans.
EXERCISE 3.1
Find the work done by a force 7 + x which displaces a particle from origin to a point (i + j). Ans. 1

2. Find the work done when a force F =(x? — y* + x) { —(2xy + y) j moves a particle from origin to
2

(1, 1) along a parabola 3? = x. Ans. 3
- . o .
3. Showthat JV =(2xy +2z3) i + x* j +3xz° k is a conservative field. Find its scalar potential ¢ such that

- -
V' = grad ¢. Find the work done by the force }” in moving a particle from (1, -2, 1) to (3, 1, 4).
Ans. x%y + xz3,202

4. Show that the line integral J' Qxy+3) dx+(x* —4z) dy - 4y dz
c

where ¢ is any path joining (0, 0, 0) to (1, — 1, 3) does not depend on the path ¢ and evaluate the line
integral. Ans. 14
2 2

5. Find the work done in moving a particle once round the ellipse 25 + T =1, z=0, under the field of

force given by F = (2x —y + z) i+ (x+y—2z% j+ (Bx -2y +42) k. Is the field of force conservative?
(AMIE.TE., Winter 2000) Ans. 40 ©
4

If 34, =(0P-292%) 1 +(B+2xy—x22) ] + (22 -3xHzD) k, find ¢. Ans. 3y+zT+xy2 -x%y 2
> =

[R.dR

C

(i) irrotational field (i) solenoidal field (i) rotational field (iv) vector field.

3.2 SURFACE INTEGRAL

A surface r = f(u, v) is called smooth if f (u, v) posses continous first order partial derivative.

is independent of the path joining any two point if it is. (AMIE.TE., June 2010)
Ans. (i)

Let 1? be a vector function and S be the given surface.

5
Surface integral of a vector function F over the surface S'is defined

as the integral of the components of 1? along the normal to the
surface.

Component of 1? along the normal

% ~ . .
= F .n, where n is the unit normal vector to an element ds and

grad f dx dy
A= ds = —/—=
| grad f| (h-k)
Surface integral of F over S
-
= S P = [[ iy ds

Note. (1) Flux = J' J' S . #) ds Where, F represents the velocity of a liquid.

= -
If ” Jm)ds =0, then F is said to be a solenoidal vector point function.
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Example 11. Evaluate J.J.SZ 7 ds where 4= (x+y?)i-2x+ 2yzl€ and S is the surface of

the plane 2x +y + 2z = 6 in the first octant. (Nagpur University, Summer 2000)
Solution. A vector normal to the surface “S” is given by
~0 ~0 0 PN
=|i—+j—t+k—|Qx+y+22)=2i +j+2k
V(Q2x+y+22) [ax jay azj( y+2z) J
And 7 = a unit vector normal to surface S 7
N r R R R N
REVES YR
Ja+1+4 337 3
K s
- ~ (2 1~ 2~} 2 ﬁ &
A= _— —_— — = —_— Z—.
n k(z+3]+3kj 3 5 Q M R
. dbx R
I A nds=ﬂA n Ady_
k.n
Where R is the projection of S. X
Now, .= [y~ 2 2 (37425 + 2]
2 2 2 4 2 , 4
=Z(x+yH)-ZSx+—yz=2y* +—
3(x ¥ 3Xt3YEE3 Yt (D

Putting the value of z in (1), we get
-~ on the plane 2x + y + 2z =6,

Zﬁ=3y2+iy M _(6—2x—y)
3 3 2 Z‘f
2 4
Ai=3y0+6-2x-y)=3y(3-x Q)
— dxd
Hence, ” A.nds = ” y -3 wm
Putting the value of A n from (2) n (3), we get >
x
9
” A hds = ” —y(3 x). —dxdy I I 2y(3—x)dydx O
5 2 6—2x
Yy
- ‘[02(3—x){7} dx
0 o 1
- j3(3-x) (6—2x)2 arx=4j03(3-x)3 dx
(3 x) =-(0-81)=81 Ans.
4D

Example 12. Evaluate ” A h d S,where A=18z - 12] +3y k and S is the part of the
plane 2x + 3y + 6z =12 mcluded in the first octant. (Uttarakhand, I semester, Dec. 2006)
Solution. Here, A =18z -12 j+3 yk
Given surface  f(x,y,z)=2x+ 3y +6z—12

0 0

A ~ 0 R R .
Normal vector = V f = [l£+18y kEJ(2x+3y+62—12)=2i+3j+6k
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A = unit normal vector at any point (x, y, z) of 2x + 3y + 6z = 12

S 2340k 156k
Ji+9+36 7
dedy dxdy dxdy 7

= —dxd
ds 5 y

Ak Lor an ot 6
— (27 +3]+6k). k =
7(1 J ) 2
Now’ﬂg";,ds = [[aszi-12]+ 3yl€)‘l(2f+3}+612)%dxdy

= jj(36z-36+18y)d"dy = jj(6z-6+3y)dxdy

Putting the value of 6z = 12 — 2x — 3y, we get v

06 %(12—2x) A
= jojo (12 - 2x -3y -6 +3y) dxdy B

6¢La2-2x
=I I3( )(6—2x) dxdy Sy

La2-a2x) NG

—j = 2x)dxj dy

Za2-2x) > X
= J.O6(6—2x) dx(y)o3 o A

6 1 1 6 2
= j0(6_2x)§(12_2x)dx = gjo(4x —36x +72) dx

6
1

4x
=§{T—18x2 +72x} = %[4x36x2—18x36+72x6] = 73—2[4—9+6]=24 Ans.
0

Example 13. Evaluate ” S(yZ; + 25 + xyk) -ds where S is the surface of the sphere

X2 er2 +22=4in the first octant. (U.P, I Semester, Dec. 2004)
Solution. Here, ¢ =x? +)? + 2% - d?
200 -~ 0b - 0b
= = l — 4 —
Vector normal to the surface Vo = W J ay 82

zi+]i+ka 2 +y?+zt-ah)= 2x1+2yj+2zk
ox “dy Oz

Vo 2x1+2y]+2zk _ xi+yj+zk
|V¢| \/4x +4y% + 472 \/x2+y2+z2

=>

_xityezh [ 242+ 2=
a
Here, F o= yzi +xj+xpk
. . R A A n 3
R =(yzz‘+zxj+awk)~["’+y;”"}= 2
dx d Va? -x% 3xyz dx d
Now. [y = [f Py ooy i e

o)
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2_2
a ' xz y2 a X
= 3‘[0 .[0 xydydx=3jo x[T dx
0
a
3 s 2 3(a?x? Xt 3(a* &t 3a*
==| x(@-xHdx==| —-—"—| ==| ——— |=—.
3 Jox @ - de=3 [ 2 4) 2l 4 Ts A
= 3 . . .
Example 14. Show that .UsFOn » 7 where F = 4xzi ~y2j +yz k
and S is the surface of the cube bounded by the planes,
x=0x=1y=0y=1z=01z=1
. i g S.No. | Surface | Outward| ds
Solution. .Us F-nds = ”OABCF nds e
- - A =
+” F-ﬁds+” F-h ds 1 OABC -k |dcdy | z=0
DEFG 0AGF 2 | DEFG k dedy | z=1
- — 3 OAGF —J dcdz | y=0
* -UBCED Fnds + J.J.ABDGF.n ds 4 | BCED J dedz | y=1
N 5 | ABDG i dydz | x=1
[ Foi s (D 6 | OCEF | —i [dvd: [x=0

Now, IIOABCI?‘"dS=IIOABC(4xzf—y2}+yzlé) -5 dxdy:I;I;_yZdXdy=0(asz=0)
Z

IIDEFG(4XZf—y2}+yzk)~kdxdy . .
1p1 GLA 5
= ”DEFGyZCdey:jojoy(l)dxdy (asz=1) o
> Y
1 27 1 1 A 5 C
= dx y— =[x]%)—=_ X
0 2 2 2
o
IIOAGF(4xzf—y2j+yzl€)-(—j) dx dz = ”OAGFyZ dedz=0 (asy = 0)
? ¢ AN 2
[[ gy Gxzi =325 4 y2hy-Jdedz = [[ oy C ¥ e e
1 1
= - [yde [y == (% @ =-1 @sy=1)
A n NN it
.UABDG(4xZi ~ V) + yk)-i dy dz = ”4xz dy dz_.[o.[o4(l)2dy dz (asx=1)
2\
1
(y)°[2j ()@
0
A A Aa 1,1
”OCEF(4xzi —y2j+y2k) (—i)dydz = IOIO—4xz dydz=0 (as x = 0)
On putting these values in (1), we get
_ 1 3
F-ends =0+—+0-1+2+0 = = .
.Us nds ) B Proved
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EXERCISE 3.2

- . - N N 9 n . . 5
Evaluate HSA .fids, where A = zi + xj —3y*zk and S is the surface of the cylinder x> + 3% = 16

included in the first octant between z = 0 and z = 5. Ans. 90

~ ~ ~ N ~ 2 -
If 7 = -]+ -Dk and § = 2% + 61k, evaluate [, 7S dt. Ans. 12

- . . A
Evaluate _U sF -nds, where, F = 2yxi — yzj+x2k over the surface S of the cube bounded by the

1
coordinate planes and planes x =a,y =aand z = a. Ans. 504

- A a A
If F=2yi-3j+ x°k and S is the surface of the parabolic cylinder 2 = 8x in the first octant bounded

N
by the planes y = 4, and z = 6, then evaluate ISF'ﬁ ds. Ans. 132
VOLUME INTEGRAL

= . . ,
Let F be a vector point function and volume /" enclosed by a closed surface.

The volume integral = J'HV F dv

- N -
Example 15. If F =2z{ —x ] +yk . evaluate I”VF dv where, v is the region bounded by

the surfaces
x=0y=0 x=2 y=4 z=x% z=2

Solution. iff Fdv = ”‘[(225— X + yk) dx dy dz
vV
= Iozdxj:dy .[32 (2zi —xj + ylé) dz = .[02 dxj:dy (227 —xz + yzlé]iz

J'dej'4 T Y ST N SSNC N S
=], 0dy[z— xj+2yk —x"i +x°j —x"yk]

4
2 A n A n X x2y? s
=Iodx{4yi—2xyj+y2k—x4yi+x3yj—x£v k}
0

- joz (167 —8x) +16% — 4x* + 423 —8xk) dx

2
S 3
{l6xf—4x2j+l6xk—4if+x4}_8ik}
5 3,
327 -16]+ 32k -2 416y - S 2 320 32k _ 32
5 3 5 3 15

EXERCISE 3.3

(i +5k) Ans.

e 2 : 8 ; = ‘
If F = (2x"—-3z)i —2xyj —4xk, then evaluate IIIVV F dI’, where 1" is bounded by the plane

x=0,y=0,z=0and 2x + 2y +z = 4. Ans. 8
3

Evaluate IIIV¢ AV, where ¢ = 45 x% and V is the closed region bounded by the planes
dx+2y+2z=8, x=0,y=0,z=0 Ans. 128
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- n n - =g : :
3. IfF =(x*—32) i —2xy j —4xk, then evaluate IIIVV x F dV7, where V is the closed region bounded

8 .
by the planes x=0,y=0,z=0and 2x + 2y +z = 4. Ans. g(j—k)

4. Evaluate IIIV(2X +»)dV, where I"is closed region bounded by the cylinder z = 4 — x2 and the planes

x=0,y=0,y=2and z = 0. Ans. %

5. If P:) =2xzf—)c}+yzl€, evaluate m}? 4 over the region bounded by the surfaces x = 0,y = 0,

y=6andz=x% z=4. Ans. (167 — 3] +48k)
24.4 GREEN’S THEOREM (For a plane)

Statement. If ¢ (x, y), ¥ (x, y), —and % be continuous functions over a region R bounded

by simple closed curve C inx-y plane then (MTU, Dec. 2012)
00
§. @ax+yay = [, —x— 3y | &Y AMIETE, June 2010, U.P, I Semester; Dec. 2007)

Proof. Let the curve C be divided into two curves C, (4BC) and C, (CDA).
Let the equation of the curve C; (ABC) be y =y, (x) and equation of the curve C, (CDA) be

Y=y, ).
Let us see the value of

x=c =y, (%) a(l)
.U dxd _J.x=a|:-|.;;=;: (x)g :|dx
[Tlocey) -0 mlde = —[“00ey)de—[ 0o n)de
[ [rowrae [Locn ]
[f o] owrdr| - § owyas

[olo Gl T2 de

)
Thus, $ odc = —J.J.Rg(bdxdy (D)
Ya
Similarly, it can be shown that
oy | Dy=y,(x)
vdy = |[——dcdy 2
$, 15 @ ) )
On adding (1) and (2), we get ) A . !
dy 9 L yey 0
é((b de+ydy) = ” [ ¥_ (I)Jd’Cdy Proved. | =Y L
ay fo) é (I: > X

Note. Green’s Theorem in vector form
J'cl?-d? = [f (v x F)-£ dR

where, 1? =¢l+y jF=xi +y,  1s a unit vector along z-axis and dR = dx dy.

Example 16. A4 vector field 1? is given by 1? =sin yi + x (1 +cos ) J.

Evaluate the line integral I c 1? d_)r where C is the circular path given by x* +1? =

0 - . ~ "
Solution. r —gin yi+x(l+cosy)j
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Icl?c;” = Ic[sin yi + x (1+ cos y) J]-(idx + jdy) = Icsinydx+x(l+cosy) dy

On applying Green’s Theorem, we have

$,@dc+ydy) = [ [a—‘"—a—"’]dxdy

AY
= ”S[(l + cos y) —cos y] dx dy 0 X
where s is the circular plane surface of radius a. \\/j

= ”Sd" dy = Area of circle = m a>.  Ans.

Example 17. Using Green's Theorem, evaluate L (& ydx + x> dy). where c is the boundary

described counter clockwise of the triangle with vertices (0, 0), (1, 0), (I, ).
(U.P, I Semester, Winter 2003)

Solution. By Green’s Theorem, we have Y
dy 9o AT
[@acrwan = [, [———dedy .
dy 47
I (x ydx+x dy) = ”R(2x—x ) dx dy
1 x 1 - < » X
= IO(2x—x2)deO dy = IO(2x—x2)dx[y]0 C)l(o, 0) (1,0)
3 a4\
= Il(2x—x2)(x)dx = Il(2x2 -x*)dx = [&_x_J
0 0 3 4
0
(215 A
3 4) 12 s

Example 18. State and verify Green's Theorem in the plane for @(3x2 -8y%) dx + (4y — 6xy)

dy where C is the boundary of the region bounded by x >0,y <0 and 2x — 3y = 6.
(Uttarakhand, I Semester, Dec. 2006)
Solution. Statement: See Article 24.4 on page 576.
Here the closed curve C consists of straight lines OB, BA and AO, where coordinates of 4 and
B are (3, 0) and (0, — 2) respectively. Let R be the region bounded by C.
Then by Green’s Theorem in plane, we have

$LB3x> —8y?) dx+ (4y - 6x9) dy ]

] ] 2 2
- IIR[EMJ»—W—@@: -8y )}dxdy (D)
= ”R(— 6y +16y) dxdy=”R10y dxdy
=10 [Cax [y =10 [Pae| 2 0 ——§j3dx(2x-6)2
B -[o xj%(zx-s)y V= -[0 2, " 9

$@x-6)
__3 M 3=_i(0+6)3 = —3(216)=—20 )
9 3x2 o 54 54

Now we evaluate L.H.S. of (1) along OB, BA and AO.
Along OB, x =0, dx = 0 and y varies form 0 to 2.
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Along BA, x = %(6 +3y), dx =% dy and y varies from -2 to 0.
and along 40,y = 0, dy = 0 and x varies from 3 to 0.
LH.S. of (1) = $[ Bx* —8y%) de + (4y - 6x) dy]
= IOB[(3x2 - 8y2) dx+ (4y —6xp) dy] + IBA [('jx2 - 8y2) dx + (4x —6xy) dy]

+‘|.AO[(3x2 —8y%) dx + (4y —6xp) dy]

“ [ Cayay+ [’ 36+397 -89 |[2ay |+ 14y -36+3y) v d + [ 735 e
= [, vy [ 64307 -8y || Sy [+ 14y N+,

o9
1257157 + I_2[§(6+3y)2 -12)7 +4y—18y—9y2}dy+(x3)2

2[4]+ ji[%(w 3p)? — 212 _144 dy +(0-27)

J{g 6 +3y)

8 3x3

=-19+27-56+28=-20 ..(3)
With the help of (2) and (3), we find that (1) is true and so Green’s Theorem is verified.

Example 19. T'erify Green’s Theorem in the plane for

C‘N'sz —8y2)dx+(4y—6x;y)dy

0
-7y —7y2:| -27=-19+[%+7(-2)3 +7(-2)2}
-2

C Y
Where C is the boundary of the region defined by 1 G
y= \/;, and y= x? (K. University, Dec. 2008) 3
Solution. Here we have, 2
, 3
Cﬁ (3x2—8y2)dx+(4y—6xy)dy X< S >X

c
By Green’s Theorem, we have

I(¢dx+\udy “[a‘l’ a(bjd b |

= J.Ol J.xz [&(4y—6xy)—aa—y(3x2—8y2)]¢b¢@
1 eV 1 odx ) 5 Jx 101 )
=J.° J.xz (—6y+16y)dqu =10J.0 J.xz ydx dy =10j0 dx[TL =7jo dx(x—x )

2 s\
x 11 3) 3
[2 5 JO (2 5) (mj 2 Ans.

Example 20. Apply Green'’s Theorem to evaluate IC[(2x2 -2 dx +(x* + y*) dy), where C

is the boundary of the area enclosed by the x-axis and the upper half of circle x* +y? = d°.

(M.D.U. Dec. 2009, U.P,, I Sem., Dec. 2004)
Solution. [, [2x* =3 dv + (&% + y%) dy]
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dy  do
By Green’s Theorem, we’ve I(Cb dx+y dy) = ,U [___y
_I I [—(x +y) (2x -y ):|dxdy
0 o fa?-x [2_2
=I—a-[0 (2x+2y)dxdy—2j dxj (x+y)dy
2 Va? - 2
=2 fdx[xy+y7J =2J.f [x\/az—x2+a _
0
. .  f de=2[" f(x) dx, fiseven
=2I xya* - x* dx+j (@* = x*) dx I_“ '[0
- - =0, fisodd
a 2 a 4a°
=O+2jo(a2—x2)dx=2[a2x—?0=2 as—? =% Ans.
Example 21. Evaluate (ﬁc—xzi s dx+ 2x 5 dy, where C =C, UC, withC,: x?+)?=1
y x+y
and C2 x=x2,y=12 (Gujarat, I Semester, Jan 2009)
y x
Solution. dx + &
(ﬁ x? +y x2+y2 Y Y
A y=2
0 y s
= dx d)
ﬁ[a"x Pyl ayxztsz - Y {X\zf?}
_(f [ +yH)1 - 2x(x)+(x +y)1—2y(y)}ddy X' < Q/[«—m
GO (& + %) x=-2 L=
.2 2 2 >
SRR o gy Tyve2
L G749 "+ v’
f PR S S P [[ =2 dxav=0
= _(x2+y2)2 (x2+y2)2 = (x +y) Ans.
3.5 AREA OF THE PLANE REGION BY GREEN’S THEOREM
Proof. We know that
ON oM
= — ——|dx
[ Mae + Ny = ] . ayj dy (D
c
On putting N=x a—N=1 and M =-y 8_M=1 in (1), we get
dx dy

[-ydetxdy = [ 1-CDldedy = 2 f[dxdy =24
C

1
Area= — I(xdy - ydx)
25

Example 22. Using Green's theorem, find the area of the region in the first quadrant bounded
by the curves
1

y=xy=_y= (U.P. I, Semester, Dec. 2008)

x
4



Vector Integration 71

Solution. By Green’s Theorem Area A of the region bounded by a closed curve C is given by

1
A= ) ¢c (xdy — ydx) v

Here, C consists of the curves C, :y = —, C,:y =

PN
% |-
<@
>

and C;:y =x So

X
[A—lgS —l[j + +] ]—1(1+1 +1)} = x

5 Y =5\ 2 3

2J5c 2lJc Joy Jo 2 E C»o A(z,jz—)

1 5
Along C11y=§,dy=zdx,x:0to2 Cs C,
dy — ydx) = L e X e | =0 ]

11=Icl(xy—y x)—jcl xz x—Z x | =
Al vt gL xt01 0 (0,0) >X
ong 2‘y—x,y b x

I = ICZ (xdy — ydx) = Izl[x [— xizj dx —%dx} = [-2log x]l2 =2log2
Along C,:y=x,dy=dc;x:1t00;
I, = -[03 (xdy — ydx) = I(xdx —xdx)=0
A= %(11+12+I3)=%(O+2log2+0)=log2 Ans.
EXERCISE 3.4
1.  Evaluate j c[(3x2 —6yz) dx + (2y +3xz) dy + (1 — 4xyz?) dz] from (0, 0, 0) to (1, 1, 1) along the path ¢
given by the straight line from (0, 0, 0) to (0, 0, 1) then to (0, 1, 1) and then to (1, 1, 1).

2. Verify Green’s Theorem in plane for J‘C(xz +2xy) dx +( y2 % ¥) dy, where c is a square with the

vertices P (0, 0), Q (1,0),R (1, 1) and S (0, 1). Ans. —%
3. Verify Green’s Theorem for Ic(xz -2xy) dx+(x2y+3) dy around the boundary ¢ of the region
y2=8xand x =2.

4.  Use Green’s Theorem in a plane to evaluate the integral J‘ [(2x2 - yz) dx + (x2 + yz) ],
c

where c is the boundary in the xy-plane of the area enclosed by the x-axis and the semi-circle x2 + y% =1

4

in the upper half xy-plane. Ans. 3

5. Apply Green’s Theoem to evaluate J. c[(y —sinx)dy +cos xdy], where c s the plane triangle enclosed

E 2 2
bythelinesy=0,x=3 and y=?x‘ Ans._n4;8

6.  Either directly or by Green’s Therorem, evaluate the line integral j e ¥ (cos y dx —sin y dy),
C

where c¢ is the rectangle with vertices (0, 0), (=, 0,), (n, g) and (O, g) Ans.2 (1 -¢e T

(AMIETE II Sem June 2010)
7. Verify the Green’s Theorem to evaluate the line integral L(2 y2 dx+3xdy), where c is the boundary
of the closed region bounded by y = x and y = x2.

27
(U.P, I Semester, Dec. 20005, AMIETE Summer 2004, Winter 2001) Ans. T



72 Mathematical Physics

8.  Evaluate ” F . h.ds, where }?: xyi—x*j+(x+z)k and s is the region of the plane 2x + 2y +z =6
S
in the first octant. (AMILE.TE., Summer 2004, Winter 2001) Ans. 24—7

9.  Verify Green’s Theorem for jc I:(W“' yz) dx + xzaﬁf] where C is the boundary by y = x and y = x2.

(AMIETE, June 2010) Ans. —%

3.6 STOKE’S THEOREM (Relation between Line Integral and Surface Integral)
(Uttarakhand, I Sem. 2008, U.P,, Ist Semester, Dec. 2006)

Statement. Surface integral of the component of curl F along the normal to the surface S,
taken over the surface S bounded by curve C is equal to the line integral of the vector point function

F taken along the closed curve C. A

Mathematicall 7
’ s/ Ko N

- _)A
§F.a7= ”scurlF~nds ”
I
A ~ AL . |
where 7 = cos ai +cos B/ +cos Yk is a unit ;

external normal to any surface ds,

3>

Proof. Let y = xi+y+zk E i i: i i
a7 = idc+jdy+hdz y X
F=Fi+RBj+FRk v
On putting the values of }_7) ,d 7 in the statement of the theorem ¢
gS(F1°+FZ]‘+FI€)~(z°dx+]‘dy+I€dz)
9 N . \ 5 )
—H ’_+J dy kg X(Fi+FE j+F3k). (cosoi+cosf j+cosyk)ds
$Ra+ R+ Fan- [[ |[22-2% ;{ﬁﬁijjq 9 R4l
SiLoy o0z 0z Ox ox dy
(fcosoc+]‘cos[3+l€cosy)ds
= H aﬁ—ai cosoc+[aF 8F3] os B+ 8£ cos Y |ds 1)
sf\ oy o0z 0z Ox ax dy
Let us first prove
oF, oF,
Fade = Le ——Lcosy ||ds
G5 e = Jf | O cosp - oy ye

Let the equation of the surface S be z = g (x, y). The projection of the surface on x — y plane

is region R.
@CFl (x, y, 2) dx 93 A [x v, g(x, y)l dx

= - H _F1 (x,y, g)dx dy [By Green’s Theorem]
aF1 oF, dg
= - L+ L2 |dxd
HR 5 = % x dy ~.(3)

The direction consines of the normal to the surface z = g(x, y) are given by
coso  cosfB_cosy
-dg  -dg 1
0x ?
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And dx dy = projection of ds on the xy-plane = ds cos y
Putting the values of ds in RH.S. of (2)

H [aFI cosf - TCOSYst_ H [aFl cos B — _y cos y] izsdi

OF, cosB OF OF ( dg) OF
(55 - 555 e

y ) oy

OF OF dg
[ 5 o e -

From (3) and (4), we get

oF
<ﬁ0F1 de = .Us[ azl —cos y] ds -(5)
oF;
Similarly, éch & = Hs[a—; -—2cos Oﬁj ds ..(6)
and §0F3 dz = ”5[88};3 cosoc——cos BJ ds )
On adding (5), (6) and (7), we get
oF oF, oF,
éc(Fldx+anj/+F3dz)=Hs[$ ——c sy+¥cosy—¥cosa
+ ai cos oL — ai cosB |ds Proved.
dy Ox

3.7 ANOTHER METHOD OF PROVING STOKE’S THEOREM
The circulation of vector F around a closed curve C is equal to the flux of
the curve of the vector through the surface S bounded by the curve C.

@ci?dF = Hscurl Fods= Hscurl F-dS c

Proof : The projection of any curved surface over xy-plane can be treated as kernal of the
surface integral over actual surface

Now, [, FxP)-kdS = [[ (FxFP)-(Tx [ dvdy k= ix}]
A D on A Do o) o)
= [[ 1D E- )~ V- (F-ide dy = Ifs[gwy)—@(ﬂ)}dwﬁ»

= ”S[Ec dx + F, dy] [By Green’s theorem]

-

= [N E+JE)Gdc+jdy) = § F dr
Hscurl F-hdS = (ﬁc}?‘gr‘

- A N n d ~ A ~
where, = Foi+F,j+F, kanddr=dxi+dyj+dzk

Example 23. Evaluate by Strokes theorem (ﬁ(yz dx + zx dy + xy dz) where C is the curve

2 2 2 ¢
X +y ' =1z=y" (M.D.U., Dec 2009)

Solution. Here we have @ yzdx+zx dy + xy dz
= I(yzf + 20 + xylé)‘ (idx + jdy + kdz)
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ik
= 9 9 0
= F.dx = |— — —
é Curl F dx dJdy 0z
yz zx Xy
=J.curlF‘nds =(x-x)i+@-y) ] +E-2)k
=0 =0 Ans.

Example 24. Using Stoke s theorem or otherwise, evaluate
L[(2x —-y)dx - yzzdy - yzz dz]

where c is the circle x> + 1° = 1, corresponding to the surface of sphere of unit radius.
(U&l, I Semester, Winter 2001)

Solution. Ic[(zx - y)dx - yz*dy - y*z dz]
= I [(2x—y)f—yzzf—yzzlé]~(fdx+}dy+ledz)
4

N C l_) o
By Stoke’s theorem §F~dr = -Us url F-nds (D
i ] k
S N A T ]
url 1= VXF ox dy 0z

2x -y —yz2 —yzz
(-2yz+2y2)i-(0-0)j+ O+ k=Fk

Putting the value of curl }_7) in (1), we get

S st s dedy | . _dxdy}
= ||k-nds = ||k-in——=— = ||dcdy = A f th le=m | ds=—7=

(ﬁf‘d r H H " ” ly rea of the circle { GP

b4 - A A A
Example 25. Evaluate J.CF‘ dr,where F (x, y,z)=—y* + xj + z°k and C is the curve of
intersection of the plane y + z = 2 and the cylinder x* + y° = 1. (Gujarat, I sem. Jan. 2009)

Solution. (ﬁcﬁ“l_;=”s curl}?‘ﬁds =-Us curl (- y27i + xj + z? k) fds (D
Fy,2)= -y i+xj+ 2k (By Stoke’s Theorem)
2|2 2 @
ut F dx dy Oz

_yz x z2
F0-0)-jO0-0)+k(1+2y)=(1+2))k

Normal vector = V }_7)

= li-l-]i-l-ki +z-2)=j+k
dy 0z

Unit normal vector 7

ds

x2+y2=
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On putting the values of curl I?, n and ds in (1), we get

[, F.dr = [[a+2mk. szk;ix—kfb’lé
v
142y dcd
== 2y dedy [ [la+arsine)yrdodr

5

- jo“ j;(wzﬁ sin B)d 0.d r

2 3 ! rdedr
= [Tao L2 ino =j2“[l+3sme}de
0 23 Lo [273
=

>
2n
=|:g_§cose:| =(T[—§—O+zj= T Ans.

Y

2

Example 26. Apply Stoke s Theorem to find the value of
I (ydx+zdy+xdz)

where c is the curve of intersection of X° + y? + z° = o and x + z = a. (Nagpur, Summer 2001)

Solution. | (v dx+ zdy + x d2)
- L(yf+ Z+xk)-Gde+ jdy+kdz) = J’C(yf+ 2 + xk)-dF
= -Us curl (37 + 2] + xk) - ds By Stoke’s Theorem)

_J’J’ [ +]_+kajx(yz+21+xk) -nds = IIS—(;+}+]2)‘ﬁds (D

where S is the circle formed by the intersection of x> +1* + 22 =a*and x +z = a.

0 ~0 0
. vo _ [ $+ a—+ka J(x+z—a) i S
IV | |V o Ji+1
A_i-'-i ‘-L‘
"t —_—

Putting the value of 7 in (1), we have
= ﬂ;(ﬁ}+l€)~[%+%}ds
DG R
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Example 27. Use Stoke s Theorem to evaluate I V- dr, where V=34 +x)+xzk, and c
c

is the bounding curve of the hemisphere x> + 1° + z2 = 9, z > 0, oriented in the positive
direction.
Solution. By Stoke’s theorem

LE’.J} - jjs(curl 7).ﬁds=jjS(Vx7).ﬁds
ik
Lol 9 9|=0-0i-GE-0j+@-20k
Vxv ox dy 0z| =—z—yk
vow oxz
90, .0 0) 2 9 2
v [zax+]ay+kaz](x +y +z°-9)
n_ =
IV ¢l Vol

2xiA+2y]A‘+2zI€ B xiA+y]A‘+zI€ _xiA+yjA‘+zI€

\/4x2+4y2+4z2 \/x2+y2+z2 3

xf+y}‘+zl€_—yz—yz_—2yz
3 3 3

(VXV)-h = (- 2] - yk)-

xXi+y)+zk
3

h-kds = dv dy = ‘Iédx=dxdy=>§ds=dxdy

)G ) - fravaes

2 3
—H2rsin6rd6dr= -2 Jpsinedejrz dr
0 0

”S(Vx17)~ﬁds

3 3
—2(—0036)3“{%}=—2(—1+1)9=O Ans.
0

5
Example 28. Evaluate the surface integral .Us curl F.ndS by transforming it into a line

integral, S being that part of the surface of the paraboloid z = 1 — x?> — y? for which

A
z20and F=yi+zj+xk-

(K. University, Dec. 2008)

iJ ok
0 0 0 PN
. Ed e d = _ === ‘_k
Solution. VXF = |5¢ 3 oz r=J
y z x
Obviously A= k.
- ~ ~ ~ ~
Therefore (VxF)y-an=(i-j-k).k=-1
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N
Hence II(VxF)mds = II(—l)dxdy = —‘”dxaﬁ’
S S S
=—n()?=-m (Area of circle = 7 %) Ans.
- = 4 A A A
Example 29. Evaluate (ﬁcF -dr by Stoke's Theorem, where F = Viextj-(x+2)k and
C is the boundary of triangle with vertices at (0, 0, 0), (1, 0, 0) and (1, 1, 0).
(U.P, I Semester, Winter 2000)

- -
Solution. We have, curl p = Vx F

i k
0 0 ) P A
— — — |=0i+j2(x-y)k
dx 0y oz Prj2x-y)
y2 x2 —(x+2)
We observe that z co-ordinate of each vertex of the triangle is zero.

Therefore, the triangle lies in the xy-plane.

A=k
N YA
curl Frn=[j+2(x-k].k=2(x-y). B(11)
In the figure, only xy-plane is considered.
The equation of the line OB is y = x \;//*
By Stoke’s theorem, we have
P ” (curl }?ﬁ) ds > >
$F-ar = 0[(©,0) A(1,0)
- s
_ 1 x _ _ 1 y2 *
= -[x=0-[y=02(x y)dxdy = 2‘[0{)9/—7} dx
o
1 2 2 3 1
=2I - dx=2jlx_dx=jlx2dx= 1 =1 Ans.
0 2 02 0 3 3
o

Example 30. Use the Stoke s Theorem to evaluate
I[(x+ 2y)dx + (x—z)dy + (y — 2) dz]
c
where c is the boundary of the triangle with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6) oriented

in the anti-clockwise direction.
Solution.

If?d_r) = I[(x+2y)dx+(x—z)dy+(y—z)dz]
c c

= [[c+29) 7+ (= 2) ]+ (v = 2) kL[ de + jdy + kdz]
C
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= _ » A n Z
F = (x+2y)1+(x—z)Aj+(y—z)k C#(O,O,G)
i ] k
VXF Ox dy 0z
x+2y x-z y-z
A 5 C . 0 By y
= A+D)I-(0-0)j+A-2)F=2 -k ©,3,0)
S 1s the surface of the plane f+l+i =1, A
2 3 6 x¥(2,0,0)
71 is the normal to the plane ABC.
20 A0 0 |[x y =z B’ (0, 3)
=Vo=li—+j—+k—||Z+Z=+Z2-1
Normal Vector ¢ [’ F Y 3y az} [2*' 3 + G }
i oJ k1 s
>T3%% 6(31+2]+k)
é(3f+2}+l€) X o 5
n = = Bi+2j+k) (0, 0) 2 0
é\/9+4+1 Ji4 @0
VxF) i = @ -B G +2)+k) = ——6-1) = —
on = _— — = e—_— —_— = —
N N N

- = 2 .
J’CF.dr _ Hs(curlF)mds o
5 5 ly
= ds = =
.Us\/ﬁ \/ﬁﬂ. T 5[ dxdy
k. Bi+2j+k)
V14

where R is the projection of S on the x y-plane i.e.triangle OAB.

= 5. Area of triangle OAB = %(2)( 3)=15 Ans.

Example 31. Evaluate (ﬁc }?d_)r by Stoke s Theorem, where }_7)= (> +yi-2xp ) andC

is the boundary of the rectangle x =t a,y=0andy =b. (U.P, I Semester, Winter 2002)
Solution. Since the z co-ordinate of each vertex of the given rectangle is zero, hence the given
rectangle must lie in the xy-plane.

Here, the co-ordinates of 4, B, C and D are (a, 0), (a, b), (- a, b) and (- a, 0) respectively.

I A 12 Ya
1 J
& y=ib
Curl F = i i i =—4yk Cab) N sl
dx dy 0z Y
x> +y? —2xy 0 x=-a\ Ax=a
Here, n = Ié, so by Stoke’s theorem, we’ve
- - = . y=0
. 4 > X
(ﬁcp.dr = ”ScurlF nds DCa0) O A0

. R a b
= [[[cayby-tdxdy = -4 [ [ ydedy

x=—ay=0
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a 2 b a

=—4[| L] av=-20" [dr=-4ab’ Ans.
—a 2 [] -a

Example 32. Apply Stoke s Theorem to calculate I Ay dx+2zdy+6ydz

where c is the curve of intersection of x> + y? + 2> = 6 zand z = x + 3.
- -
Solution. I F-dr = L4ydx+2zdy+6ydz
c

I (4yf+2z}‘+6yl€)~(fdx+}dy+l€dz)

F=4yi+27+6yk
ik
L ola 8 9 |=(6-2i-0-0j+0-4k
VXE =10x 0y 0z |=4i-4i
4y 2z 6y

S is the surface of the circle x? +y? + 22 = 6z, z= x + 3,7 is normal to the plane x —z +3 =0

~d ~0 20
~ 0 > 0 k— _ 3 . R .
Vo [lax+jay+ azj(x Z+3) i-k i-

vl Vol S+l 2

by

A

n N
(VxF)-h=@i-4k) 22 =444 _4p

N
Fedr= || (curl F)-Aids = (dx dz) = 442 (area of circle)
[ Far ff [[ 42 (dcdo) = 43

Centre of the sphere x2 + )2 + (z — 3)2 =9, (0, 0, 3) lies on the plane z = x + 3. It means that
the given circle is a great circle of sphere, where radius of the circle is equal to the radius of the
sphere.

Radius of circle= 3, Area=n (3)2=9 1

[[((VxF)-fids = aJ209m)=36v2 1 Ans.
Example 33. I erify Stoke s Theorem for the function F = zi + xj‘ + ylé, where C is the unit

circle in xy-plane bounding the hemisphere z = ,[(I—x2 —-y%). (U.P, I Semester Comp. 2002)

Solution. Here F=zi+ xj +y13- (D

Also, ;=xf+y}‘+zlé = E:dxf+dy}‘+dzl€

. f.5=zdx+xdy+ydz‘

- § F-dr = $(zdc+xdy+ydo). ()

On the circle C, x? + 3% = 1, z = 0 on the xy-plane. Hence on C, we have z = 0 so that dz = 0.
Hence (2) reduces to AZ

§ Fdr = $ox v .0
Now the parametric equations of C, i.e., x* +3? = 1 are
x = cos ¢, y = sin ¢. (4 0 Y
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-

2
Using (4), (3) reduces to <ﬁ F.dr i

¢

2nl+cos2<|)

I
[S—

Ocoscl)coscl)dcl) I do

[orinze]"_, o

Let P(x, y, z) be any point on the surface of the hemlsphere x? + 3%+ z2 =1, O origin is the
centre of the sphere.

Radius =OP = xi + yj+ zk

MI—-

Normal = xi + yj + zk
xi+yj+zk

N

(Radius 1s L to tangent i.e. Radius is normal)

= =xi+yj+zk

x=smn0Ocosd, y=sinOsin¢d, z=cosHO ..(6)
A =sinOcosd i +sinOsin j +cos O k
i ] k
Also, Cul F =|0/0x 3/0y 9/9z|=i+j+k (D
z x y

Curl F.py = (+j+k).(sinOcos i +sin Osin ¢ ] +sin 6 k)
=sin O cos ¢ + sin O sin ¢ + cos O

- n/2 p20 A A ~
[[cot Fonas = [, J, G +7+8
.(sin © cos ¢ i + sin O sin ¢ j +cos O lé)sin@d@d(l)
= J.:izosinGdej.:’_to(sinGcos<|)+sinesin<|)+cose)d<|)
[+ dS = Elementary area on hemisphere = sin 6 d 6 do]
n/2 . . . 2 n/2 .
= Io sin 6 dO[sin O sin ¢+ sin O (—cos ¢) + pcos O] = Io sin 6d6

/2
= Ion/2(0+0+2nsinecose)d6 = nj.omzsin2ede _ n[— cos2e}
2 o

=—-m)[-1-11=m
- -
From (5) and (8), éc F-dr = I I curl -7 d S, which verifies Stokes’s theorem.
s

Example 34. Terify Stoke s theorem for the vector field F = (2x - y) i- yz* ] - zk over

the upper half of the surface x* + y*> + z2 = 1 bounded by its projection on xy- plane.
(Nagpur University, Summer 2001)

Solution. Let S be the upper half surface of the sphere x? + y? + z2 = 1. The boundary C or S
is a circle in the xy plane of radius unity and centre O. The equation of C are x*> + y? = 1,
z = 0 whose parametric form is
x=cost,y=sint,z=0,0<t<2n

J.C}?d_; = IC[(2x—y)iA—yzsz‘—yzzlé]‘[iAdx+jA‘dy+I€dz]
= IC[(2x—y) dx — yz2 dy—yzz dz]
= IC(2x—y)dx, sinceonC,z=0and 2z=0

2 . dx 2m . .
= Io (2cost—smt);dt=jo (2cost—sint) (—sin ¢) dt
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= I 2n(— sin 2¢ + sin’ £) dt = I Zn(_ sin2¢ + ﬂ] dt
0 0 2
(cos2t ¢ sin2t]”" 1 1

= +—— =—4+n-—=7 (D
L2 2 4 ], 2 2

i ] k
92 9 9
Cul 7 =| 0 0y 0z |=(-2yz+2y2)i+(0-0)j+O0+Dk=k
2x—y —yz2 -y’z
Curl F n==kn k

de dy z

H Curl F.hds = H A.kds= H Ak. e
Where R is the projection of S on xy-plane.

dx dy ’
_{ ij;d»: 4f 1= de "
=4[2 1- x? +—sm x} = [ } ’ e,

From (1) and (2), we have

)/

Icf? . d_r) = I Curl F . ids which is the Stoke's theorem. Ans.
Example 35. Terify Stoke s Theorem for

- A A A
F=(x? +y—-4)i +3xyj+(2xz+zz)k
over the surface of hemisphere x* + y* + z* = 16 above the xy-plane.

- -
Solution. LF -dr, where c is the boundary of the circle x2 + 2 + 22 = 16
(bounding the hemispherical surface)
I [ +y—4)i+3xy +(Q2xz+ 22)I€]~(fdx + jdy)
4

L[(xz +y—-4dx+3xydy)
Putting x=4cosey 4sm0B,dce=-4sin0d0,dy=4cosBd0
=I [(l6cos 0+4sin0-4) (- 4sm6d6)+(192smecos Gde)]

16‘[0 [—4cos O'sin 6 —sin’® 0 + sin 0 + 12 sin O cos? 0]do

16 I;n(8 sin® cos? O — sin® O + sin 0)do

Ioznsin” BcosOdO=0

2 .2
=-16 0d06
Io S I;ncos"esin6d6=0
T
> In
= - 2sin? = —64| == | =_
164 [ 2sin* 0 6 64(2 2] 16 A
i ] k
) 5 ) ) )
To evaluate surface integral v x = o g 5%

> +y-4 3xp 2xz+2z°
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=0-0i-2z-0)j+@y-Dk=-22+C@y-Dk

ve [fi+ji+léaa—zj(x2+y2+zz—l6)

Vo Ox dy
IV ¢l [V ol
_ 2xi+2y+2zk _ xity+tzk _ xi+y+zk
\/4x2+4y2+4z2 \/x2+y2+z2 4
(Vx;?))~ﬁ=[—2zf+(3y—l)lé].w= ~2yz+(3y-Dz
4
4
ds=;dxdy
o -2yz+@By-Dz(4
[[oxFy-ids =[] y ~dsdy

[[l-2y+@y-Didxdy = [[(-Daedy
On putting x =rcos 6,y =rsin 0, dc dy =r d 0 dr, we get
= [[sino-Drdodr = [d6f ¢ sin0-r)dr

2n 3 2 4 2n
[dao|Zsino-2| - jde(ﬁsme—sj
A 2), "1

64 64
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= —ﬁcose—86 =——-16n+—=_1J61
3 3 3

0

The line integral is equal to the surface integral, hence Stoke’s Theorem is verified. Proved.

Example 36. Ierify Stoke s theorem for a vector field defined by }_7) = - Y i+ 2xy}‘ in

the rectangular in xy-plane bounded by lines x =0,x =a,y =0,y = b.

(Nagpur University, Summer 2000)

- - - .
Solution. Here we have to verify Stoke’s theorem I cF dr = H S(V X F).nds
Where ‘C’ be the boundary of rectangle (4BCD) and S be the surface enclosed by curve C.

-

F=(-)y)i+Qx) ]

F.dr = [ =)+ 20 ]1.1F de + j b
= F.dr =02+ de+ 2 dy (D
Now, J.CF‘dr = IOAF. dr +IABF. dr +IBCF. dr +ICOF.dr Q)
Along OA, put y = 0 so that k dy = 0 in (1) and E;r = x? dx,
Where x is from O to a. .
i a o ﬁ —ﬁ
IOAF.dr=IOx dx = |73 . 3 ..(3)

Along AB, putx = a so that dx =0 1in (1), we get 7 7, = 2ay dy
Where y is from O to 5.

I E ;r=jb2a dy = [ay*]] = ab? @)

PR . 2y Y IS
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Along BC, put y = band dy = 0in (1) we get F.dr = (x* - b?) dx,
where x 1s from a to 0.

83

3 ..(5)
a

Along CO, put x = 0 and dx = 0 in (1), we get E‘Jr=0 Ay

- > y=b P B
. J.COF‘ dr =0 (6 © “(a, b)
Putting the values of integrals (3), (4), (5) and (6) in (2), -6
we get x=0y Ax=a

- - a3 a3

J‘ F dr = ?+ab2—?+ab2+0=2ab2 (7 1A 5x
c

O y=0

Now we have to evaluate R.H.S. of Stoke’s Theorem i.e. HS(V X F).nds
We have,

i j ok
0 0 0 N .
=| — — —|=Qy+2y)k=4yk
VxF 5 99 34 (2y +2y) y
x* - y2 2xy O
Also the unit vector normal to the surface S in outward direction is 7=k
(- z-axis is normal to surface .S)
Also in xy-plane ds = dx dy
jjS(VxF).n.ds = HR4yk‘kdxaj/=‘UR4ydxdy‘
Where R be the region of the surface S.

Consider a strip parallel to y-axis. This strip starts on line y = O (i.e. x-axis) and end on the line

y = b, We move this strip from x = 0 (y-axis) to x = a to cover complete region R.

HS(VXE).ﬁ.ds = I:U;4ydy]dx=jj[2y2]3 dx

a
= j , 267 dx=2b% [x]§ = 2ab’ (8
From (7) and (8), we get
I c F.dr = HS(V x F) . hds and hence the Stoke’s theorem is verified.
Example 37. Terify Stoke s Theorem for the function
F =% -xj
integrated round the square in the plane z = 0 and bounded by the lines
x=0y=0x=a y=a v
A
- - A
Solution. We have, F = X’ - xy c y=4 B
i ]k
i o2 2D
ox dy oz «
¥ —xp 0 3 y=0 A

(0-0)i—(0-0)j+(-y—0)k=—yk (7 Ltoxyplaneie. k)
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[ (vxF)-ids = [J = k)-k dx dy

a a a 274 2
= Idxj—ydy = Idx{—y?} = —%(X)S = _a? (D
0 0 0 0

To obtain line integral

- >
[Frdr = [T —xp)-Gdc+ ] dy) = [ de—xp dy)
c

where c 1s the path OABCO as shown in the figurec

- - - - -
Also, [Fe-dr = [ Fdr_ [Fdrs [Fdr+ [Fdr+ [Fdr Q)
- 0A4BCO 04 4B BC co
Along OA4, y=0,dy=0
=7 line | Eq. of Lower | Upper
F-dr = X2 — xyd q pp
Jou Jou O =) line limit | limit
a2, & 4 OA|y=0 |dy=0/{x=0 | x=a
=on = ?0=? AB |x=a |dc=0ly=0 | y=a
Along AB, x =a,dx=0 BC|ly=a |d=0|x=a | x=0
CO|x=0 |dc=0|y=a | y=0

[ Fdr =[,0" dc-xydy)

274 3
_fe_ —_gql2 | = _@
_Io aydy = a{z} =_2

0
Along BC, y=a,dy=0

3 3
- - 2 ) X a
. = d — d = X dx = | — - -
IBCF dr .[Bc(x x — xy dy) L {3 l 3
Along CO, x=0,dx=0
- - )
J.coF.dr . .[co(x de—xydy) =0
Putting the values of these integrals in (2), we have
N P &
J'CF.dr =?—7—?+0= > ~(3)
- o -2 2
From (1) and (3), H(V xF)-nds = IF r
s C
Hence, Stoke’s Theorem is verified. Ans.

Example 38. lerify Stoke’s Theorem for 1? =(x+y)i +Qx-2) jA +( +2) k for the
surface of a triangular lamina with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6).

(Nagpur University 2004, K. U. Dec. 2009, 2008, AM.LE.TE., Summer 2000)
Solution. Here the path of integration ¢ consists of the straight lines AB, BC, CA where the
co-ordinates of A, B, C and (2, 0, 0), (0, 3, 0) and (0, 0, 6) respectively. Let S be the plane
surface of triangle ABC bounded by C. Let 7 be unit normal vector to surface S. Then by
Stoke’s Theorem, we must have

@c;; - ‘USCurl}?ﬁ ds (D
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-

LHS. of ()= [ F-dr IABE“’_;*IBCE“’_’)*ICAE’

Along line 4B, z = 0, equation of 4B is §+ % =1

3 3
==-Q2-x),dy = —=dx
= y 2( ), dy )
AtA,x=2,AtB,x=0,7 = xi +y]
. ‘A n NI o
I F-dr = IAB[(x+y)z +2x7 + yk]-(idx + jdy)
AB

85

= I 1B (x+y)dx+2xdy | line | Eq.of Lower | Upper
J_ [ 3x 3 line limit limit
= x+3——jdx+2x[——dxj At 4 | At B
4B 2 2 AB £+X:1dy:_idx
) 0 2 3 2 x=2 | x=0
=IO(—7—x+3jdx= LA z=0
2 2 4 5 y oz At B | At C
7-6=+ ‘ ‘ 36 y=3 | y=0
Along line BC, x = 0, Equation of BC is =0
y z
EAN =6-2y dz=—2d At C | At 4
376 O paT oy CA | Z+Z=1|de=— 34
.. 26 x=0 | x=2
AtB,y=3,AtC,y=0, 7 = ¥ +zk =0

- -
IBCF~dr= IBC[yl:'Zj+(y+2)k]~(jdy+kd2) = IBC—zdy+(y+ z)dz
= ‘[3(—6+2y)dy+(y+6—2y)(—2dy)
0
= [, y-18)dy=2" -18))3 =36
Along line CA, y =0, Eq. of CA 2.z =1 or z=6-3x,dz=-3dx

2 6
AtC,x=0,atA, x=2, 7 = xi +zk

- = n ~ A N A
[ Fodr = [ Ixf +@x=2) j+ zk)-[axf + dzk) = [, Cede + zd2)

Iozxdx+(6—3x) (—3dx) = IOZ(IOx—l8) dx = [5x* —18x](2) =_16

- - - = - - - -
LHS of (I) = [ Fedr = [ pFedr+| Fdr+| Fedr=1+36-16=2l
A T Y . .
Curl F=VxF =|lo-+]—+k—|X[c+»)i+Q2x=2)j+(+2)k]
Ox dy 0z
i b k
) ) ) A o A A
— — — [=0+Di-0-0,+Q2-Dk=2i +k
% 3 % |TOrbi-e-0jre-DE-2
x+y 2x—z y+z
Equation of the plane of ABC is §+§+g =1

Normal to the plane ABC is

(2)
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dx dy

= A n ~ 1 n ~ ~

RHS. of (1) = ”scurlF-nds = Hs(2i+k)~T(3i+2j+k) —
4 — Gi+2j+k)k

Jia

= 7 [[dxdy =7 Area of A OAB

‘U (6 + 1) dx dy

ﬁ
7[%x2x3j =21 ..(3)

with the help of (2) and (3) we find (1) is true and so Stoke’s Theorem is verified.
Example 39. lerify Stoke s Theorem for

F=@—z+i +@z+4) ] -2k
over the surface of a cube x = 0,y = 0,z =0,x = 2,y = 2, z = 2 above the XOY plane
(open the bottom). (DU, I Sem. 2012)
Solution. Consider the surface of the cube as shown in the figure. Bounding path is OABCO
shown by arrows.

j?«“).z_ir = [l -2+ 7+ (yz+4) ] - (x2) k]-(idx + jaby + kdz)

¢ V4
= I(y —z+2)dx+ (yz+4)dy — xzdz (0,0,2),AF _.G(0,2,2)
2,0.2)Ef- 4
- > - > - > - > ( ) (2.2,2) B
IFdr: IF~dr+IF~dr+IF~dr+IF~ "
04 BC co o ) (0,2,0)
(15 Along 04, y = 0, dy 0,z=0,dz=0 2002 < =gt
B0 b 2
f Fedr= j 2dx=[2x]3 = 4 X (2:2,0)
04 ' T
2) AlongAB x=2.dv=02=0 dz=0 Line | Equ Lower | Upper | F. dr
of line limit | limit
— |4dy=4 - y=0|dy=0
IFdr I =402 -3 1loa | o lx=0|x=2]2d
4B z=0 | dz=0
(3)AlongBCy 2,dy=0,z=0,dz=0 x=2 | dx=
2| AB 7= | ds= y=0|y=2|4dy
IF j(z 0+2) de=(4x)) = _ =2 Tar=o
3| BC 0 | d&z=0 x=2 | x=0| 4dx
(4)AlongCOx 0,dx=0,z=0,dz=0 Z= Z =
N x=0 | dx=
[ Fedr=[(r-042)x0+©+ddy-0 | 4O |0 | gz=0 | V72 | Y70 |4
0
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=4fdy=40»3=-8
On putting the values of these integrals in (1), we get

- -
[Fdr =4+8-8-8=-4

c
To obtain surface integral

9 9 9
Vxl? = |ox dy 0z

y—z+2 yz+4 —xz
=O-0 i -(z+DJ+O0-Di=-yl +@-1DJ -k

Here we have to integrate over the five surfaces, ABDE, OCGF, BCGD, OAEF, DEFG.
Over the surface ABDE (x =2), p =i,ds=dy dz

[[vxF).ds = [[l-yi+@-1)j~klidedz=[[ ~y dy de
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z=f,(x,3)
= ”R[F3 (x. y, z)]z=f:(x,y) dx dy Surface Outward B
) ) 572 normal

=—J.ydyj.dz=—{y—} [z](2)=—4 1 | ABDE i dydz | x=2
o 0 2 |, 2 |oCcGF| -i |dvd:|x=0
Over the surface OCGF (x=0), 4 =—i,ds=dy dz 3 | BCGD J dcdz | y=2
v 1? 5 ds = N ni_f A P 4 OAEF —J dcdz | y=0
[JoxFyids = [[=yi+G-Dj-B-CDdvd <TG & Taa | -=2

2 2 y2 2
= J]ydydz=}[ydy£dz=2{7:|0=4

(3) Over the surface BCGD, (y =2), n=j, ds = dx dz

‘U(Vxl?)ﬁds = ”[—yiA+(z—l)jA‘—12]~]A‘dxdz
2

2 2
=—”(z—l)dxdz=jdxj(2_1)dz=—(x)%[é—z} =0
0

0
(4) Over the surface OAEF, (y =0), n =— ¥ ,ds =dx dz

([ x7yias = [[[=yi +@=-Dj-kl-(- )dcdz
2

2 2
- Jfe-bavas = facfie-vee = o (3] =g
0 0

0
(5) Over the surface DEFG, (z=2), n =k, ds=dx dy

”(Vx}_?))ﬁds = ”[—yf+(z—l)j‘—l€]~l€dxdy =— [[dxay
2 2
= Ja Jdr - g gt -4
Total surface integral =-4+4+0+0-4=-4

Thus ”Scurl }?ﬁ ds = I I?d_r) =_4

(4
which verifies Stoke’s Theorem.

Ans.
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EXERCISE 3.5

Use the Stoke’s Theorem to evaluate j y2dx +xydy+ xz dz,
c

where C is the bounding curve of the hemisphere x2 + 2 + z2 = 1, z > 0, oriented in the positive
direction. Ans. 0

Evaluate the integral for IC yzdx + z2aj/ + x2dz, where C is the triangular closed path joining the points

(0, 0, 0), (0, a, 0) and (0, 0, a) by transforming the integral to surface integral using Stoke’s Theorem.

a3

Ans. 3

- N N A
Verify Stoke’s Theorem for A =3yi — xzj + yz2k, where S is the surface of the paraboloid 2z = x2 + 32
bounded by z = 2 and c is its boundary traversed in the clockwise direction. Ans. -20 T

o 2.2 34 37 . 2, 2 _ 19
Evaluate ICF- dR where F=yi +xz°j—zy’k, Cisthecircl x* +y*=4, z=1.5 Ans. 71-;

Verify Stoke’s Theorem for the vector field
- . n A
F=Qy+2)i+(x-2)j+(y—-x)k

over the portion of the plane x + y + z = 1 cut off by the co-ordinate planes.

- - N A
Evaluate j F-dr by Stoke’s Theorem for F' =yz i + zx j + xp k and C is the curve of intersection of
4
2+yP=landy=z2 Ans. 0

- .
If F=(x-2z)i+(x+yz)j+3xy?k and S is the surface of the cone z = a — J(x? + y?) above the
-
xy-plane, show that Hscurl F-dS =3ma*/ 4.

A

- n
If F=3 yf - xyj + yz2k and S is the surface of the paraboloid 2z = x2 + 32 bounded by z = 2, show by
-
using Stoke’s Theorem that _US(V XF)-dS =20 m.

- A N ~ =g ;
IfF=0%+22-x)i+@+x* -y j+ P +y* - 25k, evaluate Icurl F -nds integrated over

the portion of the surface x + 2 — 2ax + az = 0 above the plane z = 0 and verify Stoke’s Theorem; where
n is unit vector normal to the surface. (AMILE.TE., Winter 20002) Ans. 2 Tt a3

Evaluate by using Stoke’s Theorem IC[Siﬂ z dx—cos xdy +sin y dz] where C is the boundary of

rectangle 0<x<m, 0<y<1, z=3. (DU, I Sem. 2012, AMIETE, June 2010) Ans. 2

3.8 GAUSS’S THEOREM OF DIVERGENCE

(Relation between surface integral and volume integral)
(U.P, Ist Semester, Jan., 2011, Dec, 2006)
Statement. The surface integral of the normal component of a vector function F taken around

a closed surface S is equal to the integral of the divergence of F taken over the volume I enclosed
by the surface S.

Mathematically
[ [ F A ds=[[[ divFaw
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- . n A
Proof. Let F=Fi + F,j + Fk.

5
Putting the values of F, 7 in the statement of the divergence theorem, we have

- A AN - 50
”SFli+F2 J+Fk-nds = ”IV[I +]$+k J(F i +F2]+F3k)dxdydz
oF, OF, OF

= fﬂig*g*gj dx dy dz (D

We require to prove (1).

Let us first evaluate ” —d’Cd dz .

oF; z=fy) OF
I, 2 ey e = [, [ [0 L] ey

= [[ 1B ey, )= Fs (e y, )l dx dy -(2)

For the upper part of the surface i.e. S,, we have
dx dy=ds,cosr,= A 2‘12 ds,
Again for the lower part of the surface i.e. S|, we have,
dxdy=—cosr,ds;=n, léals1

”RFs (x,y, fr)dedy = J.J.SZFz iy -k ds,

Putting these values in (2), we have

{If 9 4y - ([ Fiykdsy+[[ Fay-kds = [[ Fhkds e
V oz ) 8

Similarly, it can be shown that

0,5 & - Imiis @ %
I, = [ Fiids )
Adding (3), (4) & (5), we have
N
ox dy 0Oz
= [[[(Ri+F]+Fk-h-ds 0

= I”V(V‘F) dv= ‘U‘SF‘VA"dS Proved. %

- -
Example 40. State Gauss'’s Divergence theorem ”SF .nds = ﬂ] Div F dv where S is the

- . o A
surface of the sphere x* +y* +z2 =16 and F =3xi +4y j+ 5zk.

(Nagpur University, Winter 2004)
Solution. Statement of Gauss’s Divergence theorem is given in Art 24.8 on page 597.
Thus by Gauss’s divergence theorem,

jjsﬁ)‘ﬁds = jjvjvfdv Here F = 3x7 + 4y } +52%
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vV F - ;i+ji+l€i‘(3xf+4yj+5212)
dx Jdy dz

5
V.F=3+4+4+5=14
Putting the value of V . F, we get

J] F nds = ” Il4 dv where v is volume of a sphere
=14v
= 14_,1; 4)* = _3524”: Ans.

- - N N A
Example 41. Evaluate ”SF _hds where F =4xzi — y* j + yzk and S is the surface of the

cube bounded by x=0,x=1,y=0,y=1,z=0,z=1.
(U.P, Ist Semester, 2009, Nagpur University, Winter 2003)
Solution. By Divergence theorem,

”S;‘ﬁds=”v‘[(v‘;)dv

0

=‘m'v[f%+}ai B_J (xzi —y* ]+ yzk) dv

=1, I[—<4xz>+ -y )+—(y2)}dxdydz

= ” I(4z—2y+y) dxdydz
1

= ff f@z- )dxaj»dz_j j'[——yZJodxdy

= I; 15(222 —yz)}) dxdy =I; I;(2 —y)dxdy

2

Note: This question is directly solved as on example 14 on Page 574.

.~

(o) w3 3 il

= J’O[zy_—J dx—zjodx = 2[x]°_2(l)_2 Ans.
0

- - N N A
Example 42. Find J] F-h-ds, where F=Qx+32)i—(xz+y)j+ (0’ +22)k and S is
the surface of the sphere having centre (3, — 1, 2) and radius 3.
(AMIETE, Dec. 2010, U.P, I Semester, Winter 2005, 2000)
Solution. Let I"be the volume enclosed by the surface S.
By Divergence theorem, we’ve

[[ Feireas = [[[, dw F o

- 0 0 9
Now, divF = — (2x+32) + — [~ (ez + )]+ — (* + 22) =2_142=3
’ dx dy dz

ff eds = [If 3dv=3[[[ dv =31

Again V is the volume of a sphere of radius 3. Therefore

p=dns= in(3)3 =36
3 3

N
j JFids =31'=3x36m=1087 Ans.
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Example 43. Use Divergence Theorem to evaluate I SA_)~ dz ,

where 4 = 3 + y3j+ 23k and S is the surface of the sphere x* + y* + 2> = a’.

(AMIETE, Dec. 2009)
4

Solution. J] A-ds = ﬂ] divAdr

(i 20 Lk L) @i R bar 5
= [[[ 6x* +3y* +327ar = 3f[[ &7 + 52 + 2H)ar M .

On putting x = 7 sin 6 cos ¢, y = r sin O sin ¢, z = r cos 0, we get
T i

3[[[,* % sin0dr d0 dg) =3 x 8 fdcbfsmedej:r“ ax

: (Y @) 12
24 ($)2 (= cos 6)2 [%J = 24[ j( 0+ 1)[ : J 7;:a -
0

Example 44. Use divergence Theorem to show that

”SV (x2 +y2 + zZ)d: =61

where S is any closed surface enclosing volume 1. (U.P, I Semester, Winter 2002)
i PP IR (P +yr 4z
Solution. Here V (x* +y* +2z%) = 9% J 3y 92 y

2x1+2y1+2zl€=2(xf+y}+zl€)

IISV(xZ +y? +2%).ds ”SV(xZ +y? 420 -nds

f being outward drawn unit normal vector to S

= ‘U.SZ(xiA+yjA‘+zlé)~rAlds

2I”Vdiv(xf+y}+zlé) dv (D

(By Divergence Theorem)
(V being volume enclosed by S)

[fai+ji+léij-(xf+y}+zlé)

Now, div. (xi+yj+ zk)

0 dz
oy 0 _
C9x Oy az =3 @)
From (1) & (2), we have
J]V (x*+y? +2%).dS = 2.”.[;/3 dv = 6”IVdV =61 Proved.

Example 45. Evaluate .Us (22% + 2% + zzyzlé) ndS, where S is the part of the sphere

x? + 32 + 22 = I above the xy-plane and bounded by this plane.
Solution. Let I” be the volume enclosed by the surface S. Then by divergence Theorem, we
have

-Us (2% + 275 )+ 22y2]€) nds = ”IV div(y*2% + 22 + zzyzlé) dr

= I, [—0’ z )+ (Z ')+ = (z2y2)}d1’ =[[ 22y ar=2(] z*ar
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Changing to spherical polar coordinates by putting
x=rsinO@cosd, y=rsin@Osind, z=rcos®, dl'=r’sinb drdodd

To cover 7, the limits of » will be 0 to 1, those of 0 will be 0 to 5 and those of ¢ will be O to

2m.
2 [UV rdl =2 J.OZ“J.:/ZJ.; (r cos 0) (% sin? 6 sin® ¢) #* sin O-dr dO do

2 p /2 p1 5 . 3 .2
2‘[0 Io Ior sin” O cos O sin“ ¢ dr dO do
1

n 6
2 .[02“.[02 sin® 0 cos O sin? ¢ {%} do do

0

2 p2m . 2 2 1
— n —d — = — A
3 -[0 sin” ¢ 1 12 sm [0) d(l) 2 ns.

Example 46. Use Divergence Theorem to evaluate J]'S;“)dg where F =4xi -2 y2; + 2%k

and S is the surface bounding the regionx*> +y° =4,z = 0 and z = 3.
(AMIETE., Summer 2003, 2001)
Solution. By Divergence Theorem,

IIS;~dS= jjj div Fdl’ —

_Iﬂ [ +]—+kaj(4x1 2y2}‘+2212)dl'
= I”V(4—4y+2z)dxaj/dz

3
= dedyj(4—4y+ 22)dz = ”dx dy[4z —4dyz + 2°)
0

= jj(12—12y+9)dxdy = jj(zl—lzy)dxdy
Letus putx=rcos 6, y—rsme

[[@1-12rsin0)r dodr = Idef (217 1277 sin 6) dr

2
21
J'de {%—4;’ sme} - Ide (42—32sin6)=(426+32cose)(2)“
0 0 0

=84m+32-32=84mn Ans.
Example 47. Apply the Divergence Theorem to compute J] wn ds, where s is the surface of

the cylinder x* + y2 = a? bounded by the planes z = 0, z = b and where u =ix — jy + kz.
Solution. By Gauss’s Divergence Theorem

‘U;).ﬁds = J.J.J. (V~;))dv x4 yPe a2
- IIf, ’_+J—+k J(lx v+ kz)dv
= .[UV g_i_g_i gzjdv ﬂ] (1—l+l)dv

= ,[UV dv = I”de dy dz = \olume of the cylinder =m a®h Ans.
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Example 48. Apply Divergence Theorem to evaluate I”V}_?)‘ﬁds’ where

- ~ ~ A

F = 4x% —=x*y j+ x*zk and S is the surface of the cylinder x* + y> = a’ bounded by the
planes z = 0 and z = b. (U.P. Ist Semester, Dec. 2006)
Solution. We have,

}_7) = 4x% —x*y j+ x*zk
= iAi+A‘i+ka (43 = x* +xzk)
leF = ox ]ay dz y]
d 3., 0 2 2
=§(4x)+—(—xy)+—(x Z) =12x2 —x2 +x2 =12 x?

12 J.x——a-[yj_:/ZTJ.z 0x dz dy dx

Now, ” Vdiv ﬁ)dl'

= 12I:__ I x (z)0 dydx = 12bja x*(y) 0“22_’“22 dx
—ay——a—x akd —a“© —x

= l2bI_ax 2 \/a —x2 dx = 24b‘|.:x2 \/aZ - x? dx

= 48bj:x2 Ja* —x* dx [Put x = a sin 0, dx = a cos 0 do]

= 4817‘[1[/2(12 sin?@acosOacos0dO

—48ba4j sin? 0-cos? 0d0 = 48 pg* ’/’7
1
INBN

=48 ba4 2? =35b a4'n: Ans.

S
Example 49. Evaluate surface integral ” F-nds, where }_7) =+ +2) G+ j +k), S

is the surface of the tetrahedronx = 0,y = 0,z = 0,x +y + z = 2 and n is the unit normal in

the outward direction to the closed surface S.
Solution. By Divergence theorem

([ Fids = [If,div F-dv

where S is the surface of tetrahedron x =0,y =0,z=0,x+y +z=2
_ﬂj [l—+]—+k J(x +y G+ +E) dv z

”IV(2x+2y+2z)dv

2I”V(x+y+z)dxajzdz

2I;dx I;_xdy I;_x_y(x+y+ z)dz

5 5 2 2-x-y
—x z
2-[0de0 dy[xz+yz+7J
0
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Example 50.
”S(x dy dz + y dz dx + z dx dy)

where S is the portion of the plane x + 2y + 3 z = 6 which lies in the first Octant.
(U.P, I Semester, Winter 2003)

Solution. J] s

where S'is a closed surface boundmg a volume V.
”S(x dy dz + y dz dx + z dx dy)

Example 51.

Solution.

2
_ > _(2—x)3+(2—x)4_(2—x)4:| =2[§ 16+16} )

Mathematical Physics

2 2-x 2—x— 2
2-[0de0 aj/[2x—x2—xy+2y—xy—y2+%}

2-x
P @-x-y)
3 6

0

2I;dx{2xy—x2y—xy2+y2—y—

3 3
2I;dx{2x(2—x)—x2(2—x)—x(2—x)2+(2_x)2_(2‘3’0 +(2—6x) }

3 3
2‘[2 4x—2x2—2x2+x3—4x+4x2—x3+(2—x)2—(2 *) +(2 *)
0 3 6
3 4 4 N3 N4 a4
22x2_4i+x__22+4x X (2-x +(2 x)" (2-x
3 4 3 4 3 12 24 |,

Ans.

3 12 24 3 12 24

Use the Divergence Theorem to evaluate

([Ldvdz+ f, dedz + f5 dx dy)

(L L L avayas

ox dy 0
ﬂ] [_x §+ i} dx dy dz

- jij(1+1+ Ddxdydz = 3dexdydz
=3 (Volume of tetrahedron OABC)

3 [(% Area of the base A OAB) x height OC]

1(1
=3|=| =%x6%x3(x2]| =
[3 [2 j } 18 Ans.
Use Divergence Theorem to evaluate : II (xdy dz + y dz dx + z dx dy)
over the surface of a sphere radius a. (K. University, Dec. 2009)

Here, we have
” [xdydz+ydxdz+zdxdy]

o, of, ofs x dy 0
_m[l ;+ dedyd ={If, [aﬁ ai ai]dxdydz

=.UIV (1 +1+1)dxdydz =73 (volume of the sphere)

4
= 3(§na3j =4 a3 Ans.
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Example 52. Using the divergence theorem, evaluate the surface integral
J](yzdydz +zxdzdx + xy dy dx) where S : x*> +)? +z2 = 4.
s

(AMIETE, Dec. 2010, UP, I Sem., Dec 2008)
Solution. [| ((fi dvdz + f, dedz + f; dedy)

3f f, o
- I, a{cl af afzzjd‘b’dz

where S is closed surface bounding a volume .
”S(yzdydz + zx dx dz + xy dx dy)

[U [aa():) a(if) aa(xzy)dedydz _ ”IV(O+O+O)dxcb/dz

= Ans.

Example 53. Evaluate | js xz2? dydz+(Py—23) dz dx + Qxy + yPz) dx dy
where S is the surface of hemispherical region bounded by

z=a®>-x*-y? andz=0.

Solution. [[ (/i dvdz+ fydzde+ fyded) = [[f [afl a,()f;+afz]dxdydz

where S i1s a closed surface bounding a volume V.
”szz dy dz + (x%y — 2%)dz dx + Qxy + y*2) dx dy

d 2., 0 2 3., 0 2
= I”V[g(xz )+$(x y—z )+g(2xy+y z) |dx dy dz
(Here 1" is the volume of hemisphere)
= ”IV(ZZ +x* +y) dxdy dz
Letx=rsinOcosd,y=rsin0Osind, z=rcos 0

= [[[r* ¢* sin 0 dr d0 dg) = j;“dq)j(?smedej:r“ dr

a
5

5 5
- ¥ (- cose)m[SJ = 2n(—0+1)“? = 2”5“ Ans.
0

Example 54. Evaluate J] 1? .nds over the entire surface of the region above the xy-plane

bounded by the cone z2 = x? + 32 and the plane z = 4, if F = 4xzi + xyz*] + 3zk.

Szolutlon If V is the volume enclosed by S, then V is bounded by the surfaces z =0, z = 4,
2=x>+y%
By divergence theorem, we have A

-Us}_? nds = .U.[Vdiv F dx dy dz X2+ y?=16| z=4

9 Il
= ‘[‘UV|:ax (4xz) + y (xyz®) + 5 (32):| dx dy dz

= I”V(4z+x22+3)dxdydz Z=N\X+y

Limits of z are \/x? + y? and 4.
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dy dx

4
III\/—(4Z+x2 +3)dzdydx = ”{22 +—+3Z} Eree
= ”[[32 + S4x + l2j Q262+ )+ x(x2 + ¥ + 3m}} dy dx
- jj(44+647x—2(x2 + 1) —x(x2 + y1)Y? -3 +y2jdy dx

Putting x = r cos 6 and y = r sin 6, we have
= ”[44+@—2r2 —rcos0r3 —3rjrd6dr

Limits of 7 are O to 4.
and limits of 0 are 0 to 2m.

2
- j:“j:[44r+W—2r3 - cose—3r2Jd6dr

4
3 4 6
: 22r2+wf——r—cose—r3} d®
0

3 4 6
| M opay  SX@ c0sO B @ o 4y |de
0| 9 G
=j02" 350 4 S4X64 6—128—(6) cos 0 — 64}19
_ 160+ oax64 @) ol o
0 9 6
o 64x64 (4
={1606+[64>9<64 (46) Jsme} =l60(2n)+[ x (6) Jsm2n
0

=320m

Ans.

Example 55. The vector field }_)7 =x+z+ yzlé is defined over the volume of the cuboid
givenby 0<x<a,0<y<b,0=<z<c, enclosing the surface S. Evaluate the surface integral

- o
” s F.ds
Solution. By Divergence Theorem, we have
”S(xZ i+zj+yzk).ds= Iﬂvdiv (7 +zj+yzk)dv,
where I”is the volume of the cuboid enclosing the surface S.

= ﬂ] [ —+]—+kaaj (x? 1+z;+yzk)dv

(U.P, I Semester, Winter 2001)

- Iff v{; <x2)+$<z)+g<yz)} dedy s

= [ [P [ @rvyydrdyds = [fac [Ty [ @x+y)de
x=0Jy=0Jz=0 0 0 0
b a b

= jzdx I[2xz+yz]g dy=Ide(2xc+yc) dy
0 0 0 0
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a b a y2 b a b2
c}[dx}[(2x+y)dy=cj{2xy+—}0 dx=cj.[2bx+7Jd

0 2 0

2bxr b | .. ab? b
c +—| =c|la’b+—|=abc|la+— Ans.
2 2 o 2 2

Example 56. Ierify the divergence Theorem for the function = 2 x%yi —y% + 4 x z°k taken
over the region in the first octant bounded by y° + z° = 9 and x = 2.

Solution. H VVJ?dV ﬂ][z —+ ] —+ k J Qx* yz j+ 4xz’k) dV’

= [[[4x -2y +8x2) dedydz = I;dxj(jdyjo\/m(4xy—2y+8xz)dz
= J.Ozdxj.osdy (4xyz—2yz+4x22);)/9_7
= [lac [} Mo —y? —2pJ9- )7 +4x O dy

3

3
_J‘ de { 4X2 y2)3/2+§(9—y2)3/2+36w—4?} }
0

2 2
= I;(O+O+lO8x—36x+36x—l8)dx - I;(108x—18)dx - {108%—18x}

=216 -36 =180 (D
Here H Fnds = J] Fnds+ ” Fnds+ ” Fnds+ J] Fnds+ ” Fnds
BC, ABD BDEC
J] F-hds = J] (2x -y j+4x22k) nds z
BDEC BDEC A
Normal vector
=V¢ = ;i+}i+kAi (y2+22_9) (0,03) E D
Ox dy 0z
=2yj+2zk
. 2y +2zk 5 4 gk 20,0
Unit normal vector = # = WIS _ Wtz S { )>
\/4y2+4z2 \/y2+22 A X
~ ~ ~ ~ (0,3,0)
yitzk  yi+zk /C B
Vo 3 Y
» A [ + zk
II (2x2yl _y2j+4xz2k),uds = l ‘[[ (_y3 +4xz3)ds
BDEC 3 3BDEC
dxdy:ds(ﬁ‘k)=ds[w+Zk~1€J=ds§ords=dxdy
3 .
2 30y 2 y=3sin 6,
== dx ——+4xz
3 ” -y +4xz) .[0 Io[ 2 Jaﬁ’ [z=3cosej

BDEC
3

I I { ~2sin’ 0 +4x (9 cos? 6)}

3cos O
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= Izdx(— 27x£+108x><£j = Iz(—l8+72x)dx
0 3 3 0
2
= [—l8x+36x2]0 =108 Q)
J' }_«“).;,ds = J] Q@x*yi = y*j + 4xz*k)- (- k) ds
04BC 04BC
= ” 4xz%ds =0 ...(3) because in OABC xy-plane, z =0
0A4BC
e ~ ~ ~ ~
[[ Feivds = [[ @x®yi-y?j+ax?by)-(-rds = [[ y*ds =0 @
OADE OADE OAbDéEcause in OADE xz-plane, y =0
5
[[ Fhds _ [ @x?yi-y*j+ax’k)-(-Dyds = [[ -2x’yds =0 (5)
OCE OCE

¢ pecause in OCE yz-plane, x =0
| Frhds = [f @iyi- 2 v ast-Grds = [ 22y ds
ABD s i
= ”2x2y dydz = I(jdzj;/gz(zfydy because in ABD plane, x = 2
SOz e
- 8]03612{“"7} =4[ dz -2 = 4{92—%} =4[27-91=72 ..(6)

On adding (2), (3), (4), 0(5) and (6), we get ’

5
jjSF.ﬁds =108+0+0+0+72=180 (D

From (1) and (7), we have ‘UIVVJ?dI’ = ”Saﬁds

Hence the theorem is verified.
Example 57. Terify the Gauss divergence Theorem for

1? =(?-yz) i +(*—zx) j+ @*-x) k taken over the rectangular parallelopiped
0<x<a,0<y<h,0<z<ec (U.P, I Semester, Compartment 2002)
Solution. We have

N — ~ 0 ~ 0 ~ 0 n n A
divF =V.F = |i ——+]——+k— [ =y2)i + 0° = 2x) j + (2" - xp) k]
dx dy dz

d d d
=G —yZ)+$(y2 —2) 42— (2 =9 = et 2y + 2
-
. Volume integral = H SV EdV = I”V2(x+y+ z)dl’
a b c a b c
2szojyzojz=0(x+y+z)dxdydz = 2‘[0 dxj0 dyjO (x+y+2z)dz

2 4
2‘[0 dx I:dy [xz +yz+%l) = ZI:dx I:dy [cx+cy+§}

2 2.\
a c . 2 2
2J.de[cxy+cy7+7yJ =2J.0dx[bcx+b70+b%J
0
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) bex? N b?ex N chxT b 52 be?]
= = la*bc + ab“c + abc
2 2 2,
=abc(a+b+c) (A
-
To evaluate J] s F-nds, where S consists of six plane surfaces.
- g R g R - R
”SF‘”dS = .UOABCF.ndS-i-.UDEFGF.ndS-F.UOAFGF.ndS
- - -
+.UBCDEF.nds+.UABEFF.ndS+.UOCDGF.nds
[ Foids = [[ o467 =i + 0 —=x2)j + & =)k} (-B) de dy
04BC 04BC z
ab 5 G+ ___________ D
- —Ij(z - xy)dx dy ! i
F— |
00 A E[ |
ab 2 72 :____ ______:
= —[[o-wydeay = L2 o 6T g
00 Y KA B
- A A
”DEFGFm ds = ”DEFG{(xz —y2)i + (V2 —x2) ]+ (2% = xp)k} (k) dx dy
ab R ab S.No. Surface Outward
= II(Z —xp)dxdy = Ij(cz—xy)dxdy normal &
00 00 1 |OABC| =—k |dedy|z=0
a 27 F b’ 2 | DEFG| &k |dedy|z=
_ 2. xy _ 2b _ x_ e X ay z c
—I{c«" 7} d"‘g[c 2} 3 | OAFG | —j |dedz |y=0
0 0 4 | BCDE| [ | dvdz|v=b
2,274 24,2 . -
et X 4b _ bt b e 5 | ABEF 2 dydz | x - a
o 4 6 | OCDG —i dyvdz | x=0
[ Fivds = [[ et =324+ 0 =20+ & =) £} (=] de e
—”OAFG (y2 —zx)dx dz
a ¢ 2N a2 2 277 2 2
0 0 0 2 0 0 2 0 4
5
F.

—fdxf(lﬂ -xz)dz = f[b%-%} dx = f[b%—%}dx
0 0 0 0 0

2 27° 2 2
Plex—2F = abte-2°
4 4

0
IIABEF{(xZ —yz)f+(y2 —xz)j‘+(zz —xy)lé}wf dy dz

=
T
>
&
I

c

boc 5 ,
- -UABEF(xZ_yZ)aj)dZ = J.aj’j(aZ—yZ)dz = Idy[aZZ_%J
0 0 o

0

(@)
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b 2 227
2. Y¢ 2 ye b*c?
= ||ac——|dy = |a‘cy - } =a’be-—"_ (5
{[ 2 J [ 4 4 ©
= A SN SN SN S v}
[ oo Fivds = [ope i =y + 0 =200+ (2 = x )k} (D) dy dz

= J‘Obj‘oc(xZ_yz)dydz = _I;dy.[; (-yz)dz = _I:dJ’|:_y222:|
0

2

b
= Ibyc2_ = yzc = b202 (6)
05 ly ra 1

Adding (1), (2), (3), (4), (5) and (6), we get

- a*b? , a’b? a®c? 5 a®c?
HF.nds=[ 2 + | abc _T+ 2 +|ab“c— ,

2 2 2 2
+ be + a2bc—b ¢
4 4
= gbc? + ab* + a*bc

=abc(a+b+c) ..(B)
From (A) and (B), Gauss divergence Theorem is verified. Verified.

- . . -
Example 58. Jerify Divergence Theorem, given that F =4xzi —y*j+ yz k and S is the
surface of the cube bounded by the planes x = 0, x =1, y=0,y=1,z=0,z = 1.

- 20 ~0 70 L n 4
Solution. V-F = [l E 5”‘5)'(4 i =y J +yzk) 00.1) 9A:_Z_ ________ D
=4z-2y+y it ! s
— - s 1
=4z-y F : E !
- I H
Volume Integral = ” V.Fav T !
1
~ [[faz-n vy S B A
e .2 (0,1,0)
1 el el . .
= Iodxjodyjo(4z—y) dz Xx’A (1,0,0) B
1 1 1 1 1
= Jyac [ b @2 —yayy = [ de [ dy2-)
1 2! 1 1 3 3 3
= —y— = _— = — ! = — 1 = —
= Iodx[2y ; JO jodx(z 2) 2j0dx_2(x)0 > (D
- A
To evaluate .Us F-n ds, where S consists of six plane surfaces.
(i) Over the face OABC , z=0,dz=0, i =— [, ds = dx dy
- . n
[[Fads=[ [ )y h-hdedy=0 [SNo Al
(i) Over the face BCDE, y=1,dy=0 1 OABC =0 |dz=0| —k| dxdy
ﬁ=j,ds=cbcdz 2 BCDE| y=1 |dy=0| j |dxdz
Lol 3 DEFG| z= dz=0| k |dxdy
= |, ], dxdz 4 | OCDG| x=0 |dc=0] —i| dyd
N el . 5 | AOGF| x=0 |dy=0| —j| dxdz
[[F-rds = [ [ ,(4xzi = j+2k)-(dedz [ 6 | ABEF | x=1 |dx=0] i |dvd
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= [lacfld = - @ =-DHD=-1
(iif) Over the face DEFG z=1,dz=0, i = k ,ds =dx dy
[[Fids = [, [ l4x D=y + y O R1-Gra dy
1
o = faefyrir = o[ ) <5
(iv) Over the face OCDG x=0,dx=0, A =— i, ds=dy dz
[[Foiids = [)[ 07 =]+ yah)-(-D)dydz = 0
(v) Over the face AOGE y=0,dy=0, A =— ], ds=dx dz
jjf?.ﬁds - I;I;(4xzf)-(—})dxdz -0
(vi) Over the face ABEF, x =1,dx=0, 4 =i, ds=dydz
‘Uf?ﬁds = I;I;[@zf—y2]A‘+sz€)~(iA)]dydz = I;I;4zdydz

1 1 1 241 1
= Iody Io4z dz = Ioafv 2z%)y =2 Iody =9 (y)}) =2
On adding we see that over the whole surface

”;’_ﬁds =(0—1+%+0+0+2)=% @
From (1) and (2), we have ‘[UVVI? dv = .Us}? -nds Verified.

Example 60. Evaluate integral:
I= #(x3dy dz + x*y dz dx + x*z dx dy) (Delhi University, April 2010)
S

Where s is the surface bounded by z = 0, z = 4 and x*> + )? = 9.
Solution. We have,

I = #(x3dy dz + x%y dz dx + x*z dx dy)
s
Where S is the surface bounded by z=0,z=4 and x> +1)? =9
R R n -
I = #(x% +x2yj+x2zk)‘ds

s
Apply Gauss’s divergence theorem

ZAN

fpd.ds - ﬁ(V‘Z)dv
s . 4
A= x3f+x2)/f+x2212

- y
V.4 =3x2+x%+ x2=5x2

S
@Z‘dg - ﬁﬁ(V‘A)dV:{:ﬂ)szdV X
H v v
Convert into cylinder co-ordinate system.

x =rcos 0, dl"=r drdodz

x2+y2=9,z=0
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<jjj>5x2 dr
14

5

T4
j j 2 cos? 0 rdr dO dz
00

5 (r3dr

O ey W) O ey WO

3
cos? 0 do jdz = [:} ( J(4)_@ Ans.
0

EXERCISE 3.6

O ey

1.  Use Divergence Theorem to evaluate _Us(yzzzf + szzj + xzyzlé)‘aa

243n
8

2.  Evaluate H (Vx F) ds, where S is the surface of the paraboloid x2 + 2 + z = 4 above the xy-plane and

where S is the upper part of the sphere x2 + 32 + 22 = 9 above xy- plane. Ans.

F (x +y- 4)1+3)gy]+(2xz+z)k Ans. -4 1
3.  Evaluate JL[XZ dydz+(x*y - 2°) dz dx + (2xy + y*z) dx dy], where S is the surface enclosing a
region bounded by hemisphere x2 + 32 + z2 = 4 above X¥-plane.

= A on . 3
4. Verify Divergence Theorem for F = x% + zj + yzk, taken over the cube bounded by Ans. 3

x=0,x=1L,y=0,y=1,2z=0,z=1.

N N ~ b4
5. Evaluate HS(2X.)/i +yz°] + x2k)-ds over the surface of the region bounded by

351
x=0,y=0,y=3,z=0andx+2z=6 Ans.T
- ~
6.  Verify Divergence Theorem for F =(x+ y*)i — 2 xj + 2 yzk and the volume of a tetrahedron bounded

by co-ordinate planes and the plane 2 x + y +2 z = 6.
(Nagpur, Winter 2000, AM.IE.TE.. Winter 2000)

- . A
7. Verify Divergence Theorem for the function F =i + xj + 2% k over the region bounded by
x2+3y*=9, z=0 and z=2.
8.  Evaluate the integral Hs(zZ —x)dy dz — xy dx dz + 3z dx dy, where S is the surface of closed region

bounded by z = 4 — y? and planes x = 0, x = 3, z = 0 by transforming it with the help of Divergence
Theorem to a triple integral‘ Ans. 16

9. Evaluate H \/ >

over the closed surface of the ellipsoid ax? + by? + ¢z = 1 by
24 b2 V2 4 22

47

J@abo)

applying Divergence Theorem. Ans.

10. Apply Divergence Theorem to evaluate .U(l x* +my? +nz%)ds

taken over the sphere (x — a)? + (y — b)? + (z — ¢)> =2, I, m, n being the direction cosines of the external

normal to the sphere. (AMIETE June 2010, 2009) Ans. 8_1t (a+b+c) 3
3

11.  Show that ”I_‘;(MV-P_')+Vu-L_'))dv _ ‘Usu;-ds‘

12. IfE =grad ¢ and V2<|) =4 1 p, prove that ‘USE).Z)ds = —41t‘”jpdv
v

where 7 is the outward unit normal vector, while dS and dJ” are respectively surface and volume
elements.
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Pick up the correct option from the following:

N - -
13. If F is the velocity of a fluid particle then IF .dr represents.

(a) Work done (b) Circulation ¢ (¢) Flux (d) Conservative field.
(U.P. Ist Semester, Dec 2009) Ans. (b)

14. If 7 —ax i+ by 7)+ cz F, a, b, ¢, constants, then Hf .dS where S is the surface of a unit sphere is
T 4
(a)g(a+b+c) (b)gn(a+b+c) (¢) 2m(a+b+c) @mn@+b+o
(U.P, Ist Semester, 2009) Ans. (b)
N
15. A force field F is said to be conservative if

(a) Curl }_?)=0 (b) grad F =0 (¢)Div F=0 (d)Curl (grad F)=0
(AMIETE, Dec. 2006) Ans. (a)
16. The line integral jcxz dx + y2 dy, where C is the boundary of the region x2 + y? < a? equals

@0, () a ©mna? @ ma’
(AMIETE, Dec. 2006) Ans. (b)
3.9 DEDUCTIONS FROM GAUSS DIVERGENCE THEOREM

Gauss’s Law. Gauss’s law of electrostatics states that the total electric flux through a closed

surface 1s equal to c times the total charge enclosed by the surface.
0

In mathematical form it may be expressed as

4 , if charge ¢ lies inside the closed surface
j j E.dS=4¢,’

0, if charge q lies outside the closed surface

where €, is the absolute permitivity of free space.
Proof. Let a point charge g be placed at the origin. The electric field strength due to point

charge at any point having position vector PET given by

1

qr

E= ¢!
dne, ° M

Case (a): When ongin O lies outside the closed surface S:
We know Gauss divergence theorem,

H E . ds —jjj divE dl = .m div % dav From (1)

4’t€o Iy v rz3 d [[ Jr+riv r]dV
1] [-%77313]‘”

4TC€0 vV

- - -
r

=0 Codivm=mrm2 F div e =3, 7 . 7 =)

Hence, the total electric flux (_UE .dS ] through closed surface is zero when the surface does
s
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not include the origin (i.e., charge where the integrands
are not defined. This is the second part of Gauss’s law.

Case (b): When origin O lies inside the closed
surface S.

We surround the origin with a small sphere S” of
radius a. Imagine the volume outside the outer surface S
and inside the surface S” connected by a small hole. This
joins surface S and S’, combining them into one single
simply connected closed surface. As the radius of the
imaginary hole may be made vanishingly small, there 1s
no additional contributes to the surface integral. Gauss
divergence theorem is applicable between S and S".

SIJS, E.dS= ISI E.dS+ ISI E‘dS'=J‘I.‘;J‘ div E v’

.‘;“E‘dS+.g E.dS

On putting the value of E from (1), we get

41te0

Thus, | E.das=-[[ E.as
N s’

On putting the value of E from (1), we get

[I Pt dS

The integral on R.H.S. is evaluated as follows:

41te0

q

.m V.| = |dlI"= 0 since r # 0 between S and S’.
r

Mathematical Physics

A
T

i

N
(@]
S

.3

das’
On surface S', | r|=a,dS" = 7/ dS" and 2" dQ is an element of solid angle subtended by

the surface dS” at O and ;' is the unit vector along the outward drawn normal on surface dS’.

Obviously, the outward drawn normal ;- is in the negative radial direction, 7 =—# ie 7.7 =-I
= H _U ar.(r)dS _U ar. r(a dQ J‘ 4O = 4n
a’ s
_4q
Putting the value of this integral in (3), we get .U = (4m) = a )
s

So the first part is proved.
Hence the Gauss’s law is proved.

2. Gauss’s law in differential form. Let volume 1" enclosed by surface S in electric field of

varying charge density p, then by Gauss’s law of electrostatics

|
_U E.dS= g x charge enclosed within surface S =— j” pdl’
S

. (5

=<\
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On applying Gauss divergence theorem to electric field E, we get

ISI E.dS- II[I div E dv .. (6)

Comparing equations (5) and (6), we get

II[I divEdV=é Iy pdl”

or JIf [div E- ﬂj =0
v €o
As the volume, over which integration takes place, is arbitrary, therefore, we must have

p
. Ly
div E =

‘ o _ P
Le. divE = = .. (D

This is the different form of Gauss’s law.
3. Poisson’s equation and Laplace’s equation:
If E and ¢ are the electric field strength and electric potential respectively, then

=—grad ¢
Replacing E by — grad ¢ in equation (7), we get
div grad ¢ = - £
€o
N vve =-F . ®)
o
0? 9% 0°
The operator div grad = V.V =V? | = — + — +— | is called the Laplacian. (8) is written as
ox® oy oz
p
Vi =- — 9
¢ e ®)

This 1s Poisson’s equation.
In the charge free region, volume charge density p = 0; so that equation (9) becomes

Vi =0 .. (10
This 1s called the Laplace’s equation.

3.10 HELMHOLTZ THEOREM

Statement. Any general vector J"(for which div J"# 0 and curl I"# 0) may be expressed as the
sum of two parts, one of which is irrotational and the other is solenoidal.
Proof. Asdiv]l"#0and url I"# 0, let

divV=V . V=sandcurl '= VX I"=¢ .. (D
where s and ¢ represent charge and current densities respectively, both vanishing at infinity.
To show that the given vector V is written as

I'=—gradp+curl4d=-Vo+Vx4 . (2)
V ¢ being irrotational and V x A being solenoidal.
Ifr ie., (x,y,,2z) and r, i€, (x,, y,, Z,), indicate the source and field points respectively, then
Fa =l ry =y 1= [0 =)+ 0 = 1) + (&~ 2,117 -3
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In particular ¢ and 4 corresponding to scalar and vector potentials respectively are given by

¢<r§’)=ﬁjﬂs$)dw @
A<2)=ﬁmc$)dw - G)

5
where dv, is an element of volume around source point # . Of course s (charge density) and

¢ (current density) must vanish sufficiently rapidly at large distances.

Equation (2) represents I”in the desired form, resolved into irrorational and solenoidal parts.
With the scalar and vector potentials ¢ and I given by equations (4) and (5) if we show that J”
satisfies the conditions given by equation (1), then the validity of equation (2) will be proved thus
verifying Helmholtz theorem.

By the divergence of 1"

div = div (—grad ¢ + curl 4) = — div grad ¢ + div curl 4

=—V.V [*e div curl A = 0]
s ()
Thus div 1= v2g ==V g0 JIf S22 -.(6) [From (4)]

The Laplacian operator y?2 operates on the field coordinates (x,, y,, z,) and so commutes with
the integration with respect to (x,, y,, z,); so that we have

div] = [Us (1) Vz [r Jdvl .. (D

In Art. 3.9, we have shown in the development of Gauss’s law that

-

M9 | & |- g5 (a1, ®

0 if the volume did not include the origin and 4 if the volume included the origin (» = 0). In
terms of Dirac delta function this result is expressed as

1
V? [;) = —4nd () . (%)
Here the source has shifted from origin to the position » = # and #, =|  — A |, we have
1
vz[—JLMS(Z_;[) ... (9b)
4V

The Dirac delta function has its assigned properties.
- - - o
d(r,-K)=0,1#n ..(10a)
i - ...(10b
([[7 8 G-mydw =1 ) (105

Since the differentiation of rlz‘1 twice with respect to (x,, y,, z;) is the same as the differentiation

twice with respect to (x,, ,, z,); we have

v, [LJ -v,? [LJ ——AmB (1) =—4nd (r, — 1) .. (11)

H2 H2
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Using equation (11), equation (7) may be rewritten as

divi == f[f sV [rl ]dvl

=[] s G C4mBG -y =5 ¢ (1) [Using (10)]

This equation shows that the assumed form of }”and that of scalar potential f are it complete
agreement with the given divergence [eqn. (1)]; thus first condition is proved.

To prove the second condition [i.e., curl "= ¢ (;72) ), let us take the curl of equation (2), i.e.

Curl V= - curl grad ¢ + curl curl A
= curl curl 4 (since curl grad ¢ = 0)

=grad div4 — y24 .. (13)
From (5) the first term grad div A leads to

grad divA=VV. 4= [Uc ).V, Vz[ ! Jdv1 - (14)
Ha

Again replacing the second derivatives with respect to (x,, y,, z,) by second derivatives of
(x;, y,> 2,), we integrate each component of (14) by parts.

vV A|. =m0(r1)‘Vlaa7l[éJ v,
=mvl‘c<g’)£l[ Jdv i [we] 2 [ Jdvl )

The second integral vanishes because the circulation density ¢ is solenoidal. The first integral
may be transformed to a surface integral by Gauss divergence theorem. If ¢ is bounded in space or
vanishes faster than ! for large #, so that the integral in (15) exists, then be choosing a sufficiently
large surface, the first integral on the R H.S. of equation (15) also vansihes.

div A = V.4 =0, equation (13) now reduce to

curl V = y24

I e Ly - a6)

This 1s exactly like equation (7) except that the scalar s ( Z ) is replaced by the vector circulation

5
density ¢ (# ). Introducing the Dirac delta function, as before, to carry out the integration it is seen
that

5
curl I" = ¢ ().
This 1s same as second condition of equation (1).
Thus our assumed from of V and that of vector potential A given by equation (5) are agreement
with equation (1) specifying the curl of 1"
This completes the proof of Helmholtz’ theorem.
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4.1 CURVILINEAR COORDINATES

Let the rectangular cartesian coordinates of a point P in space be (x, y, z) . Now we introduce
one more system of coordinates.

Let x =X(ul’ u’_)’ u3)5y = Y(ul’ u’_)’ us)’ z = Z(ul’ u’_)’ u3 > A (1)
On solving (1), we get, the values of %, v, w in terms of x, y, z.
u=UMy,2),v=V(xy,2),w=W(,y,2) .. Q)

Then (u, v, w) are called curvilinear coordinates of a point (x, y, z).

The surfaces u = ¢, v = c,, w = ¢, are called co-ordinate surfaces. When it is taken in pairs
these co-ordinate surfaces intersect each other in curves called co-ordinate curves.

(i) u-curve is givenby v=c,,w=c, Z

Tw ANW

(if) v-curve is givenby w=c,, u = c,

(iify w-curve is givenby u =c,v=c,

The coordinate axes are determined by the tangents
PT,, PT,, PT, to the co-ordinate curves at the point P. o) e
The directions of these co-ordinates axes depend on the
chosen point P of space.

If at every point P (x, y, z) , the coordinate axes are
mutually perpendicular, then #, v, w are called orthogonal curvilinear coordinates of P.

Let Tu, Tv, Tiw form a right-handed system of unit vectors tangents to the coordinate curves at P.
Then, we have

X

L=T,T,=T,T, =1

I,1,=T,1,=T,T,=0

I, xT,=T,xT,=T,xT, =0 NE)
LxT,=T,.T,xT, =T, T,xT, =T,

We now define three numbers /., 4., k. known as scalar factors or material coefficients as

follows. vre
oF oF oF
= [— h,, =[—, = |—
ol P Bl P A P - @4)

The position vector 7 is given by

108
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Fexi + vj+zk

=X@vw i +Y@ww i +Z@vwk

=7 @vw

67
The tangent vector to u-curve at Pis ——. Since, 7 is the unit vector in this direction,we have

Ou
o |oFls | =
= =55 = AL, [Using (1)]
d 7 — dr —

2 — dr
_u=thu’ E=h‘7 w (5)

d
4.2 DIFFERENTIAL OF AN ARC LENGTH

(ds) = h, (duy’ + h, (dv)* + h, (dw)?
o o

Proof. dF=gdu+ Edv+ %dw
From (5), we have dr = hauT, + h,dvT, + hawT, e (D)
Then the differential of an arc length, ds, is given by
(ds)* = dr .dr
= (hduT, + h,dT, + hyawT,).(hduT, + h,dvT, + hdwT,)
= 1 (du)? + 2 (dv)? + K (aw)? (@)

which is known as quadratic differential form.

4.3 GEOMETRICAL SIGNIFICANCE OF h,, h,, h,
Let the element of arc ds is directed along u—curve so that dv = dw = 0. Then differential

length of arc ds along u—curve is given by S
- ™ =
ds,=h, du W 1 0\3‘\‘6
Similarly, ds, = h, dv 12 O
ds,= h, dw hid Ty | [Scomo--
. e 38 . . /P hed T,
Consider an infinitesimal parallelopiped with vertex at P ,’,
I cu\’Ve

Lengths of edges of parallelopiped are , du, h, dv, h, dw
Area of the faces of the parallelopiped are 4, h, du dv, h, h, dv dw, h, h dw du.
Volume of the parallelopiped is 2, h, h, du dv dw.
4.4 DIFFERENTIAL OPERATOR

Let ¢(x, 3, z) be continuously differentiable scalar point function of #, v, w
Gradient ¢

grad ¢ =V¢ = LY +£g +£1

h ou h v h ow

Proof. grad ¢=Vé=kT, +k,T, +kT, (D)
where 7,,T,, T, are unit vectors along curvilineare co-ordinates axes, &, k,, k, are scalars.
We know that
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d?=hlduT_u +h2dvT_‘, +h, dw T_ e Q)
do=Vodr
=k hdu+k,h,dv+khdw .3
09 09 o9
dé=—du d dw
But = W +6v v+6w e (@

Comparing (3) and (4), we have
kh % k,h _% k.h, =6—¢

YouT Tt av” ow
A S N S N )
hou =~ h,0v h, Ow
From(l), grad¢ =V
_ 1oy 105 1007 )
hl au hl v h3 w ceee
r,o 1,0 T, o
do=| 24+ ¥x ~ 4 ¥ ~
Again  8Rdd [ L ou b ov 6wj¢
T,o T, 0 T, 0
[ e R ... (6)
h Oou h,Ov h, Oow
Note: From (6)
T,ou T,0u T, Ou
u=-">t—4t— 42—
h Ou h,ov h ow
T, T T,
or Vu = Zu Vv = h_‘ Vw = Z ....(7)  (others are equal to zero)
where Vu, Vv, Vw are normal to the surfaces u = ¢, v = ¢, and w = ¢, respectively.
From (5) we know that
vE - T, 6¢ T, N o T,
Ou hy av h, Owh,
V$=a—¢Vu+a—¢Vv+a—¢Vw ..(8)
u ov w
4.5 DIVERGENCE (Delhi University, April 2010)
Let ¢(u, v, w) be a vector point function of orthogonal curvilinear co-ordinates %, v, w.
Divergence f=vf= o h3|: (hh f)+ (hshlf)+ (hhf3 }
Proof. Let f=fT +fT +f3
= fT.xT, + f,T, xT, + f,T, xT, [From (3) of Art. 4.1]
= fil,h,Vv x Vw + fLhh Vw x Vu + flh,Vu x Vv

Divergence f=v.f=V[ Sl Vv x Vw + L Vw x Vu + f,hh,Vu x Vv]
= V.(fih,h, Vv x VW) + V.[ [, Vw x Vul+ V.[ filh,Vu x Vv]
V.(fh,h Vv x VW) = fh,hV.(Vv x VW) + (Vv x Vw).V(fh,h,)
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= filhy[curl Vv-Vw —curl Vw- W] +[Vv x Vw]- V( fih,h,)

= fih,h,[curl grad v-Vw —curl grad w - Vv]+[Vv x Vw]-V( fh,h,)
(curl grad ¢ =0)

=(Vwx Vw)-V(f h,h)

= (Wwx Vw)~[%(f1hzh3)Vul Z (fiyhy) Vv +— (fh h )Vus}

5 [vaVw-Vv=O}
=(Vvx Vw)-Vu a_(flhzhs ),
u

VvxVw-Vw=0

1 0
=——-(, xT T— h,
hlh,,;lj(vx W) u (Afi_h3)
hlhh36 (fl ’h3) {(TvXTw)Tu=TuTu=1}
By symmetry
V-(fzhshlexVu)— hh36v
1
and V.(fshlthuva)—hlhhsa (il hy)
On substituting the values
L= - 1
Div =V-F = | b4 S+ |
4.6 CURL
L, I, 1T,
hhy by hh,
_ - |0 0 0
curlf—Vf—a v  ow where f=fT +f,T,+f,T,
hf hfy hfs
Proof. F= AT+ T+ 4T,
[ =hfiVu+h, f,Vv+h,f,Vw
curl f=Vxf

=Vx(h fiVu) +Vvx(h, f,VV)+V x(h, f,Vw)
Vx(h f;Vu)=V(h f,)x Vu+h f, curlgradu
= V(b )% Vu

[ (hlf)vu+ " fHVW+— (hlf)Vw:|><Vu
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0 0
=E(hlfl)Vv>< Vu+%(hlfl)waVu [VuxVu:O]

IRV W (Y Y

_hll’L_, o v u h3hl ow w u

I NGV P W CYA T
Wb o "k ow

T, ohf) T, 0hf) _
hh ow  hh O
T, ahf)

Vx(h f,Vu)=

Similarly, v x (, £,Vy) = e Of2)
T hlh, au h h3 aw

_ T, omf) T, oUnf)
and Vb Y = o Wk ou

Substituting these values, we get

| S

cgu7 Lo, Lo, . T 2
Curlf_vxf_hshl%(hlfl) hlhzav(hlfl)'i' . u(hzfz)

hh, o
_ Lo, T, of) T, 0f)
ov

Wb ow  hh hh o
_ L [o, . 0 Lo, _2 T, [oUnf,) O f)
-%%[@auo &5%£ﬂ+%h[&ﬁhﬁ)aﬁhﬂﬂ+h%[ " av}
r, 1, T,
Wk Tk
e 9o 9
Ou ov ow
Wi hf b,
4.7 LAPLACIAN OPERATOR V 2
R =V-(v6)
.| L7 1007 105
X! |:h16uTu+h_,6vTV+h3awTw:|
X
;V'[h’7h3_f4+h3hl%_v+hlh’7@_w:|
mih L ou ov Y
0

M 1 [o(mnoe L0 (hh oo, o (hh b
hohh | Oul\ h Ou) Ov\ h, ov) ow\ h, ow
4.8 CYLINDRICAL (POLAR) CO-ORDINATES

Let Pbea point (x, y, z) in the space. Let p, ¢, z denote the projection OQ of OP on x-y plane, the
angle which OQ makes with x-axis and perpendicular PQ on x—y plane. Then cylindrical
coordinates of P are (p, ¢, z) and so here, we get
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u=pau2=¢au3=z

x=pcosd, y=psing, z=z
On squaring and adding, we get

p=(x2 +y2 +z’_’)l/2
()

X
zZ=2Z

Then the co-ordinate surfaces are given by

2 2 _ 2
p=¢ = x +y =¢

Cylinders co-axial with z-axis
() ¢=c,ie,y=(tanc,)x, ie., planes through the z-axis.

(i) z=c,,i.e., planes perpendicular to the z-axis.

The point P is the point of intersection of these surfaces.

T respectively in cylindrical co-ordinates.

Let the unit vectors 7,7, 7, be denoted by 7', T,

Let 7 be the position vector of P. Then we have

F=xi+y+zk

7=
Z—cos<1>z +sing J
op
or Lo
— =—psindi +pcos¢ j
o
Tk
oz
or or
T, =—, hT,=—,
hl u du 2%y By
6‘ or
hT, = hT =—,
But 1 u 6 2%y v
67
Here hl s Iy =—,

(pcosd)i +(psind) ] + zk

&
o3
[

~
I

<

S

|
RN 29 2|9

113

AZ T,
N Tp
P
2T
r |
1z
|
|
(@) ]
| 7/
¢ P : ,/,X
y

Tp =cos¢i +sin¢ J, 774, = —sin¢i +cosé J, T, =k

I,T,=T,T,=T,.1,=0

It shows that T T, o> T are mutually perpendicular and hence cylindrical co-ordinates are

orthogonal curv111near co-ordinates.

P
T,x Ty=|cos¢ sin¢

—sin¢ cos¢
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i ] k
Tq>><fz= —sing cos¢ O =cos¢f+sin<l)f‘=
0 0 1
i ] k
_zx_p= 0 0 1 =—sin¢iA+cos<l>jA‘=T¢
cos¢ sing O

|T| =4/(cos’ ¢ +sin’ ¢) =1

|T¢| =4/(sin” ¢ +cos’ ¢) =1

7=
Hence, it follows, that 7, 7,, 7, forms an orthogonal right handed basis.
Py 1075 I7
rad [ =Vf="T +——T,+=T.
Now, g ffa P arat
Vs _1o( o) 1af af
paL pJ
- oF aF
div‘F=V‘F=laQ+l_¢+ai
p Op pOb Oz
T, of, T.
Curl F = Vxﬁ_li o 90
plop ¢ oz
F, el F
Where F=FT,+FI,+FT.

In curvilinear co-ordinates,
(ds)* = B (du,)* + b} (du,)’ + h (du,)’
In cylindrical co-ordinates,

(ds)* = (dp)* +(pd$)* +(dz)’
4.9 SPHERICAL POLAR CO-ORDINATES
Let P (x, y, z) be any point in space. Let % 6, ¢ respectively denote the distance OP of P from the
origin, the angle which OP makes with z-axis and the angle between the projection OM of OP on

xy-plane and the x-axis. z T
So, we have T . )
i 7’
w=ru,= 0, U= ¢ \\ ,/’ T'b
Again, x=rsinOcos¢,y=rsinO sing, z=rcos® |L--—---- NP
I\
where r>0,0>m ¢>2=n Y i‘. T,
The co-ordinates surfaces are given by 0 -
I
() r=c¢,x +y +z° =¢ i .
x <0 |
¢ i
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@) 6=c,, x? +y2 = (tan2 c )z2

(iii) d=¢;, y=(tanc;)x
The point P is the point of intersection of these surfaces. Let the unit vectors be denoted by
T, T,, T, in spherical co-ordinates.

xi +yJ +zk

F
¥ = rsine(cosq)f+sin¢]‘)+rcos@l€
;—W = sin O(cos di +sin ¢j) +cos O k
"
% = rcosG(coscbiA+sin¢}‘)—rsin9]€
a = rsinO(-sin¢i +cos¢y)
o
h = ;—ai =1 h = % =r, h =‘E‘=rsin9
— OoF = Or —  Or
=—, hly=—, hl,=—
But hT, m FeT g h3¢ w
T = sin6(cos ¢/ +sing;) +cosOk
T, = cosB(cos ¢i +sin¢j) —sinOk

Ty =—sindi +cos¢ J
ﬁ.@:@.ﬁ:ﬁ.ﬁ =0

It shows that 7., T, T_¢ are mutually perpendicular.

i ] k

T xT,=|sinOcos¢ sinOsing cosO

cosBcos¢ cosOsing —sin6

= —sin¢f+cos¢j‘ = 7_"¢

A

i 7 k
_e><_¢= cosBcos¢ cosOsing —sin6
—sind cos¢ 0
=sinO(cos ¢/ +sindy) +cosOk = T,
i b k
T,xT, =| —sin6 cos ¢ 0

sinBcosd sinOsing cosO

cosO(cos §i +sin d)f) —sin0k = 774,

|]7r| = \/sin2 Bcos? ¢ +sin0sin® d+cos? 0 =1

|]79| = \/cos2 Bcos® g +cos?Osin? ¢ +sin’H =1
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|]7¢| = \[sin2 <1>+cos2 o=1

- 19f = 1

of

dr=9r %7, 1 9
grad = Tt e im0 o6
(g

0

v/ 1a(zgj 1

r* or or ) r*sin®

T,

o’ f

r sin* 0 d¢*
1 6F¢
rsin® 0¢

- i(sin@FG) +
rsin© 00

T. #I, rsin6T o
1 |6 0@ 0
or

® o

rF, rsinbF,

|ds| = (dr)* +(rd©)* + (rsin® d¢)*

or o

Example 1. Ifu, v, w are orthogonal curvilinear co-ordinates, show that — o0’ oy ow and

Q)
‘I

Vu, Vv, Vw are reciprocal system of vectors.
Solution. We know that

(Vu, Vv, Vw) = (Vu x Wv)-Vw
_(T T\ T,
%)

T x(—
Vu x Vw Lhz Y LhJ W_ 7
Now, [VuVvVw] 1 =hl, [T, xT, =T,]

_or

T ou
or VT, x VT, or Vu, x Vu,
Similarly, E [Vu,Vv, Vw]’ ow [Vu, Vv, Vw]

6r6_6r

This shows that — o v ow and Vu, Vv, Vw form reciprocal system of vectors. Proved.

Example 2. Transform the wave equation
0%u 292, . . . P
52 =c"V*u in spherical co-ordinates if u is independent of §.
-
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)

Solution. Since u is independent of ¢, so W =0

P [10(p0), 1 0(, 0
o |7 ar\” &) ¥2sin0 o0 20 Ans.

Example 3. Show that the spherical co-ordinate system (7_“,, 7_“6, T,) is self-reciprocal.

Solution. We know that
T, = sinO(cos ¢f +sin¢j‘) +cos0 k
T, = cosO(cos¢i +sindj) +sind &

T, =—sin¢i +cos¢ j

_ TyxT, — T,xT, _— T xT.

Let Tr= 6 ¢’ el= ) V’T¢/=TrXT9
(1,7, ] (1,747, ] 1,77, ]

be the reciprocal vectors of 7., T, 74,

(LLT) =11, <) T, =T,-T, =1

f=teg,
similarly Iy =T, T, =T,

Hence, (T, T,, T,) is a self-reciprocal base. Proved.

4.10 TRANSFORMATION OF CYLINDRICAL POLAR CO-ORDINATES INTO i, j, k

Solution. We know that

T, =cos¢i +singj +0 k

T = —sin¢i +cosdj +0 k

T, =0i +0] +k
The above equations are rewritten in matrix form.

ZTp cos¢ sind O i
_¢ =|-sin¢ cos¢ O/
I T, 0 0 1 ]2_
On inverting, we get )
i cos¢p —sin¢g O ZTp
jl=|sin¢ cos¢p O T¢
k 0 0 1 T,

4.11 CONVERSION OF SPHERICAL POLAR CO-ORDINATES (r, 6, ¢) INTO f,}, k
Solution. We know that
7_) =sin®cos ¢i +sin6sin ¢y +cos¢l€

T, = cosOcos §i +cosOsingj —sinOk
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T, = —sin ¢7 +cosdj +0k

The equations are written in matrix form

On inverting, we get

sinBcos¢ sinOsin ¢

=|cosOcosd cosOsin

—sind cos¢

i | |sinOcos¢p cosOcoso

k| |cosd —sin6
4.12
Solution. We know that
i| [cos¢ —sing 0][7,]
f= sing cos¢ 0|7,
k 0 0 1|1,
i [sinOcos¢p cosOcos¢p —sind ]
f =|sinBsindg cosBsing cosd
k| [cos® —sin¢ 0 |
Equating, we get
[cos¢ —sinp O _Tp sinBcosd cosOcosd
sing cos¢ 0|7, |=|sinOsin¢ cosOsin¢
0 0 1 T, cos0 —sin¢
_p cosd¢ —sind o] sinBcosd cosOcosd
_¢ =|sin¢g cos¢ O| |[sinOsind cosOsind
T, 0 0 1] |cos6 —sin ¢
sin6 0 cos6 _T,
=|cos® 0 -—sind |7,
0 1 0 T¢

j=sinesin¢ cosOsind cosd

cos¢ i
—sin © f
0 ||k

—sind T,
Ty

0 T,

I <

0
¢
—sin¢ Tr
cosd || Ty
0 T,
—sin ¢
cos¢
0

sl N ——

Example 4. Expresszj —2x ]+ Yk in cylindrical co-ordinates.
Solution. x =r cos ¢,y =rsin ¢,z =z

R=xi

+y +7k

R=pcos¢ i +psing j +zk
If 7,, T, T be the unit vectors at Pin the directions of the tangents to the p, ¢, z curves respectively,

then

Mathematical Physics

RELATION BETWEEN CYLINDRICAL AND SPHERICAL CO-ORDINATES

(cylindrical co-oridinates)

(spherical co-ordinates)

Ans.
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oR

—_%_ cosdi +sin ¢j B P
T, = = =cosdi +sin¢ j

@ \/cos2 d+sin? ¢
op
ok
= 0 —psin ¢i +pcosd |
OR| J(-psing)® +(pcos$)®
0%
oR
7= _f
R
Oz

=—sin¢i +sin¢ j

3
I

f=ziA—2xjA‘+yI€

7=zf—2pcos¢]‘+psin¢l€

A =j_”-Tp =(zf—2pcos¢}‘+psin¢l€)-(cos¢f+sin¢}‘)
=zcosd—2psindcosd

f=rT, = (zf — 2pcosdj +psin k) - (—sin ¢7 +cos¢))

= —zsin$—2pcos® ¢

Li=ST, = (zi —2pcosdj +psingk)-k

=psind
F=/T,+ 1, Ty+ £, T,, where f;=zcos¢—2psingcosd,
f,=—-zsind—2pcos’ ¢, f; = psin Auns,
Example 5. Express xi + ny +yzk in spherical polar co-ordinates.
Solution. x=rsinOcosd,y=rsin0Osind,z=rcos6

R=xi+yj+zk
R =rsinOcosdi +7sinOsind; +rcosOk
In spherical co-ordinates, 7, T, T, be the unit vectors along the tangents to 6, ¢ curves

respectively, then

B oR / or B sinGcosd)f+sin95in¢}+cos@l€

T ===
R \/(sin(ﬁcosq))2 +(sin6sim1))2 +cos?6
or
=_sin6cos¢f+sinesin¢}‘+cosele
OR R R .
7 oo 0 rcosOcosdi +rcosOsindy —rsinOk
b =

‘@‘ \/(rcos(ﬁcosq))2 +(rcosOsin ¢)2 +(—rsin6)2
0
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=cosOcos i +cosOsind; —sin®k
oR
—rsinOsindi +rsinOcosd j

e

) =T =
‘5_R \/(—rsin(ﬁsinq))z+(r*sin6cos<1))2
o

=_sin¢ i +cos¢ j
f =xi + 2yj‘ +sz€
=rsin@cos¢i +2rsinOsing) +r?sin6d sinq)cosele
fi= fl_"r =[rsinOcos i +2r sinOsin gy +7* sinesind)coselé]
[sin®cosdi +sin6O sinq)}‘—coselé]
= r sin? O cos? ¢ + 2 sin? O sin? ¢ + ? sin O sin ¢ cos? O
= r sin? O (cos?$ + sin? ¢) — » sin? O sin%¢ + r*sin O sin¢ cos? O
=rsin? 0 + r sin? © sin® ¢ + r? sin O sin ¢ cos? O
= sin? O (1+ sin? ¢) + »? sin O cos? O sin ¢

= 77_"6 =[rsinOcosdi +2rsinOsind ] +r> sinGsind)cosGIE]

S

[cosOcos i +cosOsindj —sinO k]

= r sin 0 cos O cos?¢ + 27 sin O cos O sin? ¢ — »? sin® O sin ¢ cos O
=rsin 0 cos © (1 + sin?¢) — »? sin? 6 cos O sin ¢

5 =f-T¢ =[rsinOcosdi +2rsin Osinj + 2 sinOsin pcos O] [—sindi +cosdy]

= —rsinOsind cosd + 2 sinOsind cos d

=rsinOsin¢ cosd
[=hT+ LT+ £T,
where fi= rsin® O(1+sin? ¢) + % sinOcos? Osin ¢

Jf, =rsinBcosO(1+ sin’ ) — r* sin” 6 cos O sind

Jf; =rsinBsinpcosod Ans.
EXERCISE 4.1

1. Express2yi — zj + 3xk in spherical co-ordinates. Ans, f = AT, + [T, + £iT,, where
Jf, =2r*sin” 6 sin ¢ cos ¢ — 7 sin 6 cos 6 sin ¢ + 3r sin O cos O cos ¢
J, = 2rsin 6 cos 6 sin ¢ cos ¢ — r cos? © sin ¢ — 3r sin? © cos ¢
Jf,=—2rsin 0 sin’ ¢ — r cos 6 cos ¢
2. Expressf=3yi + x% — x% in terms of cylindrical polar co-ordinates.
Ans.f=psingcos¢(3+Rcos§) T+ R (R cos® ¢ — 3 sin? ¢) T¢—zzk
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3. Transform the functionf=p T+pT, from cylindrical to cartesian co-ordinates.

Ans. (x—y) i +(x+y) ]

(xf+y}‘+zl€)

1 . .
4, Transform f = ET' from spherical to cartesian system. Ans. "3 PR

5. If p, ¢,zare cylindrical co-ordinates, show that V(logp) and V¢ are solenoidal vectors.
1
6. If (r 0, ¢) are spherical polar co-ordinates, show that grad (cos 0) x grad ¢ = grad (;] .
7. Prove that the spherical polar co-ordinates system is orthogonal.
8. The parametric representation of the surface is givenby 7 = (wcos0)7 + (wsin0) j + w?%. Find the
equation of the surface in the cartesian form. (A-M.LE.TE., Winter 2000)
Ans. x2+)y?=z

9. Starting from the principles, derive an expression for divergence of a vector in orthogonal
curvilinear coordinates. (Delhi University, April 2010)



DouBLE INTEGRALS

5.1 DOUBLE INTEGRATION
We know that . f(x,)

[[ FGode = lim 6 )8m + £ ()85, + £ ()83 +..
dx—0

+f(xn) 5 xn] f(x,) f(xa

Let us consider a function f (x, y) of two variable x and y

defined in the finite region 4 of xy-plane. Divide the region 4
into elementary areas.

84, 34,, 84, ...... 4

s i S i

O n
Then [[, /G4
=nli_)12 [/ Ga,x) 84, + (x5, ,) 84, +..co.t [ (%, ¥,,) 84, |
84—0 Y
5.2 EVALUATION OF DOUBLE INTEGRAL il
Double integral over region 4 may be evaluated by two A
successive integrations. .
If A is described as f; (x) Sy <f, (0) [y, <y <y,] \ i E.
and a<x< b,b i
y2
= T f(x,y)dxd) > X
Then IIAf(x,y)M L ‘[J’l fx,y)dedy o

(1) First Method

[[aseyan=[)[2 rendla

f(x, ) 1s first integratred with respect to y treating
x as constant between the limits a and b.

In the region we take an elementary area
dxdy.Then integration w.r.t y (x keeping constant).
converts small rectangle 8xdy into a strip PQ (3 8x). While
the integration of the result w.r.t. x corresponding to the
sliding to the strip PQ, from AD to BC covering the while
region ABCD.

Second method o

”Af(x,y) dxdy = Ld I:f(x,y)dx dy
122




Double Integrals

Here f (x.) is first integrated w.r.t x keeping y constant

between the limits x, and x, and then the resulting expression 4
1s integrated with respect to y between the limits ¢ and d

Take a small area dxdy. The integration w.r.t. x between
the limits x|, x, keeping y fixed indicates that integration is
done, along PQ. Then the integration of result w.rt y
corresponds to sliding the strips PQ from BC to AD covering
the whole region ABCD.

Note. For constant limits, it does not matter whether
we first integrate w.r.t x and then w.r.t y or vice versa. o
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><V

1
Example 1. Evaluate -[0 I; (x> + yz) dA, where dA indicates small area in xy-plane.

3 X
. I px 5 2 _ 1| , y
Solution. Let [ = Io Io (x"+yT)dydx _Io {x y+?} dx

(Gujarat, I Semester, Jan. 2009)

0

(.2 1 3 1 x3
_Io [x (x—0)+§(x _0)} dx =Io{x3+?}dx

03 3| 4

3

1
14 4)x*| 1 1
=I —x*dv = —{—} =§[1—0] =~ sq. units. Ans.

0

1 1-x
Example 2. Evaluate j_l jo X2y A-x- )"y

Solution. Here, we have

dx . (M. U., II Semester 2002)

I N e V2 S V7 U )
1 .[—1 .[0 xTy Tt (l-x—y) “dydx (D

Putting (1 —x) = ¢ in (1), we get

1
I= J‘_l /3 de‘OC Yy V2 (e )2 gy

Again putting y = ¢¢ = dy =c dtin (2), we get
1 L L. 1

j x3dxj c?2t2(-ctHlcdt

-1 0

1

1
173 —V2 ,-1/2 12 12
x de‘ c t ¢’ (-1
0

Q
=

1L
cx3 dxﬁ(l Ej

I I
— — tl._. —

1/3 ¢ 12 1/2 1
dx t 1-t¢ dt =
.[o (=0 .[—1

(2)

cdt

1
¢ 3 de‘ t1/2—1(1_t)3/2—1dt
0

[J.lxl_l a- x)"’_1 dx =B m)}
0 - >

1F 111 gy

1 P‘ 575 2

o3 gy 1212 =j1cx1/3dx 2°2 2=J‘lcx1/3dxu
3 -1 2 -1 !
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Putting the value of ¢, we get

T _nj_l v e n x4/3_x7/3
I = 2J._1x a x)dx—2 _l(x x )dx—2 i Z
3 3 14
m|3 3 3 3 m| 9 In
= 5[10)‘7(1)_1(_1)*‘7(_1)} = E[ﬁ}—g Ans.
Example 3. Evaluate IIR (x+y)dy dx,R is the region bounded by x = 0, x = 2, y = x,
y=x+2 (Gujarat, I Semester, Jan. 2009)
Solution. Let [=[[ (x+y)dyd N

The limits are x=0,x =2, y=xand y =x + 2

9 X+2
1=[la [T enay =f {xﬁyj} e

X

_[2 1 2 _ 2_’52
_Io {x(x+2)+5(x+2) x Y}dx

2
=Iz x2+2x+l(x2+4x+4)—x2—x— dx
0 2 2

j2 [2x + 2x + 2] dx

0 X'«

2 -1
2
2]0 Qx+Ddc=2[x*+xp =2 [4+2]=12 Ans.

Example 4. Evaluate I I xy dx dy
R

where R is the quadrant of the circle x> + y*> = a®> where x >0andy > 0.
(AM.ILE.TE, Summer 2004, 1999)
Solution. Let the region of integration be the first quadrant of the circle OA4B.

IIRqudxdy (x2+y2 =a2,y=\[a2—x2) K

First we integrate w.r.t. y and then w.r.t. x.
g y x B\\P
The limits for y are 0 and /a? —x? and for x, 0 to a. @
P2
5 2 2 Mo
a Ja?-x* a Y . dy
= = xdx —_—
-[0 xdxjo ydy .[o { 2 :|0 dx
2.2 4 4
_lea o o llax x| a -
_E.[ox(a —x)dx—2 2 1 0—? Ans. o Q vy=0 A

Example S. Evaluate ‘Us\h{y - y? dy dx,

where S is a triangle with vertices (0, 0), (10, 1) and (1, 1).

Solution. Let the vertices of a triangle OBA be (0, 0) (10, 1) and (1, 1).

Equation of O4 isx =y. v

Equation of OB isx =10 y.

The region of AOBA, given by the limits
y<x<l0yandO0<y<l.

[[ N -y* dvax = I;aﬁ/fioy(xy—yz)'/’ dx . 7 ] o
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10y
21 2.3/2 121 2.3/2 [
il — =] =—=(9 dy =
Id"[ ¥ L 03y(y) ly ISIOy dy

1
3
y 18
18{—} =—=6 Ans.
3] 3

Example 6. Evaluate H y x* dx dy, where A is the region in the first quadrant bounded by the

hyperbola xy = 16 and the lines y = x, y = 0 and x = (AM.LE., Summer 2001)
Solution. The line OP, y = x and the curve PS, xy = 16 1ntersect at (4, 4).
The line SN, x = 8 intersects the hyperbola at S (8, 2). y =0 is x-axis.

The area A is shown shaded. YA

Divide the area in to two part by PM P (4, 4)

perpendicular to OX. N

For the area OMP, y varies from O to x, and % : xy =16 (8,2

then x varies from 0 to 4. Nig | ° ’

For the area PMNS, y -series from O to 16/x : u

and then x varies from 4 to 8. 1) : N :(
[ 3 axdy = j“j"xz ascdy+j8j‘6”‘x2 dx dxy

= I x dxj dy+I x dxij = I 2[y] dx+I dex

474 28
4 8 X X
=on3dx+f416xdx={7} +16{7} = 64 +8 (82— 47) = 64 + 384 = 448. Ans.
o 4

2 2
Example 7. Evaluate ” (x+ y)? dx dy over the area bounded by the ellipse x_2 + 2‘:—2 =1
a

(U.P. Ist Semester Compartment 2004)

Solution. For the ellipse — + 2‘:—2 =1
a*

»
>

[S]

= Z=i l—x— = y=i£ a® - x*
b a2 a

The region of integration can be expressed as

@

b b !
—anSaand——\[az—xzSys—\[az—xz "
a a x

”(x + y)2 dxdy = jj(x2 + y2 +2xy) dx dy

/o\

blaya® -2
= I_aj_b/a) o (x +y +2xy) dx dy

blaya® - x* b/a & -x?
_I—aj—b/a)J_ (x +y )dxdy +I I b/a)\/_ 2"9) dy dx
J~ J-b/a\’a —x?

[Since (x* +3?) is an even function of y and 2xy is an odd function of y]

(o Y
= {2 [x2y+—J:| dx

3

2 (x* +y )dydx+0

0
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2

4 joﬁ
iz a

% (@b + ab’) = % ab (a® + b?) Ans.

N
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2I \[a - x? +§@ az—xz)yz}dx
—a P
4f°

b b’
;xz \/az -x +§(a2 - )3/2:| dx

[On putting x = a sin 6 and dx = a cos 6 db]

3
é‘a2 sinze‘acose+3b—3a3 cos’ eJxacosede
a a

ab®
+—.
3

N a

N a
Blw
N | —

1
>

-lkl'—'

3
a’b sin? O cos? 0+ 2 coS 6}d6_4{ a’b.

Example 8. Evaluate ” (*+yH) de dy throughout the area enclosed by the curves y = 4x,

x+ty=3y=0andy =2
Solution. Let OC represent y = 4x; BD, (%,2) C
x+y=3,0B,y=0,and CD, y = 2. The
given integral is to be evaluated over the
area A of the trapezium OCDB.

Area OCDB consists of area OCE, area
ECDF and area FDB.

The co-ordinates of C, D and B are

1
(5, 2) (1, 2) and (3, 0) respectively.

AY y=2

o
=
)

\\7*

y
<

Bl L
4

<

m eSS e n e

<
1l
o

y=0 B (3, 0)

<
1l
o

[, +»*) dy dx
= [yt dvact[[ P+ yydyact [ G +y7)dydx

= .[o dxjo (x +y )dy+J.l/2de.0(x +y )dy+j1 dxjo (x +y )dy

Now, 1,

~
I

I I

) I

1 3

4x
U N P S %76 3
.[0 dxjo (x“+y )aj/—jo {x y+?}0 dx = 03 dx

Y
76J~‘/z3 76 | x* 76[1 1} 19
— | ¥dx=—|—| =—|~—.
3 Jo 304, 3Ll416 48

2
N T NP <1 P v (Y H2,8
I%(ixj%(x +‘V )‘1V“Lé{x y’+-§—}0 dx-LA(2x +'§ dx
8
3

1
2¢° 8 (2 8) (21 1) 23
= | —+=x| =||=+= || ==+ = ||==
337, 33 3'8 12

2
3
Idxj (x* +y)dy— { y?} = {x2(3—x)+(3_Tx)}dx
4

P {3,5 , 6= x)} {xz_x_ <3—x)}
3 4 3 .
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27 - ﬂ -0-1+ 1 16 = 2
4 4 12 3

19 23 22463 _ 31
+yHdyde=I+1,+1; = i iy
I I(x y*)dy dx = 48 RN TIROT Ans.

EXERCISE 5.1

Evaluate
2 ¥ 4
1. J'OZJ': e* dy dx Ans. 2 — 1 2. J‘:J‘(;/E)g/dxay Ans. %
Ja2 =32 2 41
3. J‘(;’J‘Oa y dx dy Ans. TCTa 4. _“;_“;)2(11- xyz)dxaj/ Ans. 210
ZaJZax—x 4 3 .
dx 2a 2a py2ax—x STa
5. { { xy dy Ans. = 6 [ <2 dy dx Ans. 2L

1
—(1-
a s 1/2( y)
\/a—x— dydx  Anps. — 8 f— AnsE
."4" . ! 2 2 - 7
X

0

=
o'—.a
o'—.

2_2
ava® -x
dx dy dxajz 2
9. Ans. —log Ans. — log (\/5+1)
'([ E‘; (1+ey)\/¢12—x2—y2 2 \/x 2
2
2 2 14
1 I [ & +3xyPydedy (AMILETE., June 2009) Ans. —
x=0y=0 3
2. [[G-2x-ydxay is oi _ o 217
. > where 4 is given by y = 0, x + 2y = 3, x = y~. Ans.a
4
7
13. nydxay, where 4 is given by x2 +y2 - 2x=0,)? =2x, y = x. Ans. T
4

1|n 3
14. ‘”\[4 x? —y2 dx dy, where 4 is the triangle given by y=0,y =xand x= 1. Ans. 3 [§+ %J
4

1

15. jsz dx dy, where R is the two-dimensional region bounded by the curves y= x and y = x2. Ans. 20
R

21
16. ‘”/ (1+ x — y) dx dy where 4 is the area bounded by x=0,y=0and x+y = 1. Ans. 105

5.3 EVALUATION OF DOUBLE INTEGRALS IN POLAR CO-ORDINATES

We have to evalaute ISZIQ(?)) f(r,0)dr do over the region bounded by the staight lines
171

6 =10, and 6 = 6, and the curves » = r, (q) and r = r,
(6). We first integrate with respect to » between the
limits = r,(8) and r = r,(6) and taking O as constant.
Then the resulting expression is integrated with respect
to O between the limits 6 = 6, and 6 = 0,.

The area of integration is ABCD. On integrating first
with respect to 7, the strip extends from P to Q and the
integration with respect to 6 means the rotation ot this strip PQ from AD to BC.
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/2 pacos®
Example 9. Evaluate L:I [Io r\[az -2 dr] de.
Ll 1
Joo =7 ar|ao = 2 [f: =0 L@ -y c2n dr] a6

. _ J~Tt/2
Solution. 7 = 0 >

/2 1 (a )3/2 @c0s® 1 n N 2 ) 3 , 3
— 0. =_2-|2 — 2 2
Io 3 372 i d 3‘[0 (a” —a” cos” 0)2 —(a”)? |do.

12 2
—EJ.OZ a* (1 —cos? 0)2 — a® | do.

3
= 1@ sin* 0-a®ydo=- L [2.n - n-4) Ans.
370 313 2 .
=2
Example 10. Evaluate I I r* dr do -

a(l- cose) W?a
42
Solution. IZdGIa(l ey dr 2 5=0
3 ¢ z 3 3 3 &) OOSQ\
fzde[ } =I5de[“—-—“ (1= cos) J N
3 0

a(1-cos6) 3 3

3 7 3 n
a (- 3 _a o 2q 3
?IOZ[I—(I—COSG)]dG— 3 joz[l (1-3cos 0 +3cos’0—cos’ 0] dO

3 .T
a? .[02 (BcosH-3 cos? 0 + cos® 0) do

e 3 3
It 2 a 3 2 a
= 3sinf)} -3——+—|=—|3-—+=|=—[44-97
[[ ]° 22 31] 3[ 4 3} 36! | Ans.
Example 11. Evaluate II P drd®©, over the area bounded between the circles r = 2 cos 0
andr = 4 cos 6. (K. University, Dec. 2008)
Solution. Here, we have
r= 2cos® (circle) ... (1)
r= 4cos9 (circle) ... (2)
Let I= ” P drdo - 3)
_ J~2 J~4cose 3 dr
2 cos®
4 4 cos O
4 2 cos O ’
Y
- ljz do (256 cos* 6 —16cos*0) 240jzcos 0do
43"
2 2

T
120 .[02 cos*0d0 [cos* B is an even function]
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4+1 |0+1

120 21 2

) 4+1;0+1 3

3(1Y)]|1 1 45 451t
60{5(5)@% =5 Gm e = == Ans.

Example 12. Transform the integral to cartesian form and hence evaluate

o
| =

I
N
S

T a
IO jo r* sin O cos 0 dr do. (M.U., II Semester 2000)
Solution. Here, we have B
T
I I * /3 sin 0 cos 0 dr dO (D r=a
odo

Here the region i.e., semicircle ABC of integration is bounded by
r =0, ie., x-axis. C 0 A
r=ai.e.,circle, 0 =0 and 6 =  i.e., x-axis in the second quadrant.

I I ( sin 0) (- cos 0) ( dO dr)

Putting x = r cos 6, y = r sin 6, dx dy = r dO dr in (1), we get

j_aa jom Xy dy dx = jjaxdxj;/mydy X r=2cos0

- [ | L]

xX=2

o N|a
3
D
o
=

B 2.2
=J. xdxu

0 -a 2 6=0 >X
{ ra Since f(x)1is odd function \/
2 3
= — — dx = . a
2j_a(“ x=x) 0 Ans j £(x) dx =0 |
—a Y/
Example 13. Evaluate .[02.[0 e (* +yH) dy dx
20 2x-%
Solution. I I o (x* + y*) dy dx
0Jdo
Limits of y= 2x-x* =)2=2-x* = 2 +)2-2%=0 (D
(1) represents a circle whose centre is (1, 0) and radius = 1. AY
Lower limit of y is O i.e., x-axis. r=2cos6
Region of integration is upper half circle.
. . . &
Let us convert (1) into polar co-ordlpate by putting 0=3 oS .
x=rcosO,y=rsinb 0 > X

r2—2rcosO=0=r=2cosH B =0
Limits of » are 0 to 2 cos 0

T
Limits of 0 are O to 3 \

N

2cos0
2 p2x-x T 2cos® I 2c0s0 3 B T r
[ e dvde = [2[ 7 (rdodry = [2d0] 7 dr—J.OZde{TL
z 3xIxmt 37
- 4[2cos*0dOo=4x " =22
IO 4x2x2 4 Ans.
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V2 x dy dx
I I o \/yi by changing to polar coordinates.
x“+y

Solution. In the given integral, y varies from O to /2x — x? and x varies from 0 to 2.

y= \[2x— x2

= y2=2x—x?
= x?+y?=2x
In polar co-ordinates, we have > =2rcos 8 = r=2cos 6.

Example 14. Evaluate

. . . . . T
*. For the region of integarion, r varies from O to 2 cos 6 and 6 varies from O to 7

In the given integral, replacing x by r cos 6, y by r sin 6, dy dx by r dr d, we have

y=V2x—x2
|
x=0 :x=2
0 & X
y=0 1 X X
|
1
7= In/zjhosercose‘rdrde=J~n/2J~2cosercosedrde
o Jo r o Jo
R 2 2cos 6 /2 2 4
= In cos 0] d6=j’I 2¢08°0d0=2 =", Ans.
0 2 o 0 3 3
* +y%?

Example 15. Evaluate ” ~——55—dxdy over the area common to x*> + y? = ax and
x'y

X2+y?=by a b>0 (M.U. I Semester 2008, 2003, 2002)

Solution. The boundary of area of integration are

x2+y?=ax = r’=arcos® = r=acosh

and ¥?+3y?2=by = r*=brsin® = r=bsinb
The region of integration is bounded by » = a cos 6 and » = b sin 6
Point of intersection is given by “
ra cos © = rb sin 0
r=acosf
tan @ = % = 6=tan‘1% B
b/2) TG
A
(% + 1) 4 1 _
And = = =bsin0
x*y? rsin®0cos’®  sin’Ocos’O ' , - "
B 0 (al2)
dx dy = rdrdd
tan! & bsin 6
J’J’ (x +y)dxdy—j bj —‘21 > rdrdo
0 0 sin“ O cos” O

NS

acosH 1
+J. 1aJ. ——— rdrdo
tan”' 5 J0 sin” 0 cos” O

= I, +1, (say)
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ﬁ bsin 6 1 tan—l% 1 7o rz b sin 8
= — rdrdo = j —_— —
5 I I snZ0cos20 0 sin? 0 cos’0 2|
b%sin? 0 1 tan"1 & b2 tan~12
= do = Zp? b sec? = b
J. sin? Gcos 6[ 2 J 2b -[0 sec”0.d0 2 [tane]o
1 qa) 1 ,a ab
= 5t (tan bj 275 2
z 0 do
I = 3 r=acos v dr
2 -[ nle -[ sin” 0 cos*0
0
_ Ig P2 _Ig do a*cos’ 0
3 sin20cos?0| 2 X tan_lg sin2600526 2
2 T 2 T T
_ a3 a6 _a" 3 2 __ _ 2
= 3 Im_lg 702 Im : cosec’0 dO [ cot 6] ' a
2 2
_a T 1a a b| ab
= _9) T S O W
5 [cot2 cot(tan bﬂ 5 [ a} 5
I G +y) E0) deay = 1+5= 2+ Do Ans.

Example 16. Fvaluate : J.J.e_(x: ) dx dy by changing to polar co-ordinates.

00
N

Hence, show that I e_x: dx = T (AMIETE, June 2010, U.P,, IInd Semester, Summer 2002)

0
Solution. From the limit of integration, we find that the first integration is along a vertical strip

extending from y = 0 to y = eo. The strip slides from x = 0 and goes to x = e. Thus the region
of integration is the whole of first quadrant.

Y

Y\ 8 A

T

- r— o
o
1l
x

» X

6} (6] 0=0

=0 -0
This region can be cove red by radial strips extendmg from »= 0 to » = co. The strip starts from
6 = 0 and goes upto 6 = 1t/2.

Hence, I:I:e_(":”:) dxdy = Imzj “rdrdo

_EI:/ZI:(— 2r)e™" drd 0= —lf(?/z[e": lo d®

1 pn/2 1 ¢n/2
_Ejo (0-1)de_5j 1are_Z Ans.

Let I= I:e_":dx (D)
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Also, I'= Io e dy ...(2) [Property of definite integrals]
Multiplying (1) and (2), we get

_ oo poo _(x:+y:) _ E .
L= .[o .[o e dx dy = 2 [As obtained above]
n_~n
= I= | |—=— Proved.
4 2
EXERCISE 5.2
Evaluate the following:
T ¢ a(l —cos 0) 2 . 8 3
1. jojo 2nr°sin®do dr Ans. §m
1 0 5
2. Inja(+cos )rz cos 0 dr do Ans. > ma’
0 Jo 8
3. ‘”ﬂ where 4 is a loop of #2 = a2 cos 20 Ans.2¢ -2
A \’7‘2 + (12 2
4. J‘J‘rz sin © dO dr where A4 is r = 2a cos 0 above initial line. (AMIE. Winter 2001)
4
-y
5. Calculate the integral _U ﬁ dedy over the circle x2 +y2 < 1. Ans. T -2
6. jj(xz + y2) x dx dy over the possitive quadrant of the circle x2 + y?= a2 by changing to polar coordinates.
2
Ans. 2
5
7. _UR \/x2 + y2 dx dy by changing to polar coordinates, R is the region in the xy-plane bounded by the
. 381
circles x2 + 32 =4 (AMIETE, Dec. 2009) Ans. —=
8.  Convert into polar coordinates
24 02 2 /2 2acos®
J‘aJ' ax—x dxdy Ans. j j rdodr
o Jo
0 0
9. jj r sin O dr d© over the area of the cardiod » = a (1 + cos 0) above the initial line. Ans. gna3
2 dr do i i - _ 284°
10. j j 4F > where 4 is the area between the circles ¥ = a cos 6 and » = 2a cos 0. Ans. 5
1
11.  Transform the integral jo I; f(x,y) dy dxto the integral in polar co-ordinates.
n/4 pssecO
Ans. [ [ S0 rdodr
5.4 CHANGE OF ORDER OF INTEGRATION

On changing the order of integration, the limits of integration change. To find the new limits,
we draw the rough sketch of the region of integration.

Some of the problems connected with double integrals, which seem to be complicated, can be
made easy to handle by a change in the order of integration.

arera X

Example 17. Evaluate IO Iy > dx dy by changing the order of integration.
x“+y

(AMIETE, June 2010, Nagpur University, Summer 2008)
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Solution. Here we have M
_fare x y=a B
I= -[0 Iy R dx dy
Here x=a,x=y,y=0andy=a
The area of integration is OAB. +
On changing the order of integration Lower limit of g
y=0and y L
upper limit is y = x.
Lower limit of x = 0 and upper limit is x = a.
» X
a y=x 1 o y=0 A
_ y=a B (a, a)
y=x ’
= I ¢ xdx[ltan_1 Z}
0 X x g
Ay
=Ia£dx (tan_lf—tan_IOj 3 /
0 x x X =a
a T T _.a_am
= ‘ix —_ =—|X = —_—
.[0 (4j 4[ ]0 N Ans. .
o y=0 A "

Example 18. Change the order of integration in
1= L; jjz_x)qy dx dy and hence evaluate the same.
(AMILETE., June 2010, 2009, U.P. I Sem., Dec., 2004)
1 p2-x
Solution. / = jo sz xy dx dy

The region of integration is shown by shaded portion in the figure bounded by parabola y = x?
and the line y =2 — x.

The point of intersection of the parabola y = x? and the line y =2 —x is B (1, 1).

In the figure below (left) we have taken a strip parallel to y-axis and the order of integration is

I;x dx jjz_ xy dy

<&
< > < 7 »

X’ 0 X X’ o x=1
In the second figure above we have taken a strip parallel to x-axis in the area OBC and second

strip in the area ABC. The limits of x in the area OBC are 0 and \/; and the limits of x in the
area ABC are 0 and 2 —y.

Jy
1 o 2 2- 1 x? o x*
= joyayjoyxdx+j1 ydx.[o yxdx:j()y@[;}o +J'0yyay{7}

2-y

0
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4
Y

4

1 1
— 4+ —
6 2

§-244-242 1
3 3

d

2
4 1 1
22234 _1.1
{ 37 }1 6 2[

1 1[96—128+48 24416 - 3]

6 2

5 9 3
24 24 8

1
6

Mathematical Physics

1
1,1 2 1,2 2 _1 y3 1,2 2 3
Sl Y v+ [y@-p @—5{?0+5L @y-4y"+y) dy

Ans.

2
Example 19. Evaluate the integral jo j;xexp [—X—deaj/ by changing the order of
Yy

integration
Solution. Limits are given
y=0andy=x
x=0and x = oo
Here, the elementary strip PQ extends from y =0
to y = x and this vertical strip slides from
x=01t0x=co
The region of integration is shown by shaded
portion in the figure bounded by y = 0, y = x

AY

(U.P. I Semester Dec., 2005)

x =0 and x = oo,
On changing the order of integration, we first
integrate with respect to x along a horizontal strip
RS which extends from x = y to x = o and this
horizontal strip slides from y = 0 to y = e to cover
the given region of integration.
New limits :

x=y and x=oo

y=0 and y=eo

Y

N

We first integrate with respect to x.
Thus,

X2

fo & [Jxe 7 e = [ |72

Py

0y -
X,y
y

oo

2

y

oo g
o)

Example 20. Evaluate the double integral.
1l
[, ], sin 0™ dy dx (BL.U.T; I Semester 2008)

1
2

1l
Solution. Here, we have Io Ixsm %) dy dx

The region OAB integration is bounded by the straight
lines y = x, x =0 and y = 1. A strip is drawn parallel to
y axis. y varies from x to 1 and x varies from O to 1.

dx

=I:aj/ 0+%e

T2

[Ty
07°¢ &

(Integrating by parts)

Ans.

> <

4
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In the given problem the integration is first wr.t. y and Y
then w.rt. x. But by this way the evaluation of integral is 4
difficult. B y=1 A
So we change the order of integration. Now we will
integrate first wrt. x and then wrt. y. Here we draw a 5
strip parallel to x axis. On this strip x varies from O toy & :
and y varies from 0 to 1. * 3 i
1 1, 5 '
Hence, Io dxjx sin (y*) dy
_ - 2 y L 2 y
= Io sm(y)ajzjo dx—j0 sin (y)dy [x]} J -
1
2
(a2 _|ecosy® | _cosl 1
Io sin y ‘(y)dy—[ > L—T 3 Ans.
Example 21. Change the order of the integration
oo X _
[, ] e yavas (BL.U.T; I Semester 2008)
Solution. Here, we have ik B

o e X
Io Ioe_xyydydx
Here the region OAB of integration is bounded by
y =0 (x-axis), y = x (a straight line), x = 0, i.e., y axis.
A strip is drawn parallel to y-axis, y varies O to x and
x varies 0 to oo, )
On changing the order of integration, first we integrate
w.rt. x and then wrt. y.
A strip is drawn parallel to x-axis. On this strip x

varies from y to oo and y varies from 0 to eo. o y=0 A X
oo x —xy _ s Rl —xy Y A A
Hence Io Io e ydydx Io ydyjy e dx
oo e_Xy ~
-1 ra(5)
Y 7y
(=YY 2 N
_Io -y 0= + x =0
o 2 1
= Io e” dy=§\/E Ans.
X
Example 22. Change the order of integration and evaluate: © B

dx dy
N@-y)(r-x)

(M. U., II Semester 2004, 2003)

ary
IO IO \/(a2 +x
Solution. Here we have
Io Iy =
0

* @) @y -
The region of integration is bounded by x = 0 (y axis) x = y (straight line), y = 0 (x-axis),
y = a (straight line).
Here we integrate first w.r.t. x and then y.
On changing the order of integration we have to integrate first w.r.t. y and then x.
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" dx h4
Given integral = Io I: — @ ! _
J@+ D @-»y-9 y=a .
_ J~a J~a dydx (a,a)
o J@ + ) @-y») -9
Puty —x =12, dy = 2t dt °© 4
Wheny=x,t=0,wheny=a,t= Ja—x * +
1_J~a Ju/a—x dx 2t dt
o Jo 2 2 2
+ = -t t
Ja? x> J(a=x . —
_ a dx .1 t e
—2‘[0 — [sm -— } \f‘
a +x a-—x |, y=a
_ a l . _1 . _1 A
=2 [sin™" 1 -sin"" 0] dx (a, a)
O Ja*+x
a 1 Y
=2 —dx ©
'[0 a2 +x? 2 x ~
T a 1 b
z(_j py
2 -[0 JER
y=0

= n[log(x+\/m)]: °

= n[log(a+\/a2+a2)—log(0+\/a2+0)] =7 [log (a+\/5a) — log a]

=x [log a (l+\/§) —log a] = m log (1+\/5)

Example 23. Change the order of integration and evaluate

J.a J.x sin y dy dx
0 Jo fi(@a—x) (x - )] (4 -5cos y)?

Ans.

(M. U., II Semester 2002)

Solution. The limits of y are 0 and x, that of x are O and a. The area OAB of integration is
bounded by y = 0, y = x and x = 0 and x = a. The given function is integrated first w.r.t. y

and then x.

The strip is drawn parallel to y-axis and varies y = 0 and
y = x and x varies from x = 0 and x = a.

On changing the order of integration

we integrate first w.r.t. x and then y.

On the strip parallel to x-axis, x varies fromx =y tox =a
and y varies from y =0 toy = a.

On changing the order of integration.

The given integral

_ [y=a px=a sin y dx
B .[y=0 -[x=y (4-5cosy) flla—x) (x - )] @
On putting x — y = £, dc = 2 ¢ dr in (1), we get
_ J~a Iﬂ sin y ‘ 2t dt
0 Jo (4-5cosy) \/[(a—y—tz)]t

dy

>
»
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) Put x—y=1> - dc=2tdt
Io 4sm5y dy I“a_y 2t di When x =y, then =0,
= 2
¢ cos ) 70 [@-y) -]t when x =a, then t=4la—y
B J~a sinydy Ju/a—y 2dt

0(4—-5cosy)do /(a—y)—tz ______________
_sinydy d o
— in~l
- 2.[0 4-5cosy’ {sm [ a—yﬂo b

=2 I ¢ sm—y dy [sin‘1 %a—y —sin™ OJ
a-y

0 4-5cosy
_ _siny 1 sin _sinydy dy
2-[0 4-5cosy T—Sc0sy s DI = -[0 4-5cos y Scosy %
a
= [% log (4 — 5 cos y):| =3 [log (4-5cos a) —log (-1)]
0
4-5
= %log$=glog (5cosa—4) Ans.
Example 24. Change the order of integration and evaluate J.:/\/_ I x“ a’-x? y2 dA
(Gujarat, I Semester, Jan,. 2009) v
Solution. We have, oryeae
N BT
fy R s Y
P
Here the limits are 9 A _a
x=0 = 7 =iz
a . h
- X 5 X
e K/
y= zztz—x2 = x2+y2=a2
Area of integration is shaded area OAB in the figure. NG

On changing the order of integration we integrate first w.r.t. ‘x’ and then w.r.t. °y’
In this Way we have to divided the area of integration in two parts OAC and ABC.

g [l 2 Y
I dx I y Bl y2=a2—x2

a a
3 J?’J?)

_J.\/_ zdyjydx+j zdyj"/a - ﬁ
B 8 +
2
= Ifﬁ dy)+ [, ¥ da® - (Puty=a'sin 6)
2

4 n 4777 n Y
= IO‘/E V3 + Lfaz sin?0 (acos0)acosOdO = {yT:| + a4jz sinZ0cos?0d0
7 0

4

—y (n+ 2j
32 Ans.

4

a

— 4
=i 4jzsm 0(1-sin 6)d9 __+a4(nj
16 32

4
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Example 25. Change the order of integration

1 1+,/1—x‘
Io J.\/2_’ f(x, y)dydx (M.U. II Semester 2009) Yu
xX—x~
Solution. Here, we have

1 1+\/§
N o J@y v o

In the given integral problem it is integrated first w.r.t. y and
then x.

The limits of x are O and 1.

The limits of y are \/2x - x? (circle) and 1+ 1 - x? (circle).

The shaded region of integration is bounded by two circles.
On changing the order of integration we integrate first w.r.t.
‘x” and then y’.

The limits of y are 0 and 1.

0,1)9
The limits of x are ]+ 4/1-? and Jzy_yz‘ @
1 14y1-x 1 1+ 1-5
ths [ e[ 2 Send < [ o o swna O
X=X Y=y

<

x+3a

a
Example 26. Change the order of integration J.o J. JF S y)dxdy (AU, I Sem. 2008)

a x+3a
Solution. Here we have J.o J. N S yydedy (1)

Y
Here we have integrated (1) first w.r.t. °y” and then x. 4 B
The limits of y are \/a? —x? (circle) and x + 3a and the c
limits of x are O and a. The shaded portion ABCDA of the 2. ®
+ I
region of the integration is bounded by y = /42 — x? ? 2\\ *
(circle), y = x + 3a (straight line) x = 0 (y-axis) and ) ﬂ A
x = a (a straight line). Xl o > X
On changing the order of integration we have to integrate k
(1) w.rt. to x first and then y. !
For this way we have to divide the region ABCDA of Y
integration into three parts AFD, DFGC and BCG. B (0. 4a)
x=y-—3a
One part is AFDA in which the limits of x are \/g* — »* and ©0.3a) C ’(‘; a
x = a and the limits of y are 0 and a.
Second part is FGCD in which the limits of x = 0 and < =
x = a and the limits of y are a and 3a. X
In third part BCGB the limits of x are x = y — 3a and ©.2)D F_.
x = a and the limits of y are 3a and 4a. x \a
> X
a x+3a E’ (-3a, 0) Q
dy d
Hence, J.o J.\/mf(x”v) ly dx Ty

’

- J.oa J.:/zm f(x,y)dxdy+J.:a J.oa J&» dxdy+J.: J.:-sa S ) d;dy Ans.
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Example 27. Change the order of integration in the double integral
J‘z" J‘ dea)/ kY y=12ax B_
Solution. Limits are given as
x=0,x=2a
Y= 2Zax y =V2x— X
and y= ax—x* = y2—2ax
and (- a)2 +y (0] A > X

The area of integration is the shaded portion OAB. On changing the order of mtegration first

we have to integrate w.r.t. x, The area of integration has three portions BCE, ODE and ACD.

i B (2a, 2a)
2a dx \/_ ‘b)

J—z
- [a ] v J@VMZT

y°/2a
+ _f dy ja 2 Ans.
o A
Example 28. Changing the order of integration of j: J.: e ¥ sin nx dx dy show that
Jwe sinny T
0 x 2

(AMIETE, Dec. 2010, U.P. I Semester winter 2003, A.M.LE., Summer 2000)
Solution. The region of integration is bounded by x =0, x =0, y =0, y = o, i.e., first quadrant.

j: j:e-*y sinnxdedy = j"’ayj"’e-*y sin nx dx

_I [ { ysinx — ncosnx}}

oo

oo n > n _ 1.7 _ T
= joay[0+n2+y2}‘jo 2ty “y‘[tan y]o =5 .
On changing the order of integration
jo“ j:e-*y sinnx dx dy = j: sin nxdxj: e dy
o -7 e >
(o] 7] ool 1]
0 —x |, 0 x &,
_ J‘°° sin nxdx[_0+1] J‘ sin nxdx (2)
From (1) and (2), j S0 e T Proved.
2 y=a
Example 29. Change order of integration and hence evaluate: Y4 A
B
J‘a jj— y dxdy x=a
0 Wax [[4 2 2
N yoax o5 &
Solution. The given limits show that the area of integration X &’/
lies between 3? = ax, y = a, x = 0 and x = a. We can consider it as
lying between y =0, y = a, x = 0 and x = y*a by changing the order
of integration. Hence, the given integral. X
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dx
L Iyofxoyay

\' a2x2 "
yila
i e e (5]
2 0

(:J -

jx ij Jax

314 2
= S s @ -sin” O dy = [y ay—zi[y?J = Z@)="- A
a Sf'») dy dx
Example 30. Evaluate jo jo (@02

[ ') dy dx
l@-»@E-y"?
Here the limits are x =0, x = a and y = 0, y = x. Evidently the region of integration is OABO.
By changing the order of integration, we have Y

_J‘ J‘ S ) dy dx
0 Iy [(a-x)(x-y)"?

a
Solution. Let [ = jo

B(a, a)

= jo f(J’)dJ’_“ymm(l) 2
Let us find the values of (a — x) and (x — y) for (1)
Putting x = @ cos? 0 + y sin?0

We have a-x =a-— acos?0 —y sin?0 o y=a A (a 0) X

=a (1 — cos?0) — y sin?0

a—x = asin?0 - y sin?0 = (a — y) sin’0 (2

= —dx=2(a-y) sin 6 cos 6 db, keeping y constant. .,
Also, x—y =acos?®+ysin?0 -y

= a c0s?0 — y(1 - sin?0) B(a, a)

= a cos?0 — y cos?0

= (a-y) cos?0 NE)

dx =—2(a-y)sinBcos0d0 ..(4) X=y x=a

when x =ythenx-y=0
Upper limt X =a > X

x—y = (a—-y)cos?®

a-y =(a-y)cos?®
= cos’0 =1=0=0
lower limit X =y

x—y = (a—-y)cos?®

x—x=(a-y)cos’® = 0 =cos?0 =>6=§

Putting the values of a — x, x — y and dx from (2), (3) and (4) respectively in (1), we get
1= [ rova|,
3 -

0— 2(a y)sin 6 cos 6

—2(a-y)sinBcosO 40

y)sm 0.(a - y)cos 0

[ ro )ayj

—)sin6 cos 6

N f(y)ayj d0=2 [ OB =2[ F'O) .S = AS OG5 =L@~ SOl
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Change the order of integration and hence evaluate the following:

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

J-aj- __cosydy
o Jla—x)(a-y

.foza _fj: "4y dydx Ans, (“).“S‘i"-“j@( 2

4a

[ [262+ )7 dya

[ Jaoa /e dedy

A

f(x,y)dxdy

dx
1,7 (P 2003)

J-(;z j:x/axcb/dx
[ rey dedy

[ 102 —xhe dedy
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EXERCISE 5.3
dx ‘
Ans. @ [, ayjy\/%(b)Zsma

314 4%

Prder [y [0+ P de )

Ans. J‘ a);j‘/— -2 g4
(AMILE.TE., Summer 2000)
Ans. j:d"j,a/ﬁ Sy d+ Iazadxjxa_af(x, ») dy

Ans. Ia dxj al—z_xz S, y)dy
07 0xdx+‘!‘a)j: jxdxflogi
dy

b
Ans. jox j x2 +y +j xdxx +y

ams. @, & [

Ans_[

x dx (b)ga b
(AMILE.TE. Winter 1999)
Ans. [od [, Tyydss [y [ fexy)de

oo x _
Ans. [ _de[” 7 —x)e Y dy (AMIE, Summer 2000)

j jx_ -5 X yxdy (AMIE.TE, June 2009)
J j YEY P I Semester, Dec. 2007) Ans. I j‘@xydxaw jza_y xydxaj/,%
J. J-a+ a? —y2 x dv dy Ans. J- dxj“/a —(x-a)? 3

[Hint: Putx—asm26=>dx=2asinecosed6]

1

1 1
Lel-y 13 172 12 1 3 1-x —3 > 3n
jo j_1 ¥y T (-x-y)'Tdxdy Ans. j_1x3dxj0 y2(1-x-y)? @’__7

x2
[ dx faaces ) dy

Jo fo e ramay [

[2_2 5
I: jo e y2 sz + y2 dx dy by changing into polar coordinates. Ans. ra

Johi =

x+y

Ans. [ody [0 oty de

(% + ) dedy (AMLE. Winter 2000)

1 2-x 5
Ans. [ode [0y dy s

20
U. P I Semester, Dec. 2007, AM.LE., Summer 2001)

s dd=[ [ d

x +y

Recognise the region R of integration on the R.H.S. and then evaluate the integral on the right in the

order indicated.

(AMIETE, Dec. 2004)

. . 4
Ans. RegionRisx=0,x=y,y=landy= Z,Zlogz
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19. Express as single integral and evaluate :
a
T x a \,az ¥ a [2_ 2 3
jozjoxdxaj/+jij0 x dx dy Ans. joﬁaj/j a7y x dx, >a
5 y 672
20. Express as single integral and evaluate :
1 ey, o 5 2 02—y o 5 1 2-x 5 2 5
Jo e+ yhydedy+ [7 [ 7G4y ) dedy Ans. [ [T P ryhd D
21, If _U f(x, y) dx dy, where R is the circle x2 + y2 = a2, is R equivalent to the Polar integral.
R
2nta
(AMIE winter 2001) [Ans. I I (r,0)rdrdb,
00
5.5 CHANGE OF VARIABLES
Sometimes the problems of double integration can be solved easily by change of independent
variables. Let the double integral as be II f(x, y) dx dy. 1t is to be changed by the new variables
R
u,v.
The relation of x, y with u, v are given as x = f{u, v), y = ¥(u, v). Then the double integration
1s converted into.
[ I/ €06 v). ¥ @ v} 17| du dv,where
): 4 a_x a_x
0
dedy =1 dudv="252 audv =" 9 v
0 (u,v) dy dy
Oou OJv
Example 31. Evaluate II (x + y)? dx dy, where R is the parallelogram in the xy-plane with
R
vertices (1, 0), (3, 1), (2, 2), (0, 1), using the transformationu = x +y and v = x — 2y.
(U.P, I Semester, 2003)
Solution. The region of integration is a parallelogram ABCD, where 4 (1, 0), B (3, 1), C (2, 2)
and D (0, 1) in xy-plane.
The new region of integration is a rectangle A’B’C’D’ in uv-plane
xy—plane AE(sz’) BE(x>Y) CE(X>J’) DE(X:.V)
A=(1,0) B=@3,1) C=(2.2) D=(0, 1)
A" =, v) B =(u,v) C' = (u,v) D' = (u,v)
wv-plane | A" = (x +y,x —2y) B =x+y,x—-2) C" = (u, v)
A=(1+0,1-2%x0) | B=GB+1,3-2x1)| C=(2+2,2-2%x2)|D'=(0+1,0-2x1)
A'=(1,1) B =41 C'=4,-2) D'=(1,-2)
Ya v4 A1, 1) v=1 B(41)
C( 2 o) >
u
B (3, 1) u=1 u=4
D
@D > X D'(1,-2 2 C'(a-2
0 A(10) g s =)
(xy-plane) (uv-plane)
x= l Qu +v)
u=x+y 3
and { _ } = 1
v=x-2y and y=§(u—v)
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ox ox| |2
00y _|ow ov|_[3
0wy | | |1
ou odv| |3

dx dy |J|dudv=ldudv

143

4
Ij(x+y) dedy = [' [ ld & = j {—3} dv=‘|.127dv=7[v]12=7x3=2lAns.
1

/2 e nl2 |[sin ¢ o )
Example 32. Transform Io Io ) d¢ dO by the substitution x = sin ¢ cos 6,
y = sin @ sin 0 and show that its value is T. o4
Solution. x = sin ¢ cos 6, y = sin ¢ sin 6. =2
= x?>+3?=sin%0 and Y —tan 0
x
.. T 6=0 g="L
limit of © are O are 5 5
Also, the limits of ¢ are O and g
o b= > 0
2 412 = qin2 2T
x+y=sm<|)=sm5=l Y
A
=«\H v
limits of x are 0 to /] — ? B X
X2 +y?=sin? ¢ =1
limits of y are O to 1.
op 00 o
9. ©) ox x|
Now, dp dd = ————dxdy = dx d
PR T Y T o0 Y
dy Iy o e E— >X
X —ycosze| (1,0)
. 2 2 2 2
_ sin ¢ cos ¢ x de dy =| — cos” 0 2y cos” 0 dv dy
% cos’ 0 sin¢cosd  x” sin ¢ cos d
sin ¢ cos ¢ x
2, .2 2 2 2
=(x + y“) cos edxdy= sin“ ¢ cos“ 0 = 1 d dy

x? sin ¢ cos ¢

(sin? ¢ cos? 0) sin ¢ cos ¢

dx dy

sin O

Again, [ [Sm(Pqu)de—” {[S%n(b

sin O

)

sin ¢ cos ¢

sin ¢ cos ¢

_ J~J~ dx dy =J~J' dx dy
cos ¢ \/sincl)sin 0 \/l —sin® ¢ 4/sin ¢ sin O
P == 1 x2+y2=sin2<|)}
“h \/1—(x2+y2)\/3dxdy L;:sinq)sine
/- Ilj-\/lj dx dy _ J~1dy J‘\/l_y dx
\/@\/(l—yz)—x {A-y"-x"
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X

T B I - _
IO\/@{SIH m}o J.o\/_

{sin~ Tl—sin” O} dy

b4
- 5{2,/(};)}}) - Proved.
Example 33. Using the transformation x +y = u, y = uv show that
Ipl-x 1 YA
Io-[o eEY gy dx=3(e—1) 5
Solution. Since, x =u (1 —v), y=uv +y
J/Q), x=1
% o
_d(x,y) _ |ou av=l—v —u x=0| x=a
ow,v) dy dy v o u
ou OJv .
O y=0 "R
Su—-—uwtu=u (xy-plane)
dedy=|J|dudv=uduadv
Also x=0=2u(l-v)=0 v e 1
su=0,v=1 R Q
y=0=>uw=0
u=0,v=0
xty=>u=1
Hence, the limits of # are O to 1 and the limits of v are O to 1.
The area of integration is O” POR in uv-plance.
1pl-x 1el o
y(x+y) _ uv/u >
[,J, " dyde= [ [ e | dudv of P
(uv-plane)
_Ijue du dv = [ J (e )0——(e—l) Proved.

Example 34. Using the transformation x +y=uy=uv, show that
YA

Ij[xy (-x-]"* dedy= 105 ——. integration being taken over B
the area of the tringle bounded by the lines x = 0, y = 0,

x+y=1
Solution. Ij[xy A-x—- " dedy x=0
Xty=uorx=u—-y=u-—uv,
0 5 o ° =0 A
dx dy = % dudv = a; a; du dv (xy-plane)
u,v
’ ~ o VA
ou OJv - v=1 i
-y —
dedy=| “|dudv=ududv.
v u 5 _
x=0 = u(l-v)=0 4 I
= u=0,v=1 s
y=0 = w=0 e
= u=0,v=0 o V=0 p
x+ty=1 = u=1 (uv-plane)
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Hence, the limits of # are from O to 1 and the limits of v are from O to 1.
The area of integration is a square OPQR in uv-plane.
On putting x =u —uv,y = uv, dx dy = u du dv in (1), we get

12 12 4 12
Ij(u w) " () “ (1 =v)'"" uduadv EEF
J‘; w? (1= )2 du J’;vl/2 (1 —v)? dv=%x 2é 2

;

3 11 1]1 1~ 1
2.|= — === —AT. =T
_ 2 212202 1 xz\/_z\/_zh A
7533 2 753 1 105 ns.
222702 222

T T
Example 35. Using the transformationx +y =u, y = v, evaluate I 0 Io |cos (x + y) | dx dy.

TeT YA
. - + dx d =
Solution. Let I Io Io|cos(x y)l xay ©,7)C y= B(r, n)
{x+y=u} XxX=u-v
=
y=v y=v
o
o o : ]
o(x,y) |ou ov _‘1 _1‘_ )
J:—: - _l
du,v) | dy| |0 1 > X
Ju Ov 0 y=0 A (m, 0)

dcdy=|J| dudv=dudv
The area of integration is a square OABC in xy-plane, where O is (0, 0), 4 = (%, 0), B = (7, ),
C=(0,m)

ry-plane | O = (x, y) A=(xy) B=(x.y) C=(xy)
0 =(1,0) A=(xm 0) B=(2,2) C=(,1)
O =(u,v) A =, v) B = (u,v) C"=(u,v)
uv-plane | 0" = (x +y.y) A'=@x+yy) B =(x+y.y) C'=(x+y.y)
O'=0+0,0) A =m+0,0) B'=m+m m C’"=0+m m
O =(0,0) A" =(m 0) B = (2mn, m) C’'=(m, m)
The new area of integration is O’A’B’C’ in uv-plane where O’(0, 0), A’(n, 0), B'2xw, n),
C’ (m, m). AV C' (2n, 1) )
Equation of O'C"is v=u B em.m)
0-m
Equation of A’B’ is v — 0 = (-m)
T— 27
v=u
S V=EuU-T=>u=v+mn
meT
Now, [= Io Io |cos (x + y)| dx dy
- j: 51 cos u| du dv
v
o - > u
=Indvjn+v|cosu|du A’ (m, 0)
0 v (uv-plane)
1 /2 1 n+v
- jo dv[jv |cosu|du+jm2|cosu|du+jn |cosu|du]

T /2 T T+v
=I dv[j cosudu+j —cosudu+j —cosudu}
0 v /2 T
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= I:dv [(sm u),

Interval cos u cos u
M2 _ (sin u)¥,, — (sin u)ﬁ”] | |
i
- ) ) (V, —j +ve cos u
=IOdv[l—smv)—(O—l)—|sm(11:+v)—0|] 2
n . . i
= Io dv[(l-sinv)+1—-{-sinv-0]|] (E,nj —ve —cos u
(m, T+v) —ve —cosu

=I:dv[l—sinv+l+sinv]
= [Tav @)=
~Jo

Example 36. Evaluate H J

2 2

. X"y
ellipse — +—
P a b

Solution. The region of integration is bounded by the

2 2

x
ellipse —+—= =1.
P a®  b?

Let us substitute

=

= 1, using polar coordinates.

Mathematical Physics

2]0“dv=2(v)g =2(m-0)=2m

2b2 b2x2

2b2 b2x2

;a y dx dy where R is the region bounded by the
a’y’

(M.U. II Semester, 2009)
Y

A
B
= arcos 0
D
y

a’b? -b%x? —ay
‘U\/[ab +b%x? +ay

x
a
x
% = rsin 0 ;
_ . B 2 2]
y = brsin0 x_2+,ll)/_2=l
a
a_x a_x 200520 + 72 sin2 0 =1
a(x’ y) ar ae ¥ COS + r” sin =
J= 30,0 |y oy 2 (cos? 0 +sin? 0) =1
or 00 72 =1
Y =]
3 acos® —arsinb - me
" |bsin®  brcosO
= abr cos?0 + abr sin?0 r=1
= abr (cos?0 + sin’0) X4 = >X
= abr
dx dy = Jdrdo
= abr dr dO v’
—b%a*?cos? 0 — a’b*r?sin? 0
dcdy — 4 abr dr dO
} v = I I \/[ 2 4 b%a%%cos? 0 + a*b*r*sin® 0

a2b2r?
2b r (cos 0+ sin’ 0) abr dr dO
2+ a***(cos* 0+ sin*0)

=4HJ

S

2.2
abr abrdrde
b2
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abr dr do

—af3 ! 21’2(1‘” abrdrdo = 4 [

2b2(1 +r?

=4IO§ I; —(1‘”(1 r)abrdrd6—4abj [

2=
Y r dr dO [Put sin 7]

J_

—4abj j COSS“;’I stdtde—zabj j2(1 sin £) dt dO

¥
=2ab |2 t+cost]"’2de-2abj [_—1]de 2ab(——1jj2 do

= 2ab (— - 1) 0] = mab (; - 1). Ans.

Example 37. Using the transformation u =x +y and v =2x — y,

evaluate the integral ,g (x+y)dxdy,

Where R is the surface of the parallelogramx +y =1andx +y=3,2x—y=0and 2x—y = 4.
(Delhi University, April 2010)

Solution. We have, H(x+ y) dx dy, \Z
R
u=x+yand v=2x-y -
KN
u+v 2u-v ,\7’ A
= x= 3 dy= 3 b A
}\\‘3 (\_)-
ox Ox o +",,\\ oy
= N,
dedy= 25D gy gy =0 ) gy gy N
wn T o
du ov
1
- ; 3 dudv=(—é—%)d dv = — L v
3 3 VA
Lower Limit of # = 1 and upper limit of u = 3
Lower Limit of v = 0 and upper limit of v =4 v=4
On putting x +y = 4, we get |
1 13 4 15 W
Hu(——)dudv = -~ [udv[av 5 5
3 31 0 1
v=0 U
_l[u } []4__1(2_1)(4_0)
3l24 70 3\2 2
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EXERCISE 5.4

o poo . b
Evaluate jo jo e+ sin ( _;v ] dx dy by means of the transformation u = x + y, v = y from (x, y) to
x+y

(u, v) Ans. l
T

11—
Using the transformation x + y = u, y = uv, show that jo jo * x)_:_y dy dx =%(e o))
e

(AMLE. Winter 2001)

X

Using the transformation # = x —y, v =x +y, prove that chos ;y dx dy = % sin 1 where R is bounded
x+y
R

byx=0,y=0,x+ty=1

1 1 1
Hint: x=—(u+v), y=—(v—1u)so that|J |=—
[ 2( ). y 2( ) [J] 2]



APPLICATION OF THE DouUBLE INTEGRALS
(AREA, CENTRE OF GRAVITY, MASS, VOLUME)

6.1 INTRODUCTION
In this chapter, we will study how to find out area, centre of gravity, mass of lamina and the
volume by revolving the area.
6.2 AREA IN CARTESIAN CO-ORDINATES
Let the curves AB and CD be y, = f (x) and y, = f, ().
Let the ordinates AD and BC be x = g and x = b.
So the area enclosed by the two curves y, = f| (x) and y, = f,(x) and x = a and x = b is ABCD.
Let P(x, y) and Q(x + dx, y + dy) be two neighbouring points, thent the area of the small
rectangle PQ = dx. dy.

»
Area of the vertical strip = a“mo > dxdy=8x j;zah’Sx the width of the strip is constant
y —
»

A

throughout.
If we add all the strips from x = a to x = b, we get

Yo = fg (X

b b
= l 8 72 = dx 72
The area ABCD = _lim ; x _f 4 ja a Y

Area = j: j: dx dy

o}
Example 1. Find the area bounded by the parabola y*> = 4ax  Ya .
and its latus rectum. ) . @ —
Solution. Required area = 2 (area (ASL) N 3 .
Elx=a
SN g,
AT y=03s@0 X
o e de k
3/2)° 2
x 8a P
—afa| X | =% X
Ja [ 372 JO 3 Ans.
Example 2. Find the area between the parabolas y° = 4 ax and X° = 4 ay.
Solution. V= dax e
x2= 4ay (2

On solving the equations (1) and (2) we get the point of intersection (4a, 4a).
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Divide the area into horizontal strips of width Sy, x varies A (48, 48)
2 x =4 ax
from P,2 P to O, /4ay and then y varies from O(y = 0) to \\

A (y = 4a).

N

The required area = _f dy _fy , 4a

Y 4a

- et - fs| - L] L

V2 /4a 3 12a
2 0
4Wa 3 @@ | [32 5 16 5] 16 ,
= |—— 4 - |=| - =
{ 3 YT T e T3 3T Ans.
Example 3. Find by double integration the area enclosed by the pair of curves
y=2-xandy* =22 -x) Ya P
Solution. y=2-x B 2o V5~
=22 -x) Sooos

On solving the equations (1) and (2), we get the points of
intersection (2, 0) and (0, 2).

A=I Idxdy
NaeErs) >
The required area—j dxj 9 2.0 X
2T
2 \/2(2 %) 2 32 x
= Iodx[ 13- I de[\4-2x-2+x] = {3){_2(4 2x) —2x+ 2 5
s 0
1 3/2 x2 ( 4) 8_2
o2 —oes | o -4+ 2 |+222
3( x) X+ i 57373 Ans.

Example 4. By double integration, find the whole area of the curve a’* = y* 2a —y).

(U.P, II Semester, Summer 2001)
Solution. a?x*=1) QRa-y) e
The area enclosed by the curve (1) is the shaded portion of the figure

" Jea=y)

Take a horizontal strip extending from x =0 to x =

a
The required area
s JGa-y) ¥ JQa-y)
2a e 2a B
[ faaeafe T e,

3/2
2a (2a— ) 2 ¢2a
= of My LT 2 (B30 oy ay,

Puty =2 asin?0 so that dy =4 a sin 6 cos 6 d O
3
2a 3/2 2 T © 2 2 .2 .
I J2a—ydy=;‘[02(2asm 0)2 y/2a — 2a sin” O [4a sin O cos 6 d 0]

T
= 2 a)*'? V2a. (4a) J.Ogsin3 Ocos0.sinBcosOdO
a
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]
. 513
= 324° Psm“ecoszeale=32a2 ﬁ

1f
TX— \/_
_32a222‘;2(32a22 2 2 Ans.

=Tta
2x3x2x1 12

Example 5. Find the mass of the area bounded by the curves y2 =xandy= X, ifp=u (x2 + yz)‘
(Nagpur University, Summer 2008)

Solution. Here we have

y2=xandy=x3 YA N
Area bounded by the curves = H dxdy
Mass of the area ozt
N
2 2 1 ‘/; 2 2
= [[uet+yyacdy =uf [P +y)dedy 5]
N 1 e
Ledx 50 2. .Y £
= = +— 2
MIOL:, (“+yS)dy MIOXy 3, f
X »
o 0.5 » X
> 2 7 506 o7
_muf|[ 2= —[x5+x—J Y SN S A 2l Y P I S
3 77 7157 6 30| L7 15 6 30
23
= 60+ 28 —-35-T|=——pu=— Ans
[ ] 210 105 #
EXERCISE 6.1
Use double integration in the following questions:
1. Find the area bounded by y = x — 2 and y? = 2x + 4. Ans. 18.
2. Find the area between the circle x2 + 32 = a2 and the line x + y = a in the first quadrant.
Ans. (- 2)a?%/4
2 P T ab
3.  Find the area of a plate in the form of quadrant of the ellipse — s+ =1 Ans. 1
a* b
4. Find the area included between the curves y2 =4 a(x + a) and > =4 b (b—x). Ans. S_W
3
(AMIE.TE., Summer 2001)
S. Find the area bounded by (a) 3* =4 — x and 32 = x. Ans. %
B)x-2y+4=0,x+y-5=0,y=0 (AMILE., Winter 2001) Ans. %
6. Find the area enclosed by the leminscate 72 = a2 cos 2 6. Ans. a?
7.  Find the area common to the circles x2 + y2 = a2 and x2 + y2 = 2ax. Ans. [g - ?} a?
8.  Find the area included between the curves y = x> — 6x + 3and y = 2x + 9.
(AMLE., Summer 2001) Ans, 88v22
3
9.  Determine the area of region bounded by the curves xy = 2, 4y = x2, y = 4. Ans. % —4log2

(U.P. I Semester 2003)
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AREA IN POLAR CO-ORDINATES
Area=j Irdedr

Let us consider the area enclosed by the curve r = f(0).
Let P (», 0), O(r + 8, 0 + 30) be two neighbouring points.
Draw ares PL and QM, radii r and r + dr.

PL =30, PM = dr
PLOM = PL x PM

= (¥30) (ddr) = r 80 dr.

The whole area A is composed of such small rectangles.
Hence,

Area of rectangle

A= aligoz Zr86‘8r=j Irdedr

300
Example 6. Find by double integration, the area lying inside the cardioid v = a (1 + cos 6)
and outside the circle r = a. (Nagpur University, Winter 2000)

Solution. r=a (1l +cos 0) (D
r=a AD= 2 ..(2)
Solving (1) and (2), by eliminating », we get > = .
a(l+cosB)=a = 1+cosB=1 e A e/,x
T T %
0=0 BO=——or— S
cos = D) 9
limits of # are a and a(l + cos 0) R
S O=n o B D 6=0
limits of © are — = to =
2 2
Required area = Area ABCDA c
/2 for cardioid
= I I ) rdodr
-n/2 Jrfor circle
PR 2 a(l+cos 0)
n/2 ¢ a(l+cos®) n r
= —n/ZIa rdedr = J.—TI:/Z[?J de
a
= @™ {04 cos 0)F —1] dO = @™ (05?04 2005 0) dO
= 7‘[_“/2[( +cos6)” —1] = 7‘[_“/2(005 + 2 cos 6)
2 [T/2 2 2 /2 2 /2
=a I (cos” 6+ 2cos 0) dO =a I cos 6d6+2j cos 6d6
0 0 0
2
= a* [§+2(sin6)g/2}=a2 [§+2} =aT(n+8) Ans.

Example 7. Find by double integration, the area lying inside the circle r = a sin 0 and outside
the cardioid v = a (1 — cos 6).
Solution. We have,
r=asin 6
r=a (1l —cos 0)
Solving (1) and (2) by eliminating », we have
smB=1-cosO=sinO+cosB=1

(D
(2)

Squaring above, we get
sin?0 + cos?0 + 2 sin 0 cos 6= 1

= 1+sin26=1=>sin26=0=>26=00r11:=6=00rg
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The required area is shaded portion in the fig.
Limits of # are a (1 — cos 0) and a sin 0, limits of 6 are 0 and g

r in6
Required area = .[02 I a(slm e)r dr do
a(l—-cos

- 2 asin©

[ {%} de:%j:/zaz [sin2 6 — (1 — cos 0)*] 6

0
a(l-cos6) yAre =

2 w2
%I: (sinze—l—cos2 0+ 2cos 0]d0

2
=%I:/2(—200526+2cose)d6 (=° r=a(1-cos 6)

a* [¢n2 , /2
=—U —2cos 6d6+j 2cosed6}
2 L70 0

r=asin0

a2 T
= [[- 2‘2} +2 (sin e)g’z} 0=0 X

2

2 2

a T . T . a T 2 (L
—|—-—4+2|sin—-smn0|| = —|-=+2]| = 1-=

2[ 2 [ 2 H 2[ 2 } ¢ ( 4) Ans.

Example 8. Find by double integration, the area lying inside a cardioid v = 1 + cos © and
outside the parabola v (1 + cos 6) = 1.
Solutio. We have,

r=1+cos® (D
r(l+cosB)=1 ~(2)
Solving (1) and (2), we get $0=rn/2 rdodr

(I1+cosB)(1+cosB)=1
(1 +cosB)P=1 A Q
l+cosB=1 £

cos0=0=> 6=ig

1

limits of » are 1 + cos ® and —————
1+ cosO c

limits of 6 are — g to g
Required area = Area ADCBA (Shaded portion)

J-n/Z 1+cos©

1+cos6
I rdodr s ' 1 pn2 2 1
w2 d 1 = I__n > : do = Ej—n/Z (l+cos®) —— [dO
2

1+cos 6 (1+ cos 6)2

1+cos©

= ljmz (1+cosze+2cose)—; do

2 Jd-m/2 2
[2 cos? gj
2

= 2><ljm2 (1+cosze+2cose)—lsec4£ do
270 4 2
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8]

n/

0

1+ cos? 0+ 2 cos 0) — i [1 + tan’® gj sec? g} do

141700520 s os0)- L1+ tan? T sec? E |do
2 4 2 2

J
J

w2 1 cos20
[ _1+§+ 3

8]

n/

0

8]

0

+2cose—l sec? 9+tan29xse029 do
4 2 2 2

Vs
= 6+9+sze+2sin6—l 2tang+ztan39 2
2 4 4 2 3 2)1,

= E+£+0+2sin£—ltan£—ltan3£ = 3_n+2_l_l = 3_n+i
2 4 2 2

4 6 4 4 2 6 4 3
Example 9. Find by double integration the area included between the curves
r = a (sec 0+ cos 6) and its asymptotes.
Solution. We have,
Equation of curve is, r=a (sec O + cos 0)
Equation of asymptotes CD is, » = a sec 6
limits of # are a (sec 0 + cos 0) and a sec 0

limits of 0 are — © and kil
2 2

Required area = Shaded portion of the figure
/2 J-a(sec6+cose)r dr do

n/2J asecO

|

(D
(2

9 a(secO+cos 0)
/2
-n/2| 2

asec O

1l
QO

2
a /2 2 2
= 7j_mz[(sec 0+ cos 0)° —sec” 0]dO X

2 a2 2 a2
= a? fm(cosze+2)d6=2% : (cos? 0+2) do

= a* (l.£+2.£j=a2 (£+nj=5—na2.
4 4

Example 10. Find the area included between the curve

x=a(0—sin 0),y =a (1 — cos 6) and its base.
Solution. When 6 =0

Y 4

x=a@-sin0)=ax0=0 B
y=a(l-cos0)=a(l-1)=ax0=0
0 =2n
x =a@n-sin 2n) = a 2n - 0) = 2an
y=a(l-cos2m)=a(l-1)=ax0=0

When

Ans.

Therefore, the limits for O are from O to 2m. Q| 8=g e

Required area = area OBAO

I;nij—ede = Iozna(l—cose)a (1-cos 6) dO

a | 02“(1 ~cos 0)° do=da’ | Oz“sm“ g de
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6.4

Find the area of cardioid » = a(1 + cos 0).

- 847 j:sm“ o do

- 84%. 2]0“’2sm4 0 dd = 16>

EXERCISE 6.2

Find the area of the curve 72 = a2 cos 20.

Find the area enclosed by the curve r =2 a cos 6
Find the area enclosed by the curve r =3 + 2 cos 6.

Find the area enclosed by the curve

3=

a? cos20 + b2 sin?6.

155
0
Put — =
7 ¢
=d0=2d¢

Ans.

Ans. ——

Ans. 1a?
Ans. 11w

Ansg(a2 +52)

Show that the area of the region included between the cardioides » = a(1 + cos 6) and » =a (1 — cos 0)

2

a
is — (Bm-28).
is 2( )

Find the area outside the circle » = 2 and inside the cardioid » = 2(1 + cos 0). Ans. (1 + 8)

Find the area inside the circle » = 2a cos 0 and outside the circle » = a.

Find the area inside the circle » = 4 sin 6 and outside the lemniscate 72 =

Ans. 2a° E+£
3 4

8 cos 2 6.

Ans. (§n+4\/§—4j

VOLUME OF SOLID BY ROTATION OF AN AREA (DOUBLE INTEGRAL)

When the area enclosed by a curve y = f(x) is revolved v 4
about an axis, a solid is generated, we have to find out

the volume of solid generated.

Volume of the solid generated about x-axis

= I Iy (ij)2nPdedy

Example 11. Find the volume of the torus generated by revolving the circle x* + 7
the line x = 3.

Solution. x* + 1% = 4

= [erPQydvdy=2m| [(3-x)dvdy

= onf " |

+4x

v B-x)dy

271:I dx(3y xy)hlﬁ

=2nf2dx[3\/4—x2_x\/4—x2 NE N/ P

=

X

0}

Q
= 4 about

o o) >X
x=3

VY/

2
= 471[3\/4—x2 —x\/4—x2]dx=4n [3§\/4—x2 +3x%sin‘1§+§(4—x2)m}
-2



156 Mathematical Physics

= 4n[6x§+6xﬂ=24n2 Ans.
Example 12. Calculate by double integration the volume generated by the revolution of the
cardioid r = a (1 — cos 0) about its axis. (AMIETE, June 2010)
Solution. » = a (1 — cos 6) o o &
"= 2n ydedy=1"=2n| |(rdBdr)y 2o
f | i o
=2njdejrdr(rsin6) 0=n =0 _
~ M d 0O X
= 2 ["sin0.d0 [V gr X
0 0
3 Ja(-cos 0) o en
- 2nj.nsin6d6[r—} =22 ["a® (1-cos 6) sin 040
0 3], 3 Jo
T
2na’ | (1-cos 0)* 2na’ 8
- = 16]=—ma
3 { 4 . 12 [16] 3 Ans.

Example 13. 4 pyramid is bounded by the three co-ordinate planes and the plane

x + 2y + 3z = 6. Compute this volume by double integration.

Solution. x+2y+3z=6 (D Y 4

x =0,y =0, z=0 are co-ordinate planes.

The line of intersection of plane (1) and xy plane

(z=0)1is

x+2y=6 -(2)

The base of the pyramid may be taken to be the triangle
bounded by x-axis, y-axis and the line (2).

An elementary area on the base is dx dy.

Consider the elementary rod standing on this area and
having height z, where

6-—x-2y
3

6-—x-2y

—

3z=6—-x-2po0r z=

Volume of the rod = dx dy, z, Limits for z are 0 and

6—x

Limits of y are 0 and and limits of x are O and 6.

6—x
6 _x-2y
2 - =7
0 3 dy

= %I;dx(@c—xy—yz):;x = lj6 6(6—x)_x(6—x)_[6—XJ2de

Required volume = J.;J.:%x zdcdy= I; dx I

370 2 2

1,c6(36-6x 6x—x> 36+ x> -12x
——j - - dx
3dol 2 2 4

- %I;(72—1bc—12x+ 2% —36 -2 +12x) dx

3 2 6
- ijé(x2—12x+36)dx=i x _Ix
12 Jo 2|3 2

+ 36x:|
o

= %[72—216+ 216]=6 Ans.
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EXERCISE 6.3
4
1. Find the volume of the sphere x2 + 32 + z2 = a2 by revolving area of the circle x2 + 32 = a%. Auns. 3 na’

6.5 CENTRE OF GRAVITY

I Ipxdxdy B I Ipydxdy
Y = > y =
x jjpdxdy ”pdxdy
Example 14. Find the position of the C.G. of a semi-circular lamina of radius a if its density
varies as the square of the distance from the diameter. (AMIETE, Dec. 2010)

Solution. Let the bounding diameter be as the x-axis and a line perpendicular to the diameter
and passing through the centre is y-axis. Equation of the circle is x*> + y? = a?. By symmetry

x =0.
a Ja-x 3
_[fyeacd  [foryhydd [ @[5V
= = 2 = ; e
I Ipdxdy I I(?»y ) dx dy J‘_ade‘O\/ V2 dy G
L e 5 > X
I dx y— a 2 2.2
a4 3I_a(a —x)? dx
= N = e 5 290 Putx=asmn 6
i dx[ﬁj 4" (@ —x*y"? de
—a 3 o
T I
3I z (a* — a® sin” 0)* a cos 0 dO 3I Zna5 cos’ 0 dO
2 )
I I
4I zﬂ(az—a2 sin® 0)*'% a cos 0 dO 4I 41:“4 cos* 6 doO
2 2
4x2
_3a 5x3 _[3aj(8j 16 ) 32a
T3 3x1m 4 J\15)\3%n) 15m
4%x22
Hence C.G. is [O, 32_a] Ans.
157

Example 15. Find C.G of the area in the positive quadrant of the curve
X234 2B = g2,

et s
[ sl
0 0 — 0 0

I:dx J.(fa"’_x-”)”-@ J.:dx [y]gazs_x:/,),/:

J'Oax dx (a2/3 _ 23 )3/2 J.an cos> 0 (aZ/3 —a?? cos? 6)3/2 (-3a cos’ Osin 0 do)

Solution. For C.G. of area; x = J.

x= [Put x = a cos6]

- 2
I:dx (@3 = x*3)32 J.Eo(ay3 —a?? c0s?0)*'% (- 3a cos? O'sin 6 d 0)
2
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Hence, C.G. of the area is [
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Vs Vs
‘[33a3cos3esin36coszesin6d6 ajgsin46cos56d6 2|4

__J0 _ 12
™ Tz A
IZ3a2 sin® O cos*Osin 04O IZSin“ecoszede —|=<
0 0 2_2
BR 204
2) (6 256
da_ (7) (5);1 = a’ Similarly, 7:&
3 127531 o 57 3151
2222

256a 256 a]

3157 3157 ) Ans.

Example 16. Find by double integration, the centre of gravity of the area of the cardioid
r=a(l + cos 0.

Solution. Let (¥, y) be the C.G. the cardioid

By Symmetry, y =0.

J-_ J-a(1+cose)(r cos 0) (r dO dr) I_ cos 0d0 I

324° [3511; SnJ )
- —| —=—-—=1+8a
3 128 32

dexdy Ijxdxdy

dedy dedy

a(l+cos 6) 2 dr

J- J- a(l+cos 0) +dO dr - J-_nde J-(:z(l+cos e)r dr

a(a+cos 6)

i 3
J._ncosede{ 3 } J‘“ cos 0.d6. a_(l +cos 0)°
o _--n 3

2 Ja(1+cose) - . 2 Y A

de rt [7 d0% (1 +cos 0)?
2 2 <
0 ™)

3 3 0
a f[200529—1j[1+200529—1j do A0

3 Jon 2 2 x 4o
_j [1+2cos——1jd6

3 2 ’
a—jn [200529—1j[80056—jd6+a—jn4cos49d6 Y
3 J-n 2 -n 2
8a°
3
2x8a’

3
164°

3
324’ {2x7x5x3x1§ 5x3x1 n} 802[3x1 EJ

A

XV

<

g [2 cossﬁ—cos —j dO+2a I cos49d6
-n 2 - 2

In[200589—cos —j do +4a I cos49d6
0 2 0 2

f :’ ?(2cos* 1 - cos® 1) (2 dr) + 4 X " cos* 1 (2 di)

3 x6x4x2 2 6%x4x%x22 4x2 2
[Ej_sixw_"x 16 _3a
16)" 3 128 8alx3m 24 Ans.
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Example 17. OA is the diameter of semiciruclar disc, the density at any point varies its
distance from O. Find the position of entire of gravity given given that OA = a.
Solution. p o« ¥ = p = kv, where k is constant.

rvaries from r=0to r =a cos 8 and 0 variesfrom 6 =0to 6 =

z
>

If ( , y) are the coordinates of centre of gravity, then

prdA I I (rcose)(kr)(rdedr)

H pdd j(:zt j:“’se(k r)(rd 6dr)

acos@

»
acos 0 3 dr .[ C030d0|: 4 :| %“.;DCOSBQB(Q4 COos 43)

IZCosedGI o _
_ 0 — z 3 T|acosé 1 z

x 4x2

o L0000 0l 555 | 3a(4)_3a

= "48° Z 4| 2 4\s5) 4
Izcos349d9 =
;acose . 3

S [[ypda =j0-j0 (rsin@kr(rd0dr) L

[Joda ﬁr""“’(kr)rdedr PR

. 4 acos6
. r
kIZ smedej““’se Pdr J.OZsmede{TL

2c0sH 3 acos®
kjoz de " ridr IzdeL}
0

ij.f sin 8d 6(a" cos' 6) _ 3a* J.OE cos* O(sin 6d 6)

1 % 3 3 3 % 3
gj.o do(a <,:ros 9 4a Io cos’ 8d6

[_cos 6’}7
sal S b 33,04, 0 ERA)
= 1 3 =375 5| 720 Hence C.G is at 5’20 Ans.

3
6.6 CENTRE OF GRAVITY OF AN ARC
Example 18. Find the C.G. of the arc of the curve
x =a (® + sin 0),y = a(l — cos 0) in the positive quadrant.

des I yds
Solution. We know that, x = Ly =
I ds Ids
dx Y dyj
== + do
Now, ds [dej [de

= \/{a2 1+ cos 0)? + a* sinze}d6=a\/1+2cose+cosze+sin26d6
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= a\l+2cos0+1d0=a\2(1+cos6) d6=a"4coszgd6=2acosgd6
n .0 0
dex=j:a(6+sin6)2acosgd6=ajo[9+231n50055d9j

; =
Ids In2acosgd6 2 sin T "
0 ) 2,

T
ﬁjn Gcosg+2singcos29 d6=£J.5(2tcost+2sintcoszt)2dt
270 2 2 2 270

T
3.2
2a tsint+cost—coS ! =2a[£—1+l}=a[n—i}
3 o 2 3 3

T 0 T, . ,0 6
Iyds =Ioa(l—cose)2acos§d6=aj.02smzicos§d6

y:
Ids In2acosgd6 Incosgde
0 2 0 2
a r[sin3 g]“
2 4 2
= 0 2 - ?a Hence, C.G. of the arc is [a [n - %j, 2?0} Ans.

T 3x2
3[2 sin 9]
2 0

EXERCISE 6.4
1. Find the centre of gravity of the area bounded by the parabola y2 = x and the line x +y = 2.

A (8 1)
ns. -~ —
5 2

2.  Find the centroid of the tetrahedron bounded by the coordinate planes and the plane x + y + z = 1, the

112
density at any point varying as its distance from the plane z = 0. Ans. (ga 5 gj
3. Find the centroid of the area enclosed by the parabola 32 = 4 ax, the axis of x and latus rectum.
e (330
{20716
. . Ta2
4. Find the centroid of the loop of curve #2 = a2 cos 2 6. Ans. [ g OJ
5. Find the centroid of solid formed by revolving about the x-axis that part of the area of the ellipse
x? y2 S 3a
—+==1 which lies in the first quadrant. Ans. (?, 0)
a® b
6.  Find the average density of the sphere of radius a whose density at a distance » from the centre of the
. r3 k
sphere is P=pg [1+k—|. Po 1+5
a
7. The density at a point on a circular lamina varies as the distance from a point O on the circumference.

Show that the C.G. divides the diameter through O in the ratio 3 : 2.



TRIPLE INTEGRATION

7.1 INTRODUCTION

In this chapter we will learn triple integration. Before that we will discuss the following
coordinate systems.

1. Cartesian coordinates

2. Spherical coordinates

3. Cylindrical coordinates

1. Cartesian Coordinates

Take a point O in the space draw three mutually perpendicular lines through O. O is known as
origin and these three lines are known as x-axis, y-axis, z-axis. There are three coordinate planes.

1. xy-plane : The plane passing through x-axis and y-axis is
known as xy-plane. z

2. yz-plane : The plane passing through y-axis and z-axis is
known as yz-plane.

3. zx-plane : The plane passing through z-axis and x-axis is
known as zx-plane.

Consider a point P in the space draw perpendicular PQ to o S
x y-plane. PQ is known as z-coordinate; from Q draw perpendicular R
lines OR and QS to x-axis and y-axis respectively. OS is .~ Q
x-coordinate, OR is y-coordinate and small element of the solid X
in cartesian coordinates is dx dy dz.

2. Spherical Coordinates

In the adjoining figure join OP, OP is denoted by # 0 is
called the angle between OP i.e. r and z-axis. Z

¢ is the angle between x-axis and OQ. T - )
------ X, Y, 2
Then the coordinates (r, 6, ¢) of a point P are known as

spherical coordinates.

Z = PQ =0T = OP cos 0 z
r cos 6 o
PT = OPsin 6 0 =Y
rsin 6 N -7

r sin © X

U
Q
Q

I
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In right angled triangle Q R O, £ R is right angle.

x = OR=0Qcosd=rsinbcos ¢
Again in right angled triangle O S O

OQ sin ¢ = r sin O sin ¢

y=
X = rsin 0 cos @
y = rsin 0 sin ©
z = rcos6
Also, rr = xt+ )+ 22
CI)=tan‘IZ
[2. 2
9 = tan’! [—x ty
z
0%, 2)
r 77 5069
ax ox ox
or 006 08¢
_ |2 oy Oy
T |or 06 0¢
oz 0z bz
or 006 08¢
dx dydz = Jdr do dp
| dxdydz = Psin 0 dr do dy |

3. Cylindrical Coordinate System
If PQ =z, OQ = p and OQ makes angle ® with the x-axis then (z, p, ®@) are called cylindrical

coordinates.
x =pcos ®
y=psin ®
zZ =2
Also p = x?+)?

Y
R | I
@ = tan (xj

zZ =2z
) _
T

Ox OJOx Ox
op 89 oz
oy 0Oy Oy
op 09 oz
0z 0z 0Oz
op 09 0z

|

Mathematical Physics

x=rsin 0 cos ¢
y=rsin0Osin ¢
z=rcosb

= y%sin 6

|

XQ

cos¢ —psnd O
=|sin¢ pcos¢ O
0 0 1

=p cos’ + p sin’p = p (cos’p + sin’p) = p

dx dy dz=J dp db dz
dx dy dz=p dp dp dz |
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7.2 TRIPLE INTEGRATION
Let a function f{(x, ), z) be a continuous at every point of a finite region S of three dimensional
space. Consider » sub-spaces 8S1, 8S2, 8S3, 8Sn of the space S.
If (x, y, z) be a point in the rth subspace.
The limit of the sum z S(x,, y,,2,)3S,,as n —> 0,35 —> 0 is known as the triple integral of
r=1
f(x, y, z) over the space S.
Symbolically, it is denoted by

J] s fCx, v, 2)dS

X Y2 %
It can be calculated as J.xl J.y L S (% ¥.2) dx dy dz. First we integrate with respect to z
1 1

treating x, y as constant between the limits z, and z_. The resulting expression (function of x, y) is
integrated with respect to y keeping x as constant between the limits y, and y,. At the end we
integrate the resulting expression (function of x only) within the limits x, and x,.

2= (%)

J.xz_ Y(x) dx J.yz_%()d)(x ) d J. fCx,y,2)dz
a-a R > V) ay P > Vs

First we integrate from inner most integral w.r.t. z, then we integrate with respect to y and
finally the outer most with respect to x.
But the above order of integration is immaterial provided the limits change accordingly.

Example 1. Evaluate “ R(x+y+z) dedydz, whereR: 0<x<1,1<y<22<z<3.
3
1 2 3 1 2 2
Solution.j dxj dyj (x+y+2)dz = J'dxj' aﬁ)[(x+y+z) }
o J1 2 0o J1 2 2
1 ld zd 32 o2 1 ld 22 p e s 1
B Ejo xj ploc+y+3) —(x+y+ )]—§j0 le(x+ v +5). Ldy

_ 2] [(2"*2)’+5) } __I e [@x+4+5)7 —2x+2+57]

1
1I1(4x+16) 2arx—j1 (x+4)dx—[x—2+4x} Lligl2
= 3), . =1, =13 ) =35 Ans.
log 2 I
Example 2. Evaluate the integral : jog j jHogy ¥V dz dy dx.

2 1
Solution. j * j j“ 8 xeyez dz dy dx.
0
B log2 y x+logy _ log2 oy zyx +log y
= jo dxj e aj/jo e dz—j0 e dxjoe dy(e”),
log 2
xdxj edy (7187 - 1)—j * exdxjxeydy(elogy‘ex—l)
0

* xdxj e’ (ye* -1dy = jo xdx[(ye -De’- J‘e"‘e”dy]:

xdxl:(ye —l)ey—e“y] jo edx [(xe™ —1)e™ —e®™ +1+€%]

x 2x x 2x x 82 3x 3x x
e'dx[xe™ —e* —e +1+e]=j (xe™ —e™ +e*)dx
0
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log 2 log 2
x 3 e3x e3x .
x—— 1. dx——+e =|zef———-——+e

o 3 9 3 o
=10g2eEXlogZ_e:“og2 _e310g2 + log2+ 1 +1 1

3 9 3 9 3

3 3

10g2 153 €% C'r o 1 1
=— -t +—+--1

3 ¢ 9 3 ¢ 973

8 8 8 1 1 8 19
=—log2-——-—-+2+—-+--1==log2 -——

39827373 9t3 T3 8T Ans.

log 2 x x+y _
Example 3. Evaluate j j j e TV dx dy dz.
0 0o Jo
(M.U. II Semester, 2005, 2003, 2002)
log 2 x x+y
Solution. / = j j e*rr [ez ] dx dy
0 0 0

[ e nad < [ [0 e ar

) e2y * log 2 e4x e2x
e ——-e*.e¥| dx =J. el 4t |

I
——
° =

o
N

2 2

4log 2 2log 2 2log 2
e e e 1 1 1
= - - +e‘°g2}—[—————+lj

0

8 2 4

oo
)
~

|
VR
®
=)
|
®
IS
|
Q
53
(=]
~
+
Q
53
(=]
)
Ne—— 1
|

16 4 4 1 1 1 5
- (?_E‘Z”j‘(g‘i‘z“j-g Ans,
Example 4. Evaluate HjR o+ J’Z +2%) dx dy dz

where R denotes the region bounded by x = 0,y =0, z = Oandx +y+z=a, (a>0)

Solution. J] R(x2 +y2+ 2 dxdy dz 4
x+y+z=a or z=a-x-y
Upper limitof z = a— x — y 5 **y\\
On x-y plane, x + y +z = a becomes x +y = a v 9
as shown in the figure.
Upper limitof y =a — x R
Upper limit of x = a o0 y=0 x=a %

a-x-y
ja dxja_xaj/ja_x_y(x2+y2+zz)dz = J.adxj.a_xaj/[xzz+yzz+z—3j
s=0 4200 o Jo 30

a a—x _ 3
J. dxj. dy[xz(a—x—y)+y2(a—x—y)+u}
0 0 3

a a—x — 3
=J. dxj. [xz(a—x)—x2y+(a—x)y2—y3+u}dy
0 0 3

3

a 2.2 4 Y a-x
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2 3 4 4
= J.adx xz(a - x)2 - (a x) +(a—-x) (@ x) _a=x + (@-x)
0 4 12
2 _ o
= J.a x—(a—x)2+(a 0! —2ax? +x)+(a x) dx
o | 2 6 6
a
1 , X axt X (a—x) _a5 @ a aS_a5
- {5“ 37700 %0 | T6 410730 0 Aus.
dxdy dz . ) . Lo
Example 5. Compute ”:[ ———————— if the region of integration is bounded by the
x+y+z+)
coordinate planes and the plane x +y +z = 1. (M.U., II Semester 2007, 2006)

Solution. Let the given region be R, then R is expressed as
0<z<1l-x-y, 0<y<l-x, 0<x<1.

IIIR% - J.ldxj.l_xdyj.ol_x_y (x+y‘-1|'-zz+l)3

x x—y
jdxj d[ 1 }
2(x+y+z+1)
- 1 1
—Z | _
2-'.0 J.O aﬁ){(x+y+1—x—y+l)2 (x+y+1)2}

1¢l - [1 1 1¢1 [y R L
_Ejodxjo {Z_(x+y+1)2]dy_ 2 dx[z+x+y+1]0
1 ¢! 1—x 1 1-x 1
_Ejodx[ T rlel—x x+1} 2I [ __x+1}dx

1
__l_a-9* _hl N
= 2[ 3 10g(x+1)] [2 10g2+8]— 2[8 10g2]

=%log2—i Ans.

Example 6. Compute Hj x° dx dy dz over volume of tetrahedron bounded by
v

N —

x=0, y=0, z=0 and §+%+§ =1 (M.U. II Semester, 2008)
Solution. Here, we have
= J]jV x* dx dy dz (D)
Where V7 is bounded by x =0, y =0, z =0 and §+%+§ =1

Putting §=u, %=v, §=wsothatdx=adu, dy=bdv, dz=caw
in (1), we get

I= jol j;_ jol_"_vazuz (adu) (bdv) (cdw)

= a3bcj;u2du j;_udvj;_u_vdw = a3bc‘|‘1u2 duj1 dv[ ]1 “y
= a’bc j;uzdu j;_u(l—u—v) dv = a’be jo u’du [v uv—%}l "

0
3, (! 2[ o _(1—14)2}
abcj.ou 1—u—-u( > du
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I
Q
W
S
Y
—
BN
(8]

2
1—u—u+u2—%—%+u}du

I 1u2_3 u
—abcj0 5 u+2du

| L ut Lu_} _ [1_1 L}_ 3o L) abe
‘“bc[2‘3 7 25, "7 10) T % s0)” 60 Ans.

Example 7. Evaluate J'J'J'xzyz dx dy dz throughout the volume bounded by the planes x = 0,

Il

Q
w

o

o
——
(=} (=

=
S}

A~

| —

|

=

+
—_

=
N
W \o S/
S

y=0z=0, §+%+§ - 1. (M.U. II Semester 2003, 2002, 2001)

Solution. Here, we have £

= I” vz axdydz ..(1)
Putting x = au, y = by, zZ=cw
dc=adu dy=>bdv, dz=cdwin(l),we get

mazbc u’vwa be du dv dw

Y
O,1-uandforw=0,1-u—v /

1

Limits are for u =0, 1 forv =
u+tv+w =1

X
l—u—v
1 1uv32 1 1-u 3222W2
I=ju:oj j a’b’c? uvwdudvdw—J.OJ.O abcuvTO du dv

= 3b22J. J.l uuv(l u—v)? du dv
_ 31’“[ Il "uv[a u)* = 21— ww +v* | du dv
3b22

= J.J.luu [A-w)*v-2(1-u)v? +V’] du dv

2 o mn ]
B a3b_22c2 ; ”2[(1_2u) _2(1_3u) +(1_4u)4}d“
W[, [
- 3b2 “pa5=2tE 3b2 : |‘|§|‘ 33102‘(2!74!“}032;,;52‘ Ans

7.3 INTEGRATION BY CHANGE OF CARTESIAN COORDINATES INTO
SPHERICAL COORDINATES

Sometime it becomes easy to integrate by changing the cartesian coordinates into spherical
coordinates.

The relations between the cartesian and spherical polar co-ordinates of a point are given by the
relations

x = rsin 0 cos ¢

y = rsin 0 sin ¢
z = rcos 6
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dx dydz = |J|drdO d
r* sin 6 dr d® do
Note. 1. Spherical coordinates are very useful if the expression x* + 3 + 2% is involved in the
problem.
2. Inasphere x* + }* + 2> = @’ the limits of r are 0 and a and limits of 0 are 0,  and
that of ¢ are 0 and 27

Example 8. Evaluate the integral ﬂ]. & +y? +2%) dx dy dz taken over the volume

enclosed by the sphere x* + y* + 22 = 1.
Solution. Let us convert the given integral into spherical polar co-ordinates. By putting
x=rsinOcosd; y=rsinOsing; z=rcos6

” (x2 +y2 + 22) dxdy dz = jozn j: j;rz(rz sin 6 d6 d ¢ dr)

1
2n T 14 _21[ T [ij_l 2n ~ "_E 2n
IO d¢jo smedejordr_jo d¢josmede <), = 5j0 do| cose]o_sj0 db
=z(¢)2"=ﬂ Ans.

Example 9. Evaluate ﬂ]. &P+’ +2%) dx dy dz over the first octant of the sphere

X+ P+ =dA (M. U. II Semester 2007)
Solution. Here, we have

= J]].(x2 +y? + 2% dx dy dz ..(D)
Putting x = sin 0 cos ¢, y = r sin 0 sin ¢, z = r cos 0 and dx dy dz = r’sin © dr do d¢ in (1),
we get

Limits of » are 0, a for 6 are 0, g for ¢ are 0, —

I= IO; jog joar?rzsinedrdedq) - Ifdﬂfsinedej:r“dr

x*+y? +2z2 =r*sin? 0 cos® ¢ + r?sin?O sin? ¢ + #* cos* O
=r?5in?0 +r2cos? 0 = r?

57¢ 5 5

_ m2 n/2|F _ E a _ a

= [¢]7" [~ cos O] [—5 L 5 0.5 =m.15. Ans.
dxdyd

7., > throughout the volume of the sphere Y+y+72=d
x*+y?

Example 10. Evaluate J.”
(M.U. II Semester 2002, 2001)

d d d.
o e "

Putting x =  sin 8 cos ¢, y = r sin 0 sin ¢, z =  cos 6 and dx dy dz = r’sin © dr d d¢ in (1),
we get

Solution. Here, we have

The limits of » are 0 and a, for © are 0 and g for ¢ are 0 and % in first octant.

Tom o
I= 8I 2 J. 2 J. M [Sphere x? + ) + Z* lies in 8 quadrants]
r
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2 127 qa T
I= 8jzd¢j smedej dr = 8[¢]7 [~ cos O]7* [ ]0=8(5—0j(0+1)(a+0)
T
= 85.1.a=47ta Ans.
Example 11. Evaluate J:” zdx—tzz'ydzz over the volume of the sphere x° + y* + 2% = 2.
x+y°+z

(M.U. II Semester 2005, 2004)
Solution. Here, we have

7= J'J'J' z2dx dy dz ()

x* +y +2z°
Putting x = r sin 0 cos ¢, y = # sin 0 sin ¢, z = » cos 8, dx dy dz = r*sin 0 drdedq)in(l) weget

[The limits », © and ¢ over the first octant of x* + y* + z2 = r? are 0, \/_ 0, - andO ]
2 2 (V2 r*cos’0sin® 7 ..(2
I=18|2 |2 = =8 |2d¢| *cos’Osin0d6.
sjo IO j S dr do d jo ¢IO cos?0 sin IO

1[/2|: cos%ﬂf [rs}ﬁ _ E 1 2\/5 _8775\/_
T3 L L3 2 9

Example 12. Evaluate J:”Jg/z dx dy dz over the positive octant of the sphere X° + ) + 2 = d’.
(M.U. II Semester, 2002)

Ans.

wl

0

Solution. Here, we have

= ”J.Jg/z dx dy dz over the first quadrant ..(1)

Putting x = 7 sin © cos ¢, y = r sin O sin ¢, z = » cos 8, dx dy dz = r’sin 6 dr d0 d¢ in (1), we
get

I= J.E J.E J.a(rsinecosq))(r sin O sin ) (» cos 0) (+* sin O d6 dr do)
0o Jo —

In first octant of x* + * + 2> = o*

n n
— 202 (% 5.3 .
I J.o J.o J.o r>sin’ 0 cos O sin ¢ cos ¢ dr dO do Limits of 7= 0 and a

T

= z a for © =0 and
jzsin¢cos¢ d¢j 251n3ecosedej rSdr
0 0 0

n n ; for ¢ = 0 and
[smzﬂz [GH_] _1la o L Aus.
2 bl 4 Llel 24 6 48 )

Example 13. Evaluate J:”\[xz +y° dx dy dz over the volume bounded by the right circular
cone x° + y2 =7 z > 0 and the planesz=0andz = 1. (M.U. II Semester, 2004, 2002)

Solution. Here, we have
- ”sz +y® dedydz (D)

Putting x = r cos 6, y = r sin 0, z = z (cylindrical coordinates),
dx dy dz = rdr db dz in (1), we get
[Now limits for » are 0 to 1 for 6 are 0 to 2w for z are » to 1.]

ola s
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L, 2n 1 Z1
I = j rdr j do j dz
0 0 r

[ rar(e] ]!

1
= j r2‘21t‘(1—r)dr
0

3 r41 2T @
2E|:———:|O=E=g Ans.

3 4

Example 14. Using cylindrical co-ordinates evaluate:

Hj \/xz +y*t dedy dz
v

where V is the region bounded by z = x° + 37 and z = 8 — (x* +y°) (Delhi University, April 2010)

Solution. We have,
I‘U \/xz +y? dedydz
v

Visz=x*+)*and z= 8 — (x? + )?)

Put ¥+ yr=p
: z=r? and z=8 -2
= r=8—-r=r=4

In cylindrical co-ordinate system

Iﬂ\/r_z dv = I;[I r. rdrd09dz

4 n 8 374
=jr2drjdejdz=[r—} (m) (8) = 22T Ans.
0 0 0 3 do 3

Example 15. Evaluate ﬂ. wz (& +yt+2%) ax dy dz over the first octant of the sphere

Y+ +2=2d (M. U. II Semester 2009, 2005, 2004, 2002)
Solution. Here, we have

I= J.”WZ & +y*+2)) dvdy dz (D
Putting x = r sin 6 cos ¢, y = » sin O sin ¢, z = » cos O, dx dy dz = r’sin 0 dr d0 dj in (1),
we get

2

x*+y? +2z2 =r*sin? 0 cos® ¢ + r?sin?O sin? ¢ + #* cos* O
=r?sin?0 + % cos® O = r*

[Limits of », 0 and ¢ in the first octant are O,a;O,gandO, g}
3 (2 [° 3.2 . 2 2.
I= J'z J'z J. r’sin“0 cos O sin ¢ cos ¢ ¥* . #“sin O dr dO d¢
0o Jo Jo

n n
_ IZsin¢cos¢d¢jzsin3ecosedej rldr
0 0 0

T T
2 2 wedn 2.8 8 8
_ [sm ¢} [sm 9} [r_} =l‘_‘a_=a_ Ans.
2 oL 4 L8l 24 8 o4

—
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202, .22, 22
Example 16. Evaluate J.ﬂ.(x VAV HIXT) gy dy dz over the volume of the sphere

¥ +y?+ 72 =4 (M.U. II Semester 2003, 2002)

Solution. Here, we have
I = ” %y +y*z? + z%%) dx dy dz ..(D)
Putting x = r sin 6 cos ¢, y = r sin 0 sin ¢, z = r cos 0, dx dy dz = r’sin 0 dr do d¢, in (1),

we get

[In first octant the limits of » are 0, a for 6 are 0, g for ¢ are 0 and g}

T T
I=3 J. 2 J'z J.a(r“ sin® 6 sin” ¢ cos’¢ + #*sin’0 cos® sin’}p +
o Jo Jo
¥*sin’0 cos’® cos’p) . #’sin O dr do do

n n
=8 IOZ IOZ IO rO(sin* 0 sin? ¢ cos? + sin®® cos?) sin O dr dO do
L a
=8 j 2 j 2 (sin® 0 sin ¢ cos? ¢ + sin® O cos>0). sin O dO do j redr
0 0 0

7[.n m LI
= 8i[j2 jzsin59sin2¢cos2¢ded¢+j2 jzsin39c0s26d9d¢]
7 o Jo o Jo

7[ .7 ud n s
- 8 jzsm-"edejzsmzq)coszq)dq)+Izsin3ecoszedejzd¢]
7 0 0 0 0
I 1 1111 1
7125317102 2 253112
L 227212 2°2°2°12
1 1 1
_sl|l o 1gVEa R Uy .
7 |2°53 172 2! 2312
L 27272 2°2°2
= g_iin.i.in —&7 i.{.i Tc—% Lﬂ:=4a7n Ans
7 11571677 1577 7 |30 15]7 7 10 35 )
EXERCISE 7.1
Evaluate the following :
1 2 3
l.j j j dx dy dz (MU., II Semester 2002) Ans. 48
-1Jd-2J3
4 x x+y
2. j j j zdzdydx (RGPYV. Bhopal I Sem. 2003) Ans. 70
0 0 0
2 1 1
3.j j j (x2+y2+zz)dxaj/dz Ans. 6
1 0 -1
4. j ; j ; j ;(x2+ y? +z%) dz dy dx (AMIETE, June 2006)  Ans. 1
1 z x+z
5. j L j . j L Gmytdedydz (AMIETE, Summer 2004)  Ans. 0
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6.

7.

9.

10.

11.

12.

N

13.

14.

15.

16.

17.

18.

19.

20.

21.

o

- ]

J.J].(x—y—z) dx dydz, where R:1<x<2, 2<y<3;, 1<z<3 Ans.2
R

2 3 2 1 2 2
j j j xy*zdx dy dz (AMIETE, Dec. 2007) Ans. 26 8. jodxjoaj»jl x*yzdz  Ans. 1
1 1

J:”xzyz dx dy dz throughout the volume bounded by x =0,y =0,z=0,x+y +z= 1.

(M.U. II Semester, 2003) Ans. L

2520
1 1-x 1-x? —y2 1
J. J. J. dz dy dx Ans. —
0Jdo 0 3
e plogy pe' 1
J. J. J. log z dz dx dy Ans. 5 (e2 -8e¢+13)
1 1
J] ydxdydz, where T is the region bounded by the surfaces x = yz, x=y+24z= 2+ y2 and
T
92
z=y+ 3. (AMIETE Dec. 2008) Ans. 15
2 X 2x+2y
j j j etV I dz dy dx M.U. II Semester, 2003)
1]e? & 1
Ans. g[ < -?-gwu§ —[e —1]+[e? -1
Hj QCx+y)dl’
14

where 1" is the closed region bounded by the cylinder z = 4 — x* and the planes x =0,y = 0, y = 2 and
2

3
z=0. (Delhi University, April 2010) Ans. 3

J.J. (x+y+2) dx dy dz over the tetrahedron bounded by the planes x = 0, y = 0, z = 0 and

x+y+z=1. Ans.l
8
a a-x a-x-y , aS
j j j 2 dedy dz Ans. &
0o Jo 0 60
2 @-x)/2 p8-x—y*
J. J. J. dz dy dx Ans. 8\/§1t
—2 JoJ@d-xH2 Jxt+3y?
1 z px+z
j j j (x+y+z)dzdxdy (M.U. II Semester, 2000, 02) Ans. 0
-1J0 x—z
2
J‘ J‘ y J"‘ (x+y+2)didyde (M.U. II Semester 2004)  Ans. 16
ﬂ]. -= _b_z__ dx dy dz throughout the volume of the elhpsond — +b— +Z -1
Ans. % abc

’ 2 .2 2 2 2 2
ﬂ]. LIPS dx dy dz over the volume of the ellipsoid XL E 1. Ans 4 b
a* p? P @ v A2 ’ "3 9

l_lym_lz"_ldxajzdz

throughout the volume of the tetrahedron x >0,y >0,z20,x+y +z< 1.

1 [1m [n

U+m+n) [I+m+n

Ans.
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23. ﬂ]. dx aj/ d taken throughout the volume of the sphere X+ y2 +22=1, lying in the first
z
2
tant. Ans. —
octan ns. 3
n a(l+cos 6) h r naz
24. jozdojo rdrjo [l_m]dz Ans. ——h
/2 asin 0 @ -rY)a 5(1
25. I I I rdo dr dz Ans. %
0 64
26. ﬂ]. 2% dx dydz over the volume common to the sphere x° + 3* + z> = a* and the cylinder
5
Py + 2= ax Ans. 2a’n
15
2
27. J]j % where 17 is the volume in the first octant. Ans. r
A+x"+y +z°) 8

28. J]j dxajzdz over the volume bounded by the spheres x* + y* + z2 = 16 and

(x +y 2)3/2
2+ y + z' = 25 (M.U. II Semester, 2001, 03)  Ans. 47 log (5/4)
29. J].J. z dxajzdz over the volume bounded by the cylinder x> + 3> = o” and the paraboloid
T
) 2 1ta8
x~ + )y~ = z and the plane z = 0. Ans. ST

30. _”J. zdsdy &z , where T is region bounded by the cone * tan® o + y2 tan’ B= Z* and the planes
T
z=0 to z = h in the first octant. (AMIETE, Dec. 2009)

- ~ ~ A
31. Find the components of a vector 4 = x%i + xyzj + yzk in cylindrical coordinates.
(Delhi University, April 2010)



AprPLICATION OF TRIPLE INTEGRATION

8.1 INTRODUCTION

In this chapter we will discuss how to find out volume, surface area, mass, C.G., moment of
Inertia of solids and centre of pressure of fluids.

82 VOLUME = [[[dxdy dz

The elementary volume dv is 8x . 8y . Oz and therefore the volume of the whole solid is
obtained by evaluating the triple integral.
d1" = dx dy &z

"= Hj dx dy dz. 5
Note : (i) Mass = volume x density %
= ij dx dy dz if p is the density. ey =
(i) In cylindrical co-ordinaties, we have o 5x oy .y
V= I”Vr dr do dz /
(iii) In spherical polar co-ordinates, we have Y

"= HIV #* sin 0dr dO do

Example 1. Find the volume of the tetrahedron bounded by the planes x = 0,y = 0, z = 0 and

xtytz=a (M.U. II Semester, 2005, 2000)
Solution. Here, we have a solid which is bounded by x =0,y =0,z=0andx + y + z =a
planes.

The limits of z are 0 and a — x — y, the limits of y are 0 and 1 — x, z

A
the limits of x are 0 and a.

e a a-x a-x-y a a-x —x—

V= I I dxdydz=J‘ I [z]; " de dy
Jdx=0 ¢ y=0 z=0 x=0 o y=0
ra a-

= J‘ (a-x-y)dcdy
x=0 »y=0

. a 274~ %
[l ez e
0

x=0
- ’ [a(a—x)—x(a—x)—ﬂ}dx
0 2

173
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a2 xz] >Y
= J‘ a*—ax—ax + x* 5 tax—— dx
a y=x[ N _Jy=a-x
=J‘ [— ax+—de
2
3 3
- 1 _ 51 1 1Y) a @, 0,0)
{ 6} =a [2 2+6j_ 5 Ans. l
0 X

Example 2. Find the volume of the cylindrical column standing on the area common to the
parabolas y* = x, x° = y and cut off by the surface z = 12 + y —x°. (U.P, II Sem., Summer 2001)

Solutlon We have,
y =x

X =y
z=12+4+y-x*

V=Idxj Ilz+yxdz—Ide Q2ey-Dd Y
_+
1 2 Jx NG
= J‘ dx 12y+y7—x2y
0 2
X "'z,’/\\
1 4 > -
=I 12x/;+£—x5/2—12x2—x—+x4 dx K o %
. 2 2
1
2 32, X2 2 2 x5 X’ -
= [ Exid? e X A -+ Y
{3x o e R TV i
Cgel 2, 11,12 1 1 560+435-40-14428_569
4 7 105 4 7 10 5 140 T 140 ns.

Example 3. A4 triangular prism is formed by planes whose equations are ay = bx, y = 0 and
x = a. Find the volume of the prism between the planes z = 0 and surface z = ¢ + xy.
(M.U. II Semester 2000; U.P, Ist Semester, 2009 (C.O) 2003)

a l% c+xy
Solution. Required volume = J‘ J‘ J‘ dz dy dx
0 0

bx
= J‘a(c+x;y)dydx
o Jo

bx
e a 2 7
= [cy + i} dx
2 0

J 0
X
P a 2
_ [Lb_]db_ L
Jo a 2a a

2 2
abc b a =ﬂ(4c+ab) Ans.

2 8
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8.3 VOLUME OF SOLID BOUNDED BY SPHERE OR BY CYLINDER
We use spherical coordinates (r, 6, ¢) and the cylindrical coordinates are (p, ¢, z) and the

relations are x = p cos ¢, y = p sin .

Example 4. Find the volume of a solid bounded by the spherical surface x> + y° + 2% = 4da°

and the cylinder x* +y* — 2ay = 0.

Solution. Ly 42 = 4d

*+y*-2ay =0
Considering the section in the positive quadrant of the
xy-plane and taking z to be positive (that is volume above
the xy-plane) and changing to polar co-ordinates,

(1) becomes
P+ =4d =

(2) becomes ¥ —2arsin =0 = r=2asin 0

=4 -7

Volume = J‘ dx dy dz

=4 dz

o /2 2asin® w[4az -
do J‘ rdr J‘

J 0 0 0

e /2
=4

do [— 1 @a* - rz)s/z}
Jo 3 0

/2 3
%I (—8a3cos36+8a3)d6=8x34a
0

3 /2
= 32a J‘ [l—lcosl’ve—icosejde
0 4 4
324 1. 3. T 324 (n
= —_— 3 —_— = —_
3 [6 12s1n 0 4s1n6}0 3 [2

Example 5. Find the volume enclosed by the solid

DRCEER

Solution. The equation of the solid is

)3 y 23 N3
HIRONE
13
( j =u = x=au

1/3
) -v =

1/3
— _ 3
j =w = z=cw

Q=

Putting

7~ N
SN

/N
o N

(D
(2)
Y
A
0. a)
0 X
\2
Y

(Cylindrical coordinates)

o /2 2asin © [ 2_2 /2 2asin ©

=4 dGJ‘ rdr[z]04a "= 4J‘ dGJ‘ rdr‘\/4a2 —r?
0 0 0 0

2asin® g pm2 2 2 2 m3/2 3
= ?Io [—(4a — 4a*sin? 6) +8a]de

/2 3
I (1 —cos™ 0)do
0

= dx =3 adu
= dy=3btd

= dz=3cw’dw
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The equation of the solid becomes

WAV +wE =1 (D
P = ” dv dy dz o)

On putting the values of dx, dy and dz in (2), we get
= J‘J‘J‘ 27abe u™v*wdu dv dw ..(3)

(1) represents a sphere.
Let us use spherical coordinates.

u = rsin 6 cos 0, v = rsin O sin ¢,
w = rcos 6, du dv dw = r*sin 0 dr dO do
On substituting spherical coordinates in (3), we have

/2 /2
I'= 27abc . 8‘.‘ J‘ J‘ rsin? 0 cos? . *sin’ Osin’ ¢
r=0
. #*cos?0 . #*sin O dr dO do

1 n/2
216 ach‘ r er‘ sin? ¢ cos (I)d(I)J‘ sin® 0 cos> 0 d0
r=0 =

216abc{r—9}1 . F F I_F = 24abc F F 8 F
9 0_2 2E E

6abc‘[[%j %- . > % = 6abc‘l‘n;=iabcn
TN

Example 6. Find the volume bounded above by the sphere x° + y° + 2 = a° and below by the

cone x° + y2 =72 (U.P. II Semester 2002)
Solution. The equation of the sphere is x> + )* + z% = & (D
and that of the cone is X+ =2 )

In polar coordinates x = # sin 0 cos ¢, y = r sin 0 sin §, z = r cos 0

The equation (1) in polar co-ordinates is f

(r sin 6 cos §)* + (r sin O sin ¢)? + (r cos 0)* = &°
= # sin? 0 cos? ¢ + 2 sin® O sin? ¢ + #* cos? 6 = a? 5 & 2 o

+y°+2°=

= # sin? O (cos? ¢ + sin? ) + #* cos? 6 = a? s Tz e
= # sin? 0 + #* cos? 0 = a* ¢} all
= # (sin? 6 + cos? 0) = a? S s o
= P=d = r=a g Xry =z
The equation (2) in polar co-ordinates is

(r sin 6 cos §)* + ( sin 6 sin ¢)? = (» cos 0)?
= # sin? 0 (cos? ¢ + sin? ¢) = 7* cos? 6 = #* sin® O = * cos? O
= tan’0=1 = tan6=1= 0=

Thus equations (1) and (2) in polar coordinates are respectively,

= =i_
r a and 0 7
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The volume in the first octant is one fourth only.

. ' . b b
Limits in the first octant : » varies 0 to g, 6 from O to 1 and ¢ from O to 7
The required volume lies between x> + y? + z2 = ¢® and x? + ) = 2%

L, n n 374
4[2 I“ I ¥2sin 0 dr dO do = 4I2d¢j4sinede [’_}
o Jo Jo 0 0 310

I r PRI LU RN |
4J.2d J.4sin6d6‘—=— 2d —cos@“—— 2[ +1}

0 (I) 0 3 0 (I)[ ] ((I)) \/5
(1L
- 3M [l \/Ej Ans.

3
8.4 VOLUME OF SOLID BOUNDED BY CYLINDER OR CONE

We use cylindrical coordinates (7, 6, z).

Example 7. Find the volume of the solid bounded by the parabolic y* + z° = 4x and the plane
x =3
Solution. )? + 2 4x x =

4x - 5 20/x \,4x— 2
Idxj dyJ. ydz=4j dxj dyJ. " &
0 fx “Ja—yt 0 0 0
5 Jx 5 2Wx
4I dxj dy[2]V* =4jodxj dy J4x - y?

Y Jax— 7 o0 T i osn o=t [ xa
4J. |: 4x — y +731n T:| J. |: + x[2j:| nj.ox 29

411:[ }—SOn Ans.
2 o

Example 8. Calculate the volume of the solid bounded by the following surfaces :
z=0, x2+y2=1, x+y+z=3

7

7

Solution.  x*+)? = 1 (D
x+ty+z =73 .2
z =0 ..(3)

Required Volume

‘U dedydz = J.J.dxdy[z]3 Y J. B-x-y)dxady
On putting x = ¥ cos 0, y = rsin 6, dx dy = r dO dr, we get

. 2n 1 ]
= J. B-rcosO-rsinO)rdddr = J.o dej.o Br —r?cos 0 -’ sin 0) dr

1
32 r3 o J'zn [3 1 1 . j
= T L = ———cosO——sin0O|d0O
. de[ 73 cos O 3 smeJ0 . 773 3

301 1 o 1 1 1
= _56—§5m6+§cose}0 =3n—§sm211:+§cos2n—§=3ﬂ: Ans.

Example 9. Find the volume bounded by the cylinder x° + y° = 4 and the planes y + z = 4
and z = 0.

Solution. x> +)? =4 = y = +./4—x’
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yt+tz=4 = z=4-yandz=0

x varies from -2 to + 2.

I & dy dz

] ,'4—x2
—\’4—x2 aﬁ’

e
-

7

r2 4-y

dx dz

dy 2]

. 1'4 —x?

—\’4—x2

@G-y = _[

2
dx |4y —
-2

4 .
x° +—=sin

8]_22\/4—)8 dx=8[§,/4— 2

y2

)

2
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4 x*

4-x

o2
dx[4 4—x? —%(4—x2)+4,/4—x2 +%(4—x2):|
2

P
-1

— = 16m
2}_2

Ans.

Example 10. Find the volume in the first octant bounded by the cylinder x° + y° = 2 and the

planesz=x +y,y =x,z=0andx = 0.

Solution. Here, we have the solid bounded by

x*+3? = 2 (cylinder)
(or P =2)
z =x+ty = z=r(cos0O+sin0) (plane)
y =x = rsin®=rcos 0 (plane)
= tan 6 = 1 = 0= %
x=0=rcos0=0=cosH=0=>60= %
z varies from 0 to » (cos 0 + sin 0)
r varies from 0 to /2 "
. b4 T
0 varies from 7 to 7
o /2 o2 r(cos 0 + sin 6)
I" = J. rdrdOdz
Jo-ma Jr-0 J:z-0
_ /2 -2 [ ]r(cose+sm6) dr do
Jo=wa Jr=0
o /2 -\/5
= #? (cos 0 + sin 0) dr dO
JoO=n/4 Jr=0
.2 3 V2
= (cos 6 + sin 6)[r } 2\/_‘[
JO=m/4 0=n/4

2«/_

n/2

——[sin6-cos6] "

N2

3

foo- (s

5

(M.U. II Semester 2005)

Z
A

X
(@]
X2+y2=2
r=v2

(cos 0 + sin 0) dO

-5

1

-5

Ans.
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Example 11. Show that the volume of the wedge intercepted between the cylinder

x? +y? = 2ax and planes z = mx, z = nx is T (m — n) a.
Solution. The equation of the cylinder is x* + > =2 a x

we convert the cartesian coordinates into cylindrical coordinates.

x = rcos 0
y = rsin 0
x> +y* = 2ax = P =2arcosH
= r = 2acos 0
r varies from 0 to 2a cos 0

0 varies from — ~ to &
2 2

(M.U. II Semester, 2000)

and z varies from z = nx (z =nrcos 0)toz =mx (z =m r cos 0)

e /2 @ 2acos® mr cos O
I'= 2 J. rdrdodz

JO=0 Jr=0 z=nrcos 0O
e /2 @ 2acosO mr cos 6

=2 r[z] o dr do
Jo=o J,=0 nr cos
e /2 @ 2acos®

=2 r.(m—n)rcosOdrdo
Jo=0 o

/2 2acos®
= 2(m- n)J. J. r2cos 0dr dO

/2 r3
= 2(m-n) J.e=o {?:|

_ /2
_ 16 (m —n) a3J' cos* 040 = 16(m — n) s
3 0=0 3

2acos®

0

cos0dO =2 (m- n)J.

1
=

r=2acosf

3
2 cos’0cos0dO

=(m-nna’ Ans.

ol a

Example 12. Find by triple integration, the volume of the region bounded by the paraboloid

az =x*+y? and the cylinder x*> + y° = R?.

(U.P. 1 Semester Dec. 2008)

Solution. The volume bounded by the paraboloid and the cylinder is shown as shaded portion

of the figure.

Transforming the given equations to the polar form, by
substituting x = # cos 6, y = r sin 0
We get the equation of the cylinder
x*+)y> = R®asr=R
and that of the paraboloid as
2 r?
az = ¢ = z=—
a

In the figure, only one fourth of the common volume is
2

X2+y2= R2

az =x2 +y?

’
shown. Thus in the common region, z varies from 0 to —

and r and ¢ vary on the circle » = R (In the xy or 7, 6 plane)

The variation of » is from 0 to R and that of ¢ is O to g .

w2 oR oD
Required volume |~ = 4J. J. J. ®rdzdrdo
0 0

(cylindrical coordinates)
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=— R4d6=
aly

2a
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4J.mj. r[z”“drde 4Inlzj r—drde 4J. { }

Ans.

Example 13. 4 cylindrical hole of radius b is bored through a sphere of radius a. Find the
(M.U. II Semester 2004)

volume of the remaining solid.

Solution. Let the equation of the sphere be

PP +? =
Now, we will solve this problem using cylindrical coordinates
x =

y

z
Limits of z are 0 and \/a? — (& + y?) ie., \Ja? —r2

Limits of » are a and b.

and the limits of 6 are 0 and g

o /2
=g j j
J0=0 Jr=p

o /2 a_
= 8 J. (a* -

J0=0 r=>b

a2

rcos 0

= rsin 0

)1/2 rdrdo

_ 8.11/2 (a )3/2 _l
Jo-0 3/2

Sy ol

-

b2)2

510

A

J /2 az_rz
rdr dodz = 8J. J. EAN rdrdo

Example 14. Find the volume cut off from the sphere x° + y° + 22 = a° by the cylinder

x2 + y2 = ax.
Solution. Cylindrical co-ordinates

x =rcosB;, y=rsinb

2

x2+y2+22=a = P+z2=q
+y’=ax = r=arcos® = r=acos8

” de dy dz =” (- dO dr) dz

/2 acos© «,az —r?
J. do J. rdr J. dz
-n/2 0 —«,az -

Volume

2

2 2

o /2 acos O a -r
=4 dGJ. rer. dz
0 0

:|acose
0

X

3
a*-b%)2 do
Ans.
2
Y
r=acoso
<t 0 X
¥

o /2 acos© (z_rz /2 acos 6
=4 dGJ. rdr[z]oa =4J. dGJ. rdr \/az —r?
0 0 0 0
o /2 1)2 2 %
=4.0 d@l:[—ijg(a _V)
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__I de[a — a? cos? e }:——j de[ (1-cos® e)m—f]

40 3 3.3 4a’ ™2 4a’ 2
== - 0do = 29 —sin® S
3‘[ (@ —a’sin” 6) 7], (1-sin*0) do = 3 [2 3 Ans.
Example 15 Fmd the volume common to the cylinders
x? + V2 =d and L+ =d (M.U. II Semester 2004)
Solution. x* +)?=a%; X** +22=4° .
(i) z varies from — \/a -x to \/az —x? X X2 +y2 = a2
(i) y varies from — \/a -x° to \/az —x? [ I

(i) x varies from — a to a. !
. ¢ +a -Jaz —xz ﬂaz—xz ,‘—éms\ I'
Required volume dx __dy J. & ST >Y
v —q Ly —Ja -X —Ja -X \j
\

c +a w'a —x? PO 4 [
= dx dy[ ] - ¢ y x2\+22=a2
J —a o —’\}a —x v

- deJ: - dy = 2j dx\/ﬁ[y]‘/:

= 2J.+adx\/a [\/az—x2+\/a2—x2}

a2 [ . X Ta [ a a } 16a°
4J. a“—x)dx=4|ax——=—| =4 -+ -==
LT 3L LT3 31773
Ans.
Example 16. Find by triple integration the volume of a solid bounded by the sphere

x° +y? + 22 = 4 and the paraboloid x* +1° = 3 z.

Solution. x> +)?+22=4 = z= J4-x"—)? (D)

and x*+)? = 3z = z=

2, 2
Limits of z are ,/4 —x*—y* and %

Area of cross-section at the intersection of (1) and (2) is

(2)

given by
2
4—x2—y2 _ [x2+y2j .
3
= @+ +9x*+yH-36 =0
= P+ -3)E+y*+12) =0

= x? +3? = 3, a circle in the area of cross-section

” dxdydz=”.dxajzj.&z_yzdz

J‘J‘dxdy[z]“4 o J‘J‘dxdy[ 4-x* 2 +y}

7

3
o +yr =12 dc dy = r dO dr)
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Limits of # are O to 3 and that of 0 are from O to 2.

_[zn_[ [ Jisr _gjrdedr—j de_[ [ 4‘r2)%_§}dr

1 2 s P
ezn[__ 2 _za_r_} [ 1.3, 8] 1om
()0 2><3(4 r) 12, 21 3 4+3 G Ans.

8.5 VOLUME BOUNDED BY A PARABOLOID
When a volume is bounded by a paraboloid it is convenient to use cartesian coordinates again.
Example 17. Find the volume cut off from the paraboloid
2

7

x? +y7+ z =1 by the plane z = 0. (M.U. II Semester 2005)
Solution. We have
32
x*+ s +z =1 (Paraboloid) (D
z =0 (x-y plane) ..(2)
32
z varies from O to 1 — x? — T ﬁ

y varies from —2 4/1-x? to 2«/1—x2

x varies from -1 to 1.

1" = J. dx dy dz

2
o1 21-x2 [1—x2—y—] o _
- de. &y Y) dz - i
J —21-x? 0 .
o1 241-x? 2
= J‘ l—xz—y— dx dy X Y
Joa Jafi-x? 4 A

B
n
i

1 p2y1-x* 5 y2
= 4J.0 J.o l-x T dx dy X2+

of feog]

_ 4I [(1 ). 21 - 2 ——(1 )3/2}dx

’

e X<+t 5 +—» X

/y=—2'\/1—x2
_ 4J' [2(1 2312 _( x2)3/2}dx ¥

On putting x = sin 6, we get

16 /2
"= 4J. 232 e =5 (- sin? 0)*? cos 0 dO
0

16 vz 16 3 1n
= — 0do=— - = X
3 J.o cos” 0d 3 1373 =7 Ans
Example 18. Find the volume bounded by the paraboloid x° + y° = az and the cylinder
X+ =ad (M.U. II Semester 2007)

Solution. The required solid is bounded by a cylinder
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x2+y2=a2 = ?=a°
2
and the paraboloid x> +y? =az = ¥ =az = z= —
a
2

. r
z varies from 0 to =

r varies from 0 to a

and 0 varies from O to %

and the solid lies in four octants.

/2
J. J. J. rdrdOdz
r=0

7

Example 19. Find the volume bounded by the surfaces

1
z = 4—x2—2y2 and z= 3x°+

Solution. Here, we have
2

z+ x? +yT = 4 (Paraboloid)  ..(1)
y2
z=3x*+ T (Paraboloid) ..(2)

Let us find out the equation of the section intersected
by (1) and (2).
Solving them, we get

1, 2,y
4-xt -~y = P+
oy YT i
2 2
2., Y _ . 2, Y _
=4 e +2— =
= 4x+2 4 je Xx 3 |

The cross-section is an ellipse in four octants

ol o 81 -x%) J. 4-x* —(y*/4)
d

P
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X

2

/2 a /2
J. J. r[z] drdo = 4J. J. —drde——J.
r=0 8=0 8=0

_Ieo[ }de “I: a0 = a [0} =Za’

—x>+y’=az
—x2 4y = a?

—Y

Pt
-

— | dO
[4}0

Ans.

(M.U. II Semester, 2003)

"= 4 iz dy dx

Jx=0 Jy=0 3%+ (24
ol ..[3(1_,52) 2 2

=4 [ —xz—y——3x2—y—dedx
Jx=0 Jy=0
o1 . \/8(1 -x% y2

=4 4—4x* - |dydx
Jx=0 Jy=0 2
- 3 V80 -%) X

=4 {4y—4x2y——} dr = 4 {4(1 x )y——:|
o x=

o
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= 4_[1 |:4(l_x2)‘\/§4/l—x2 —é8x/§(l—x2)3/2]dx = 4J~1 [4\@—@}0—%)”&
° 0

1
=%J. A-x*%? dx [Putx=sin©® = dx =cos 6 db]
0
6442 (Y2, 64v2 3 1 =
= == 2 Z=42. Ans.
3 J.o cos” 0.d0O 3 17272 R ns
Example 20. Find the volume enclosed between the cylinders x° + y° = ax, and 2 = a x.
Solution. Here, we have x* + y2 =ax (D
2 =ax .2

= ” de dy dz

KIS N N

S e N WA N e
= 2‘[: \/;dx(2\/ax—x2)=4\/;‘[0ax a—xdx ‘Z

\
Putting x = a sin®6 so that dx = 2a sin 6 cos 0 db, we get "
/2 22
I"= 4\/;". asinZG,/a—asinze‘2asinecosed9 £
0
/2
= 8 J. sin® 0 cos? 0 do
0 ) > X
(a,0)
X2 +y? = ax
2 E E 164°
= 803 _2 = 4a3 —2 = — v Ans.
T
2 2°212
EXERCISE 8.1
1. Find the volume bounded by the coordinate planes and the plane.
x,y.z_ abe
P 1 Ans. 3

2. Find the volume bounded by the cylinders y2 = xand x> = y between the planes z = 0 and

x+ty+z=2. Ans.ﬂ
30

3. Find the volume bounded by the co-ordinate planes and the plane.
1

Ix+tmy+nz=1 (AMILETE. Winter 2001) Ans. Simn

4. Find the volume of the sphere x+ y2 +z2°=a* by triple integration. (AMIETE, June 2009) Ans. gﬂa3

2 2 2
x z
5. Find the volume of the ellipsoid — + Ly — =1 Ans. 47“; be
a c

b2
6. Find the volume bounded by the cylinder X+ y2 = a” and the planes y + z = 2a and z = 0.
(M.U. II Semester 2000, 02, 06) Ans. 27a°
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7.

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

8.6

Let z = f{x,y) be the surface S. Let its projection
on the x-y plane be the region A. Consider an element
8x. dy in the region 4. Erect a cylinder on the element S p
dx. dy having its generator parallel to OZ and meeting
the surface S in an element of area Js.

Where v is the angle between the xy-plane and the

Find the volume bounded by the cylinder © + y2 = a” and the planes z=0and y + z = b.
Ans. Ta’b

Find the volume of the region bounded by z = X +y2, z=0,x=-a,x=aandy=-a,y=a.
8
Ans. 504
. Find the volume enclosed by the cylinder 2+ y2 =9 and the planes x + z = 5 and z = 0.
Ans. 451 — 36
Compute the volume of the solid bounded by x* + y* = z, z = 2x.(AM.LE., Summer 2000)
Ans. 21

Find the volume cut from the paraboloid 4 z = x*> + 3 by plane z = 4.
(U.P. I Semester, Dec. 2005) Ans. 327

By using triple integration find the volume cut off from the sphere £+ y2 +22=16 by the plane
z = 0 and the cylinder x° + y2 =4 x. Ans. %(311:—4)
The sphere x> + 37 + z° = a” is pierced by the cylinder x° + y* = a* (x* — y°).

8lm 5 42| ;5
Prove that the volume of the sphere that lies inside the cylinder is 3( 7 T3~ 3 (4 .

Find the volume of the solid bounded by the surfaces z =0, 3 z = »° + 3 and x> + 37 = 9.

271

(AMILE.TE., Summer 2005) Ans. -

. x Yy . .
Obtain the volume bounded by the surface z= ¢ (1 - ;J (1 - EJ and a quadrant of the elliptic cylinder
2 2

x
—t ’Z—z =1,z > 0 and where a, b > 0. (AMIE.TE., Dec. 2005) Ans. ta b c
a
Find the volume of the paraboloid x* + y* = 4z cut off by the plane z = 4. Ans. 32 1
b1t
Find the volume bounded by the cone =X+ y2 and the paraboloid z = x + yz‘ Ans. 5
. . ] 2 2 _ 128(13
Find the volume enclosed by the cylinders x~ + y~ = 2ax and z= = 2 a x. Ans. 15
Find the volume of the solid bounded by the plane z = 0, the paraboloid z = x+ y2 + 2 and the cylinder
¥ +y =4 Ans. 167

SURFACE AREA
ZA

ZAYN

dx &y = &8s cos v, 0 > X

tangent plane to S at P, i.e., it is the angle between the A oy
Z-axis and the normal to S at P,

0X

L . Y .
The direction cosines of the normal to the surface F (x, y, z) = 0 are proportional to

oF oF oF
ox 9y 0z
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) )
.. The direction of the normal to S [F' = f (x, y) — z] are proportional to — a—z ,—a—z ,1 and
x oy
those of the Z-axis are 0,0 , 1.
0z _ 0z
a_ ay 1

Direction cosines =

Hence cos Y= (cos 8= 1[l,+m my,+n ny
\/ — | + 1]

Sx By 0z 0z 2 az
85= Cosy =\/l[$j [5] 1|88y 5= [ — +1|dxdy

Example 21. _[L 6xy ds, where S is the portion of the plane x +y + z = 1 that lies infront of

the yz-plane. (Gujarat, I Semester, Jan. 2009)
Solution. Here, we have

I= ﬂ 6xy ds
x+ty+z=1lz=1-x-y . (D
0z 0z
= —=-1 = —=-1
ox ay
The direction ratio of the normal to the plane (1) are — g_z =—1
x
Direction cosines of the normal to the surface
0z _0z
ox dy 1

AN CARN CANRIS €A RN
ox ay ox ay ox ay
Direction cosines of the normal (x-axis) to the plane 1, 0, 0
2 2
- 5x \/[gZJ +(gz] o
i " v y
cos o = ox = &= e 3 dx 8y
a2V 9z 2 cos o _oz
(—] +| =] +1 ox
ox ay
0z (ozY
o) T3 +1
X dy

I= ﬂ 6xy ds:6jxdx ¥ e
Cox

1-x
of e [y I L, g dH )

—3\/§j;"‘xabc(1—x)2 - —3J§j;(x3—2x2+x)dx
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__3f[x___ 7] ,M[L_zg]:_ﬂ:_g

3 . 4 3 2 12

Surface Area = T Ans.

Example 22. Find the surface area of the cylinder x* + 2> = 4 inside the cylinder x* + y* = 4.
Solution. x? +)? = 4

0z az x 0z
2x+222 = - =0
¥rez Ox ax ay

oz (azY x2 x?+ 22 4
Ox dy z2 z 4—x*

Hence, the required surface area

”ﬂ\/{ a_z +l]dxdy

f 2
=gjj“" 2 dxdy=16j0 []V“"dx_mj [,/4 2] de
N V4 - \/
2
=16 jo dx =16 (x)% =32 Ans.
Example 23. Find the surface area of the sphere x> + y* + 2> = 9 lying inside the cylinder
x?+y?=3y.
Solution. x2+32+22=9
2x + 2z 9 _ 0 9 __x
ox =~ Ox
2x +2z a_z =0 a_z --2
dy > oy z

2 2 2 2 2, .2, 2 x =rcos 0
% + 2 s =2 +L 4122 Ytz 0 2 [ . }
Ox oy 22 72 22 9-x2—y? 9—y% |y=rsinb
x> +3?=3y or*=3rsin® or r=3sin 6.
Hence, the requlred surface area

= H\A: a_z +l] dxdy = 41[‘./-2 33‘1.119 rdodr =12 J’ deJ'3Sme rdr
\/_

N

9—r
n/2 /2
= 12 j do[-y9 "% =12 j [—y/9 —9sin’ 0 + 3] dO
n/2
=36 I (—-cos0+1)do = 36 (—sinO+0)F?* = 36[—1+5j =18 (m-2) Ans.
0

Example 24. Find the surface area of the section of the cylinder x* +1? = a* made by the
planex+y+z=a

Solution. ¥ +32=a? . (D
x+y+tz=a .. (2)
The projection of the surface area on xy-plane is a circle
X2+ =@
0z 0z
1+ — = —=-1
Ox =0 or Ox
0z p)
I+== =0 or —2=-1

ay dy
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\/[azjz [82]2 2 2
Zl 2 41 = D2+ D2 +1 =43
Ox ay

Hence the required surface area

a \/az—xz aZ 2 (az\ 2 a \Iaz—x2
-4 Zl i E bl dedy =4 3 dx-d
N O P

- 4\/§f[y]g“:"‘: dx — 4\/§f Ja* — X2 dx
0

2

4«/_[ \/ﬁ#’z smlz} _4\/_{0+——} 4\/_[“ nJ = 371d’ Ans.

Example 25. Find the area of that part of the surface of the paraboloid of the paraboloid
y? + 22 = 2 ax, which lies between the cylinder, y*> = ax and the plane x = a.

Solution. V:+z22=2ax . (D
y*=ax )
x=a .. (3)
Differentiating (1), we get
22% =2a, 8_z=£
Ox ox z
a
22 g %__X
ay ay z
2 2 2 2, .2 +z°=2ax
[a—zj o =242 4121 +2y +1 Y
Ox dy 2 7 z z"=2ax~-y
a* +y? +l_az+y2+2ax—y2_az+2ax
2ax—y? 2ax—y? 2ax-y*
a Jax 2 2 a Jax 2 2 _
0z (9z) a‘ +2ax y =ax
S:I I \/( ] +L J +1ldrdy = I I —— dxdy {
o I Ox )y JmV2ax—y y=i\/;
a Vax a+2x Ve 1
\/;I I dxdy_\/_j,/a+2xdx I —2dy
0 —Jax 2ax— J’ _JmN2ax+y

0
=\/;j2 a+2xdx[sin‘1i—sin‘1(—iﬂ=J;a a+2xdx[£—(£ﬂ

5 V2 V2 { s 3
= agj. a+2xdx=2.£.g[(a+2x)3/2]g

_ [(3 )3/2 3/2] _ %[3\/5_1] Ans.
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=

8.7

EXERCISE 8.2

Find the surface area of sphere x% + y2 + z2 = 16. Ans. 64
Find the surface area of the portion of the cylinder x2 + 32 = 4 y lying inside the sphere
2 +yr+z2=16. Ans. 64.

Show that the area of surfaces ¢z = xy intercepted by the cylinder x2 + 32 = 52

[2. 2, 2

. + + . .

is HAu dx dy , where A is the area of the circle x2 + y2 =52, z=0
c

1
Ans. Ef{(cz +b%)2 _c2}
3¢

a? lying inside the cylinder x% + y% = ax.
Ans. 2 (n - 2) a?
Find the area of the surface of the cone z2 = 3 (x2 + ?) cut out by the paraboloid z = x2 + 32 using surface

Find the area of the portion of the sphere x2 + 2 + 22 =

integral. Ans. 6T
CALCULATION OF MASS
We have,
Volume = HV dx dy dz Density = p = f(x, y, 2)
[Density = Mass per unit volume] Mass = Volume x Density
Mass = HV dx dy dz Mass = HV f(x,y,z)dxdydz

Example 26. Find the mass of a plate which is formed by the co-ordinate planes and the

plane Xy % +Z= 1, the density is given by p =kxy z. (U.P, I Semester, Dec., 2003)
a ¢

x
Solution. The plate is bounded by the planes x =0,y =0, z= 0 and o + P

Mass = Ide dydzp = Igﬁ(l_f]j:(l_%_ﬂdxaydz (k xyz)

(SRS

b2
|

e A Y 0 A
_z 2 2 2 2 2

e (2] A fra 0 [-2)5 o
k 2 c _z 2 3 2 2

el CJM“S *%‘T(l‘éﬂdy

ke yzdz[y_z(l_zf+L_z_y3(l_gﬂ”(“3
2% 20 ) a4 360 |

_ka2 c d b2[1_2j4+b4 [l_zj4_2.b3[l_2j4

SR i 2 Uy vl U B U

0

ka® e [B2 B 28 P _ka b ez
-5 o{?*?‘ Cl-E e - SR e pusmesne
2,2 2 n
_ka b Iozcsinze(l—sinz 0)* (2 ¢sin O cos 0 d6)

12



190

Mathematical Physics

2 2,2 2 o 242 b2 P 2
= m‘[n sin’ 6(cos8 0)sinBcos 6 dO = m‘[n sin® 6 cos’ 0 d0O

12 0 12 0

3+41{9+1
|y o kadbr e 215 kaf P {5 ka’ bl N

= = . = = ns.

12 ) 3+9+2 12 207 12 2x6%55 720

2

2/3 2/3
Example 27. Find the mass of a plate in the shape of the curve [fj + [%j =1, the
a

density being given by p = U xy. (Nagpur University, Summer 2003)
Solution. Let the required mass be M which is four times the mass in the first quadrant.

213 213 2372
‘ % x x
From the equation of the curve [Zj =1- [—j >y=5b {1 - [Zj ] =y
a

For the region OAB, x varies from 0 to a and y varies from 0 to y,.

an et Y4
..M—4jojopdydx—4IOIOMJg/dydx B(O,b)
_ 4 [ yzyld—2j.a 2 dx
_4j0ux. | de = 2] i
0 Y=Y
. K 3
2 .
e {l [aj ]d’c ( /g)’ Y=0 A0
—a,
Put x = a sin3 6, then dx = 3a sin? © cos O dO
oL
Whenx=0,6=0;whenx=a,6=5
- M= 2ub? J.;ma sin® 0 (1-sin” 6)° . 3a sin® B cos 0 O B (0, )

4-2.6-4.2 ua’b?
12-10-8-6-4-2 20

Example 28. Find the mass of a lamina in the form of the cardioid r = a (1 + cos 0) whose

density at any point varies as the square of its distance from the initial line.

(Nagpur University, Winter 2005)

— 6ua’h? j:’zsin-" O cos’ 0dO = 6uah? Ans.

Solution. Let the required mass be M which is twice the

mass above the initial line. r=a(1+cos6)
Since the distance of any point (#, 6) from the initial line %

is 7 sin 0, the density at (7 ) is given by #» = m (r sin 0)? f=m 5 9=0_
=ur?sin? 0. 0 A X
For the region above the initial line, 6 varies from 0 to & u

and r varies from O to a(l + cos 0).

M= 2j:j:(”°°se)pr dr do

do

2 7 pa(l+cosB) 3 . 29d 40 _ 26 r4 a(1+cosB)
.[o.[o Wwr” sin r = 2,[0“5“1 . T

0

4 2 4
ba In[2 sin gcos gj ~[2 cos? gj do = 32 ua* Insinz 9 cos!® 9 4o
2 7 2 2 2 0 2 2
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0
Putz =t,thend6=2dt;when6=0,t=O;when6=n,t=g

m_ 2t A
2 = 32 ns.

. 1.97.53.1

4 [Ty 02 10
M= 32pa jo 2sin’ t oo tdr = G4pat s
8.8 CENTRE OF GRAVITY
__Ijjxpdxdydz __Ijjypdxdydz __szpdxajzdz
¥ [[[e dx dy dz V= [[[e dx dy dz a [[[ o dx dy dz
Example 29. Find the co-ordinates of the centre of gravity of the positive octant of the sphere
x2 + 3?2 + z2 = a?, density being given =k xyz.

_ HIVx pdxdydz _ Hj zpdxdydz ~ .U.[szyz dx dy dz

Solution. x = IHVp dx dy dz - Hj pdxdydz - IHV xyz dx dy dz

Converting into polar co-ordinates, x =  sin 6 cos ¢, y = # sin 0 sin ¢, z = r cos 6,
dx dy dz = r? sin 0 dr dO do

— T ¢ sin 8.c0s ) ( sin B sin ) (- cos 0) (2 sin O dr dO d)
x =

I:/zj:nj: (7 sin O cos ¢) (# sin O sin ¢) ( cos 0) (2 sin O dr dO d¢)

I:/zj:/zj:r6 sin® 0 cosO sin (I)cos2 G dr dodo

I:lzj:njoarS sin® 6 cosOsin ¢ cos  dr dO dd

/2 . 2 w2 . 4 a g
.[o sin ¢ cos d)dd)jo sin Gcosedejor dr

/2 /2 . 3 a s
Io smcl)coscl)dcl)jo sin Gcosedejor dr

/2 /2 a
_cos3(|) “Tsins0 ] i [l)(lj a’
3, 50 71 3)\5){ 7 16 a
{coszd)}mz {sin“e}mz{r‘s}a (lj(l)[i} 35
B 6 2)\4){ 6
2 4 Lok
o - _ l6a
Similarly, y =, = 35
‘ (16(1 16 a 16aj
Hence, C.G. 1s —35 ,—35 ,—35

8.9 MOMENT OF INERTIA OF A SOLID
Let the mass of an element of a solid of volume I"be p dx &y dz.

Ans.

Perpendicular distance of this element from the x-axis = \/yz +2°

M.I. of this element about the x-axis = p Ox dy &z \/J’z +2°
M.I of the solid about x-axis = I”Vp (O’ +2°) dxdy dz
M.1 of the solid about y-axis = I”Vp (& +2%)dx dy dz

M.I. of the solid about z-axis = I”Vp (< +yH)dedydz
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The Perpendicular Axes Theorem
If I and I be the moments of inertia of a lamina about x-axis and y-axis respectively and 7 _

be the moment of inertia of the lamina about an axis perpendicular to the lamina and passing

through the point of intersection of the axes OX and OY. X \/—G\ X
— q
Iog =lox + oy -
The Parallel Axes Theorem A y

B
M.I of a lamina about an axis in the plane of the lamina equals the sum of the moment of

inertia about a parallel centroidal axis in the plane of lamina together with the product of the mass
of the lamina and square of the distance between the two axes.

I,=1,+M>

AB XX 2_ y2
Example 30. Find M.1. of a sphere about diameter. /?FI\ a?=x
Solution. Let a circular disc of 8 x thickness be perpendicular )4( O x X
to the given diameter XX” at a distance x from it. u

2

The radius of the disc = a’ —x

Mass of the disc = p 7 (a? — x?)
Moment of inertia of the disc about a diameter perpendicular on it

= %MR2 = %[pn(a2 —x) (@* -x%) = %p‘n(a2 —xz)2

a l 1 a
M.IL of the sphere = -[-GE pT (a2 —xz)2 dx = Z(Ep nj Io [a4 -2a*x*+ x4] dx

4 2888 | s 2a a
pr|a’x - +—| =pm|a® ——+—
3 5], 3 5

8 s 2(4m , j 2 2. 9
—T = —|—a a =—Ma
T pa 5(3 (Y 5 Ans.

Example 31. The mass of a solid right circular cylinder of radius a and height h is M. Find
the moment of inertia of the cylinder about (i) its axis (ii) a line through its centre of gravity
perpendicular to its axis (iii) any diameter through its base.

Solution. 7o find M.I. about OX. Consider a disc at a distance x from O at the base.

M.L of the about OX,

_ (ma® pdx)d’ _ npat dx

2 2
() M.L of the cylinder about OX

nmpa‘de  mpa' , o mpath ) a*  Mad
= X = = «— =
(i) M.1. of the disc about a line through C.G. and X

perpendicular to OX.

Loyt 1oy =1y, L

Ioxtlox=1o,

1 CTThNLT A
Iy = 5102 X—g N
G D

M.IL of the disc about a line through T X
1 Ma2 2 h/2
C‘G‘=§[ > J=M“ l
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. . na’pde) »
M.IL of the disc about the diameter = T a
2 2
Ta“pdx h
M.L of the disc about line GD = Tp +(m a* p dx) (x - Ej

T a? h n)?
Hence, M. 1. of cylinder about GD = .[o naf‘fp dx + .[o (m a® o dx) (x - Ej

h
2 2 3 2 2 3 2 3
Ta p(x)h+nap x—ﬁ _Ra ph+ Ta p(ﬁj L Ta p(ﬁj
4 0 4 2 X 4 3 2 3 2
1ta2ph+1ta2ph3_Maz+Mh2
T4 12

4 12
(iii) M 1. of cylinder about line OB (through) base
2

L _Ma2+Mh2+Mh2_Ma2+Mh2 A
o8 972 4 12 4 43 ns-
Example 32. Find the moment of inertia and radius of gyration about z-axis of the region in
the first octant bounded by Xy % +Z=1.
a ¢

Solution. Let » be the density.
M.IL of tetrahedron about z-axis

= ([ dcdy do) (% + y*)

= pj:dxjj(l—g(xz +y)dy J':(l—%_f}dz = pj:dx I:(l_zj(xz Py (Z);(l_z_gj
Z
=pj:dx‘[:(l‘ZJ(xz+y2)dycc[1—§_%] C

= pe I:dx‘[:(l_gj{xz [1—f)—x27y+y2 (1—3—2—3} dy M_p
(0)

a

: (
2 2 2 2 4 2 4
=bpcja xztl—fj —x—(l—fj —b—(l—fj —b—(l—fj dx
0 a 2 a 3 a 4 a

1]
o
S~
(o)
S o
M|>‘,\,
N
|
N
N——
N
+
;—-l@
[\S) N
AN
|
N
~—
|
I

a1 5, 2% x* b2 4x 6x* 4x x*
=pbc| || x"———+ +—|1-— - +—||dx
P .[o 2[ a a® 12 a a* @& a
1{x* «* X b? 2% 6x* 4x x* i
—pbe [ 2| oy X 42 k- - +— || dx
P I0 2[3 2a 54%) 12 a a¢ & a X
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3 3 3 2
=pbcIa l a__a_+a_ +b— a—2a+2a—a+g
ol2({3 2 5 12 5
3 2
a  ab abc
—pbe|—+—| = p == (0% + b2
P {60 60} p60(a +b%)

abc
(M1 \)p (@ +5%) /1 (@ + b7
= — (@ +
Radius of gyration = Vass 10 Ans.

pabc

Example 33. 4 solid body of density p is in the shape of the solid formed by revolution of the
cardioid v = a (1 + cos 0) about the initial line. Show that its moment of inertia about a

straight line through the pole perpendicular to the initial line is (105 j mpa

(U.P, II Semester Summer 2001)
Solution. » = a (1 + cos 0) y
Consider an elementary area » dO dr. This area when revolved
about OX generates a circular ring of radius 7 sin 6.
Its mass = (2 7 » sin 0) ( d O dr p). B |rsin®

S > x
. . Ma*
(M I of a ring about a diameter = 5 )

‘ D s 2 0
M.I. of the ring about a diameter parallel to OY = (27 sin 0) (rd 6dr) P (_r s12n J

do

M.IL of the ring about OY = M.L. of the ring about a diameter parallel to OY + mass of the ring
(r cos 0)?

2.2
= QmnrsinOrdoOdrp) $+r200526

So MLL. of the solid generated by revolution about OY
R 2
I Ia(HCOS 4 sin G[sz 0 + cos GJd 0 dr

a(l+cosB)
a(l+cos6) 4
ar

npj sin 6 (1 + cos® e)dej _npj sin 0 (1 + cos> e)de[sJ

0

5 5
TP I:sin 0(1+ cos’ 0) dO @ (+cos )

5
= npa? I:(l +cos” 0) (1 +cos 0)° sin 6 0

5 2 5
Tpa In 1+ 200529—1 2cos29 2singcosgd6
5 0 2 5 2 2

0 265
Putting 3 =t,do=2dt= #

n/2 . R .
I [cos tsint+2cos” £ sin s —2 cos® 7 sin t] dt

/2

265mpa’ | cos’t cos'® ¢ cos* ¢ i 352mp a

= - = ———-  Proved.
o

-2 +2
5 12 16 14 105
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8.10 CENTRE OF PRESSURE
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The centre of pressure of a plane area immersed in a fluid is the point at which the resultant

force acts on the area.

Consider a plane area 4 immersed vertically in a homogeneous liquid. Let x-axis be the line of
intersection of the plane with the free surface. Any line in this plane and perpendicular to x-axis is

the y-axis.

Let P be the pressure at the point (x, ). Then the pressure on elementary area dx 8y is P 3x dy.

Let (x, ;) be the centre of pressure. Taking moment about y-axis.

;~‘UAP dxdy = HAPx dx dy

”A Px dx dy

= ”Adedy

Py dx d
Similarly, I pr oy

- ”AP dx dy

o > X

v
Y’

Example 34. A uniform semi-circular lamina is immersed in a fluid with its plane vertical and
its bounding diameter on the free surface. If the density at any point of the fluid varies as the
depth of the point below the free surface, find the position of the centre of pressure of the lamina.

Solution. Let the semi-circular lamina be
2432 =

By symmetry its centre of pressure lies on OY.

Let ky be the density of the fluid.

IIA Py dscdy ﬂA (o) y dx dy

r = ”Adedy B ”A(py)dxaj/ Cop=h)
~ J].A(ky‘y)ydxdy _ ”Ay3 dx dy B Ijadx-[o a-_x-y3 dy
- [[ G- y) dx dy - [,y aa - [* ax I\/az—xzyz &
-a 0

Ia dx{ﬁ} o @ e (a® —x2)? ) yO >X
~ -a 4 X _3‘[ (a” —x%) 8%, By
- Jo-x 4 3/2

‘ ﬁ} [ dc@® -

I—adx|: 3 N v

3 Imz (a cos 0.d0) (a* — a’ sin® 0)*
=T (Put x = a sin 0)

4 j_ (a cos 6 dB) (a® — a” sin? §)>'2

/2
34 ). /zcos 0do
4 I cos* 040
4x2

3a2I:/260559d9 3a 5x3  32a

=1 - 4 3)(17'[_151'[ Ans.

4 2jmzcos4 0do
0 4x2 2
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10.

11.

12.

13.

14.

15.
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EXERCISE 8.3

2 2 2
Find the mass of the solid bounded by the ellipsoid x_2 + y_2 + 2—2 =1 and the co-ordinate planes, where
a® b° ¢
the density at any point P (x, ), z) is k xpz. Ans. P
If the density at a point varies as the square of the distance of the point from XOY plane, find the mass
of the volume common to the sphere x + 32 + 22 = a2 and cylinder x% + y? = ax.

Ans. ﬁ a5 (E— i)

15 2 15
Find the mass of the plate in the form of one loop of leminscate 72 = a2 sin 2 6, where p = k 2.
4
Ans kma
16

Find the mass of the plate which is inside the circle » = 2a cos 0 and outside the circle r = q, if the
density varies as the distance from the pole.

Find the mass of a lamina in the form of the cardioid r = a (1 + cos 8) whose density at any point varies
4
as the square of its distance from the initial line. Ans %

‘ ‘ o X, Y,z abc
Find the centroid of the region in the first octant bounded by 2 + n + Z =1, Ans. 11

4
Find the centroid of the region bounded by z = 4 — x2 — y2 and xy-plane. Ans. (0, 0, EJ

Find the position of C.G.. of the volume intercepted between the parallelepiped x*+y? = a(a — z) and the
a

plane z = 0. Ans. | 0,0, 3

A solid is cut off the cylinder x2 + y? = 42 by the plane z = 0 and that part of the olane z = mx for which

z is positive. The density of the solid cut off at any point varies as the height of the point above plane

z=0. Find C.G of the solid. Ans, z=24ma
45

If an area is bounded by two concentric semi-circles with their common bounding diameter in a free
37 (a+b)(a®+b%)

surface, prove that the depth of the centre of pressure is —
P P P 16 a? +ab+b?

2 2
An ellipse x_2 + y_2 =1 is immersed vertically in a fluid with its major axis horizontal. If its centre be
a® b
b2
at depth A, find the depth of its centre of pressure. Ans. h+ 1

A horizontal boiler has a flat bottom and its ends are plane and semi-circular. If it is just full of water,
show that the depth of centre of pressure of either end is 0.7 x total depth approximately.
A quadrant of a circle of radius a is just immersed vertically in a homogeneous liquid with one edge in

3a 3mn
the surface. Determine the co-ordinates of the centre of pressure. Ans. (?a’ ] 6aJ

Find the product of inertia of an equilateral triangle about two perpendicular axes in its plane at a vertex,
one of the axes being along a side.
Find the M.I. of a right circular cylinder of radius a and height 4 about axis if density varies as distance

2
from the axis. Ans. Ek na h



Application of Triple Integral 197

16.

17.

18.
19.

20.

21.

22.

Compute the moment of inertia of a right circular cone whose altitude is /# and base radius 7 about (7)

. L. . . nhr4 .. nhr2 2 2
the axis of symmetry (i) the diameter of the base. Ans. (j) o (i) " Q@h*+3r%)
Find the moment of inertia for the area of the cardioid » = a (1 — cos 0) relative to the pole.

4
Ans. 35na
16

T
Find the M.I. about the line 6 = 3 of the area enclosed by r = a (1 + cos 0).

Find the moment of inertia of the uniform solid in the form of octant of the ellipsoid

2 2 2
M
x—2+y—+z—2=1about0X Ans. — (B> +c?)
a® b c 5
Prove that the moment of inertia of the area included between the curves 3% = 4 ax and x* = 4 ay about
N Y ‘ ‘
the x-axis is gM a” where M is the mass of area included between the curves.

A solid body of density p is the shape of solid formed by revolution of the cardioid r = a (1 + cos 6)
about the initial line. Show that its moment of inertia about a straight line through the pole perpendicular

352 5
to the initial line is (Ejnl a. (U. P. II Semester, Summer 2001)
Find the product of inertia of a disc in the form of a quadrant of a circle of radius ‘@’ about bounding
a
radii. (U. P. II Semester, Summer 2002) Ans. p T

Show that the principal axes at the origin of the triangle enclosed by x =0,y =0, aan % =1 are inclined
a

t angl d a+ r to th is, wh ! tan™! ab
o p— " = —
at angles Ol an 5 0 € x-axis, where a 5 a2 _ b2

(U.P. Il Semester Summer 2001)

Choose the correct answer:

24. The triple integral ‘”. dx dy dz gives
T

(/) Volume of region T’ (if) Surface area of region T
(i) Area of region T (iv) Density of region T. (AMIETE. 2002)
Ans. (7)
25. The volume of the solid under the surface az = x* + ” and whose base R is the circle x> + 3y = a°
is given as
- TC . M3 A .o
(1) >a (i) 5 ns. (i)

4
(i) 57503 (iv) None of the above. [UP, I. Sem. Dec. 2008]



Gamma, Beta FuncTion

9.1 GAMMA FUNCTION (U.P. I Semester Dec. 2007)
I:e_"x"_ldx (n>0)

. . . . I_ I e n—ldx
is called gamma function of ». It is also writtenas I7=) e "X

I;O e*x" ldx = In

Example 1.Prove that 1=1

Solution. We know that, [n= I X"l

Put n= 1, I_l=.[o e_xxl_ldx=.[ "dx_[_l} =1 Proved.
Example 2. Prove that

) n+l=n |; (i) [n+1=n! (Reduction formula)
Solution.

(/) Weknow that, [ n= I:x"_le_"dx (D

Integrating by parts, we have

n ={ —:| —(n l)j x" ze"
2 n .
= )lci_r)r(l){[l—ﬁ+%—m+(—l)"%+m+oojx"‘1} + (n-1 IO x" "% e dx
= 0+(n_1)j:xn—2e—xdx
In = (r=pln-1 2)

ntl = nln Replacing n by (n + 1) Proved.
(ii) Replacingn by n—11in(2), we get

m=(n—2)m

198
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Putting the value ln_—l in (2), we get

[n=(n-1)(n-2)ln-2
Similarly, m=(m-1)(@n-2)...321] ()
Putting the value of [] in (3), we have

m=m-1)®-2)...321.1

[n=@m-1!
Replacing nbyn + 1, we have In+1 =n! Proved.

1
Example 3. Evaluate E
Solution. [n+1=nln

1 1| 1 1 1] 1 1] 1 1
——tl=—-—|= > |m=—=|= = Yrn=—=|= = |[-==-2V7 Ans.
2 2’? E 2’? v 2’? 2 "
Example 4. Evaluate I . x eVay
Solution. Let 1= [, x"* e Ve ()
Putting /x =¢ = x=£ so thatdx =2t dtin (1), we get
5
© © w —-1
I = j t”ze_t2tdt=2j t3’2e"dt=2j 12 etdr
0 0 0

5

=2 5 [By definition]
313 31(1 3
=2._ _=2._._P=_\/E Ans.
212 2212 2
Example S. Evaluate I :\/; e‘é/;dx.
Solution. Let 7= [ “Vx e Vo -Q)

Putting 3/x =t = x=£sothatdx=3£dt in (1), we get

9
© 32 ta2 g Al P2ty AP 2 ot |9 275311 315 —
[=I0t e '3t dt—3J.0t e dt—3j.0 12 e'dt=3 5—35555 E_ﬁ T
S.

0 2.2
Example 6. Evaluate Io x" e gy,
o 1 522
Solution. Let 7= [ x" e dx D)

\/; dt
Putting t=#% x° = x= — sothat dx=——+, we gct
g 3 e 8
I—Iwizmkﬁ a
"ol a 20t
n-2

n-1
= l Iootze_t£= l thze_tdt= 1 Fﬁ AnS.
24" 70 NPV LR 20" 12
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7
7!
Example 7. Evaluate I dx hence show that I —dx= 1oz 77 (a>1
0og
Solution. Here, we haveI:x—xdx (1)
a
. . t dr .
Putting a=e¢ = xloga =t > x= 1 , = dx=l in (1), we have
oga oga
o x4 o a 1 © (a+1)-1 —t
J.ox_xdxzj. d e’ dt_ Ietdt=l a+1.[0t e dt
a